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PREFACE 


A MODERN mathematical wit has said that the Calculus is 
that branch of mathematics which schoolboys understand 
but senior wranglers fail to comprehend. There is no gain- 
saying the truth of this aphorism. So long as the graphical 
treatment and practical applications of the Calculus are kept 
in view, the subject is an extremely easy and attractive one. 
Boys can be taught the subject early in their mathematical 
career, and there is no part of their mathematical training 
that they enjoy better or which opens up to them wider fields 
of useful exploration. On the other hand, as soon as the 
philosophical aspect of the subject is broached, a very different 
state of affairs supervenes. Experience in the class-room 
has shown that only a very small proportion of the pupils 
with whom the teacher has to deal, can in the remotest degree 
comprehend the rigorous discussion of the Calculus as based 
on modern arithmetical logic. It has been well said in a 
recent article on mathematical teaching that the rigorous 
study of the Calculus based on the strict and logical concept 
of “number” is a terminus ad quem and not an initiwm a quo. 
If, on the other hand, the elements of the Calculus be based 
on what a writer has lately called ‘“ geometrical imagery,” 
impossible efforts of the immature mind are not required, 
and the young student finds the study of the Calculus not 
too hard and well worth his efforts. 

In the present text-book no attempt whatever has been 
made to base the subject on the modern concept of Number 
and the Continuum. It is assumed that the student has 
drawn a considerable number of graphs dealing with statistical 
data, physical phenomena, etc., and that he has a clear-cut 
notion of what these curves are like as they present themselves 
in practical work. It is also found from experience in teaching 
that the young student has no difficulty in grasping the 
difference between a chord joining two points on these graphs 
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and the tangent at a point. Upon these two graphical prin- 
ciples the treatment in the present book is based. The 
student is asked to solve a number of practical problems 
approximately by means of squared paper, and the Calculus 
is thereafter introduced as the means of calculating accurately 
what before was obtained only approximately. There is no 
attempt whatever to discuss the philosophy of “limits” and 
such like. 

The appeal throughout the course is made to what a 
celebrated Cambridge mathematician has called the method 
of “pictures and plausibility.” It is hoped, however, that the 
student will have nothing to unlearn, should he elect after- 
wards to proceed to a rigorous course of Modern Analysis. - 
He sees throughout the book what is definitely proved and 
what is merely allowed to rest on a basis of geometric 
imagination. ; 

In the first ten chapters Differentiation and Integration of 
powers of x only are dealt with, and the student is shown 
how to apply the Calculus to easy questions in the Geometry 
of simple curves, in Mechanics, in Physics, and in Engineering, 
and to the calculation of Moments of Inertia and the deter- 
mination of the positions of Centres of Gravity and Centres 
of Pressure. The Differentiation and Integration of Trigono- 
metrical Functions is next considered, with practical applica- 
tions. Then follows the Differentiation of Products and 
Quotients, the use of Parameters, and the Differentiation of 
the Inverse Trigonometrical Functions. Chapters are given 
explaining the application of the Calculus to Approximations 
and Errors and Miscellaneous Methods of Integration, and 
showing how the Integral Calculus may be applied to evaluate 
the Lengths of Curves and Areas of Surfaces. The succeeding 
chapter treats of the Differentiation and Integration of 
Logarithms, with numerous applications to Physics and 
Engineering. The last chapters deal with the use of Taylor 
and Maclaurin’s Theorems for Expansions and Calculations, 
with Power Series and with Differential Equations. 

In the presentation of logarithmic differentiation the rela- 
tion between the gradient of the tangent at any point z on 
the curve y=log,,x and that of the tangent at the point 
where the curve crosses the axis of @ (7.e. where x=1) is estab- 
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lished, and then the whole difficulty is seen by the student 
to rest on the calculation of the curve’s gradient where 
z=1. This can be done to as great a degree of accuracy 
as required by the simple process of repeated extraction of 
square roots. ‘This is undoubtedly the only method by which 
the immature mathematician can face the problem. The 
numerical calculation involved in prolonged square-root extrac- 
tion may be rather tedious, but the student never loses his 
intellectual foothold and can see his way right through. e is 
introduced as that logarithmic base for which the differential 


of the logarithm is s and thus the awkward numerical factor 
in 70810 % _ 074343 
dx x 

the table of logarithms to the base 10,—which can itself be 
regarded as having been computed from repeated root- 
extractions and proportional interpolation, as recommended by 
Professor John Perry in his Practical Mathematics, page 86. 
The usual rigorous process of finding the differential of the 
logarithm, involving as it does elaborate theorems on Conver- 

n 
gence of Series and the very difficult limits tps co J +1) F 


is avoided. Thus ecan be computed from 


eh _ 


Ltrs 9 etc., has always to be “taken as read” when 


’ 


teaching young students. On the other hand, they see no 
reason for the results obtained, if they are merely quoted. 
The above method has stood the test of practical teaching 
experience. Similarly, Taylor’s and Maclaurin’s Theorems are 
not presented as abstract theorems but as a means of inter- 
polating numerical values between functional values easily 
computed in the case of sin, cos, logz, etc. Graphical 
methods are freely employed. Thus it is hoped that a clear 
idea of the practical use of these theorems and the cases when 
they cannot be applied will be obtained. 

We have drawn freely for examples from the Qualifying 
Papers to the Mechanical Science Tripos, and also from the 
Examination Papers set by the Board of Education, the 
Army Examiners, the Oxford and Cambridge Joint Board, 
the various Colleges of the University of Cambridge, etc. 
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We have pleasure, therefore, in recording our obligations for 
the use of these various sources of questions to the respective 
authorities who control the several examinations, 

Itremains for us to thank once more the numerous friends 
who have so generously helped us in various ways in the 
preparation of the book: Dr. S. Brodetsky, Reader in Applied 
Mathematics, University of Leeds; Mr. A. Dakin, Headmaster 
of Stretford School, Manchester, and late Head of the Mathe- 
matical Department, Hymers College, Hull; Mr. R. C. Fawdry, 
Head of the Military and Engineering Side, Clifton College ; 
Mr. C. W. Gilham, Assistant-Lecturer in Mathematics, 
University of Leeds; Dr. Charles M‘Leod, Senior Mathe- 
matical Master, Aberdeen Grammar School; Mr. John Milne, - 
Senior Mathematical Master, Mackie Academy, Stonehaven ; 
Professor H. T. H. Piaggio, Department of Mathematics, 
University College, Nottingham; Mr. John W. Robertson, 
Head of the Mathematical Department, Central School, 
Aberdeen. 

WP eM. 
G. J. B. W. 
July 1920. 
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HISTORICAL INTRODUCTION 


For a long time a fierce and bitter controversy raged as to 
whether priority in the invention of the Calculus belonged to 
the Englishman Newton or to the German Leibnitz. There 
was practically universal agreement among mathematical 
historians that both these men reached the fundamental idea 
independently. Recent historical research, however, carried 
out by Mr. J. M. Child, gives the honour of first reaching the 
fundamental idea of the Calculus to Dr. Isaac Barrow, Pro- 
fessor of Mathematics at Cambridge, and Sir Isaac Newton’s 
teacher. The following are Mr. Child’s own words: “ Isaac 
Barrow was the first inventor of the Infinitesimal Calculus ; 
Newton got the main idea of ut from Barrow by personal com- 
munication ; and Leihnitz also was i some measure indebted 
to Barrow’s work, obtaiming confirmation of his own original 
ideas and suggestions for thew further development, from the 
copy of Barrow’s book that he purchased im 1673.” 

The general conclusion seems to be that Barrow reached 
his results in geometrical form, while Newton and Leibnitz 
developed Barrow’s ideas analytically by means of algebra. 

For students who are not concerned with the circumstantial 
and controversial minutiae of historical research, the broad 
facts of the invention of the Calculus stand out sharp and 
clear. We owe the invention of the Calculus in the first 
instance to the pioneering genius of the three men, Barrow, 
Newton and Leibnitz. We shall therefore give some account 
of their lives and careers. 

Isaac BARROW was born in 1630, the son of a linen-draper 
in London. He died in 1677, and was buried in Westminster 
Abbey. He was first of all sent to the Charterhouse School, 
and there did not develop at all in the way that ex cathedra 
moralists prescribe for youth. He hated lessons, loved 
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fighting, and altogether was such a worry to his staid old 
father that the latter was heard to pray that “if it pleased 
God to take one of his children, he could best spare Isaac.” 
He was subsequently sent to Felstead School. Later, he 
turned over a new leaf, devoted himself enthusiastically to 
his studies, and was entered first at Peterhouse, and later on 
at Trinity College, Cambridge. Here he devoted himself to 
many subjects, literature, natural philosophy, anatomy, 
botany and chemistry. He then went on a tour through 
Europe—as was the custom of many of the best-educated 
and enterprising young men of his day—journeying through 
France and Italy to Asia Minor, returning home by Con- 
stantinople, Venice, Germany and Holland. It was at, 
Constantinople that he first met with and studied the works 
of St. Chrysostom, which turned his thoughts to divinity. 
He returned to England, was ordained, and at the age of 
thirty became Professor of Greek at Cambridge. A few 
years later he was appointed Professor of Geometry at Gresham 
College, and in the following year was elected to the Lucasian 
Professorship of Mathematics at Cambridge, in which capacity 
he met and influenced Newton, whom he examined in Kuclid 
for a mathematical scholarship at Trinity College. He ulti- 
mately resigned the Chair in favour of Newton, whose superior 
abilities he frankly recognised. He became Master of Trinity 
in 1672, and devoted the remainder of his life to the study 
of Divinity. Barrow, besides being a distinguished scholar, 
was noted for his courage and wit. In personal appearance 
he was small in size, lean and pale. He was a great favourite 
of Charles IT., but was not a persona grata with the courtiers 
of the day, who were for the most part unable to form any 
distinct views on his mental abilities and achievements, 
but who could and did form very decided opinions on his 
slovenliness in dress, inveteracy as a smoker, and general 
untidiness. 

The effect which his mathematical studies produced on his 
theological views is seen very clearly in the following prayer, 
which must rank as one of the most original and novel 
contributions to the theological literature of all time : 
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ISAAC BARROW’S PRAYER. 


God always acts Geometrically. 

How great a Geometrician art Thou, O Lord! For while 
this Science has no Bound: while there is for ever room 
for the Discovery of new Theorems, even by Human Faculties, 
Thou art acquainted with them all at one View, without 
any train of Consequences, without any wearisome Application 
of Demonstrations. In other Arts and Sciences our Under- 
standing is able to do almost nothing ; and, like the Imagina- 
tion of Brutes, seems only to dream of some uncertain Pro- 
positions: Whence it is that in so many men are almost 
so many minds. But in these Geometrical Theorems all 
Men are agreed: In these the Human Faculties appear to 
have some real Abilities, and those Great, Wonderful and 
Amazing. For those Faculties which seem of almost ‘no 
force in other Matters, in this Science appear to be Efficacious, 
Powerful and Successful, etc. Thee therefore do I take 
occasion to Love and Rejoice in, and Admire; and to pant 
after that Day, with the Harnest Breathings of my Soul, 
when Thou shalt be pleased, out of Thy Bounty, out of Thy 
Immense and Sacred Benignity, to grant me the favour 
to perceive, and that with a pure Mind and clear Vision, not 
only those Truths, but those also which are more numerous, 
and more important; and all this without that continual 
and painful Application of the Imagination which we discover 
these withal, etc. 


Isaac NEWTON was born on Christmas Day, 1642, in the 
manor house of Woolsthorpe, six miles south of Grantham, and 
died in 1727. He is buried in Westminster Abbey. His entry 
into the world was not propitious. His mother was a widow, 
and he himself was a sickly child that seemed doomed to 
an early grave. So weak was he that two women who were 
sent to fetch physic for him from North Witham hardly 
expected to find him alive on their return. However, he 
grew to a fairly robust manhood, and seemed able to maintain 
the physical effort of his great mental activity without undue 
strain. As far as heredity and descent are concerned, young 
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Newton came of a most vigorous and wholesome stock. His 
father was a yeoman farmer, who owned the land he tilled, 
and whose forbears had done so for a century or more before 
him. His mother could be described in modern colloquial 
phrase as “not brilliant but thoroughly sound.” She was 
a stout-hearted, industrious woman of the middle-class, who, 
after the death of her first husband, was recommended by 
a parishioner to the Rev. Barnabas Smith in search of a 
wife as “ the widow Newton—an extraordinarily good woman.” 
Isaac was sent first of all to a couple of village schools and 
thence for three years to the Grantham Grammar School. 
The instruction at school in those days consisted almost 
entirely of literary studies, and Newton did not take kindly 
to languages. He had little or no interest therefore in his 
schoo] studies, and was not industrious. In fact, he tells 
us that he was the last boy in the lowest class but one. He 
was much more interested in manufacturing kites, windmills 
and water-wheels, at which he was an adept. He also tied 
paper lanterns to the tails of kites to make the country folk 
think in the darkness that a great comet had arrived which 
was like to swallow up the earth. His later career at school 
was, however, more propitious He managed to beat in a 
stand-up fight a boy bigger than himself, and this awoke 
in him the spirit of rivalry in other directions, so that ultimately 
he rose to be head of the school. On leaving school his mother, 
mindful of the agricultural stock from which he was sprung, 
desired to give him the requisite training as a practical farmer 
with a view to his efficiently cultivating his ancestral estates. 
Young Isaac could not be induced to take the slightest interest 
in turnips and cattle. He used to start from home as if to 
accompany an old family servant on marketing expeditions 
to Grantham, but he left his companion to act as pleni- 
potentiary in transacting the business while he himself read 
books or thought out problems in an old attic or under a 
hedge by the roadside till the ambassador’s return. He 
successfully manufactured a water-clock and a_ sun-dial, 
and otherwise made rapid though undisciplined advances 
in his intellectual development. His mother at length 
despaired of ever turning him into a farmer, and acting on 
the advice of her brother, the rector of Burton Coggles, she 
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sent him to Cambridge, where he rapidly established himself 
as one of the very greatest, if not the greatest, scientific 
man that ever lived. Geometry, Astronomy, Gravitation, 
Optics, Pure Mathematics, all claimed his attention, and he 
made epoch-making discoveries in each and all. Dr. Isaac 
Barrow, at that time held the Lucasian Professorship of 
Mathematics at Cambridge, and Newton was in constant 
intercourse with him. The one mind re-acted consciously 
and unconsciously on the other, leading among other things 
to their epoch-making invention of the Calculus. Newton 
succeeded Barrow in this Chair, but later on the Government 
of the day made him Master of the Mint at a salary of £1,200 
a year. He did the work with great conscientiousness and 
success. Sir Oliver Lodge’s remarks on this episode in Newton’s 
life are worth recording. “ But what a pitiful business it all 
is! Here is 2 man sent by Heaven to do certain things 
which no man else could do, and so long as he is comparatively 
unknown he does them; but so soon as he is found out, he 
is clapped into a routine office with a big salary: and there 
is, comparatively speaking, an end of him.... It is for 
a great man’s contemporaries to discover him, to make much 
of him, and to put him in surroundings where he may flourish 
luxuriantly in his own heaven-intended way.” Of Newton’s 
entire abstractedness and absorption in his thoughts while 
at Cambridge, numberless stories are told. He would get 
up in the morning, sit on the edge of the bed half-dressed 
and remain like that tiil dinner-time. One day an intimate 
friend called and found dinner on the table. Newton was 
long in coming, so the friend removed the cover, found a 
cooked chicken beneath, ate it, and replaced the cover with 
the bones underneath. At last Newton did appear, sat 
down to dinner, lifted the lid and casually remarked, “ Dear 
me, I thought I had not had my dinner, but I see I have.” 
On another occasion he got off his horse on a steep hill when 
riding home from Grantham. At the top he paused and 
turned round to re-mount his steed, when he found that he 
had only the bridle in his hand, the animal having slipped out 
its head and gone off on its own. When entertaining guests 
he often left the table to feteh a bottle of wine and forgot 
to return. He was slovenly in dress, languid in manner and 
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so absent-minded as to be anything but a lively companion. 
He took no bodily exercise, had no amusements, and worked 
incessantly. 

Newton’s own idea of his life’s labours may be quoted in 
his own words. “I know not what the world will think of 
my labours, but to myself it seems that I have been but as a 
child playing cn the sea-shore; now finding some pebble 
rather more polished, and now some shell rather more agreeably 
variegated than another, while the immense ocean of truth 
extended itself unexplored before me.” 


GoTTrRieD WiLHELM Lrrenitz or LEIBNIZ was born in 1646 
at Leipsig, where his father was professor of moral philosophy, 
and died at Hanover in 1716. His father died before he 
was six, and he therefore lost the advantage of a careful 
school education. His industry and natural ability, however, 
triumphed over all difficulties, and he soon read through 
all the German books at his command and learned Latin 
through the medium of the Thesaurus Chronologicus of 
Calvisius and an illustrated edition of Livy. At the age of 
fifteen, he entered the University of Leipsig as a law student. 
His first studies were devoted to law and philosophy, but 
later on he resolved to study mathematics. It was not till 
the summer of 1663 that he was able to study mathematics 
properly under a competent teacher, and he did so first of all 
in Jena under EH. Weigel and later on at Paris, when he came 
under the direct influence of Huygens. In 1666 he was 
refused the degree of doctor of law at Leipsig, but it was 
promptly conferred on him the same year by the University 
of Altdorf in the free city of Nuremberg, where the brilliance 
of his dissertation led to the immediate offer of a professorial 
chair—an honour which he declined, as it did not fit in with 
his future schemes. Leibnitz now turned his attention 
actively to political life, but, throughout all his political career, 
he never abandoned his scientific and philosophical studies. 
So rapid and concentrated were his powers of mental applica- 
tion that he was able to maintain his mathematical trends 
of thought while occupied with political problems and diplo- 
matic missions. e entered the service of the Elector of 
Mainz, and it fell to his lot to support the claims of the German 
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candiflate to the crown of Poland which had fallen vacant. 
A Polish prince was, however, elected to fill the vacant throne, 
despite the efforts of Leibnitz and his German colleagues. 
In 1672 Leibnitz went to Paris on the invitation of Louis XIV., 
who wished to discuss political questions with him. The 
French king, however, never granted Leibnitz the expected 
interview, but though politically the visit came to nothing, 
it was at Paris that he met Huygens, and their meetings 
started him on the study of geometry, which, according to 
his own account, opened for him a new world. In 1676, at 
the duke’s request, he settled at Hanover, and spent the next 
forty years therein under the patronage of three successive 
princes, in charge of the ducal library. Later on in life began 
his connexion with Berlin, where he planned and founded 
the Akademie der Wissenschaften, with himself as its president 
for life. He was also held in high honour and esteem by Peter 
the Great of Russia, to whom he gave a plan for the establish- 
ment of an academy at St. Petersburg, a scheme which was 
carried out after the Czar’s death. After many wanderings 
in Italy, Austria and Germany, Leibnitz retvrned to Hanover 
in 1714, but found that the elector had already gone to Great 
Britain as King George I. He died in 1716, his last years 
having been embittered by ill-health and neglect. Neither 
at Berlin, in the Academy which he had founded, nor in London, 
where his former elector had gone to rule, was any notice taken 
of his death, and he is described by the eye-witness, John 
Ker of Kersland, as having been buried at Hanover, with 
his secretary, Eckhart, as his only mourner, “ more like a 
robber than what he really was, the ornament of his country.” 
Only in the French Academy was his loss truly recognised 
and honoured. There is now a statue to him in Leipsig, his 
native town. The range of Leibnitz’s mental powers was 
amazing. Mathematics, natural science, philosophy, theology, 
history, jurisprudence, politics, economics and philology, all 
received a share of his vigorous attention, and almost all 
of them were enriched by his original investigations. To 
the end of his life he preserved his unquenchable energy 
and powers of work in all the departments of human activity 
in which he interested himself. He had a marvellous power 
of carrying on his mind long and involved trains of scientific 
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reasoning, whatever he happened to be doing, travelling, 
eating, etc. He was quick of temper, but charitable in his 
attitude towards those who differed from him in opinion. 
He was fond of money, keenly desirous of public honour, 
and felt bitterly the neglect in which his last years were spent. 
He stands out as one of the greatest scientific men of all time. 


Those who would like further information on the develop- 
ment of the Calculus and its applications are strongly tecom- 
mended to read Rouse Ball’s History of Mathematics at Cam- 
bridge. There they will find amongst other things an account 
of the struggle which the Analytical Society carried on at 
Cambridge to overthrow in that University the notation « 
: ue lead- 
ing to Babbage’s famous remark that the Analytical Society 
existed to advocate “the principles of pure d-ism as opposed 
to the dot-age of the university.” 


of Newton in favour of that of Leibnitz, namely, 


Broox Taytor (1685-1731), the son of John Taylor, of 
Bifrons House, Kent, and Olivia, daughter of Sir Nicholas 
Tempest, of Durham, was born at Edmonton in Middlesex. 
He studied mathematics at St. John’s College, Cambridge, and 
took the degree of LL.D. in 1714. Taylor published in 
London, 1715, his Methodus Incrementorwm Directa et Inversa, 
which contained, amongst other ingenious things, his famous 
result known as “Taylor’s Theorem.” The significance of this 
result was not realised till 1772, when Lagrange recognised 
its great importance and styled it “le principal fondement 
du calcul différentiel.” Taylor was elected a Fellow of the 
Royal Society in 1712, and in the same year sat on the 
committee appointed to decide upon the rival claims of 
Newton and Leibnitz as to which had the priority of claim to 
be considered the inventor of the Calculus. From 1715 he 
became interested in religious and philosophical questions. 
He left two unfinished treatises, On the Jewish Sacrifices and 
On the Lawfulness of eating Blood. In 1721 he married 
a Miss Brydges, of Wallington, Surrey, and this led to an 
estrangement with his father, a man of morose temper. The 
lady died, however, in 1723, in giving birth to a son, who 
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also died, as a result of which Brook Taylor returned to his 
ancestral home at Bifrons and spent the next two years with 
his own people. In 1725 he married again—this time with his 
father’s approval—Sabetta Sawbridge, of Olantigh, Kent. She 
also died, in 1730, in giving birth to a daughter, who, however, 
survived. As a result of these repeated calamities, Taylor’s 
none too robust health gave way, and he died at Somerset 
House in 1731, and was buried at St Ann’s, Soho. As a 
mathematician he ranks very high, and was said in his own 
day to be the only English mathematician after Sir Isaac 
Newton and Roger Cotes capable of standing up to the 
Bernoullis. A great deal of the mathematical influence he 
might have had in his lifetime was lost, however, owing to the 
obscurity with which he wrote out his papers and stated his 
discoveries. 


Cotin Macnaurin (1698-1746) stands out as one of the 
greatest of the Scottish mathematicians. He was born at 
Kilmodan, in Argyllshire, where his father was parish minister. 
In 1709, at the early age of eleven years, he entered Glasgow 
University and came under the influence of Professor Robert 
Simson, the celebrated geometer and editor of Euclid. In 
1717 the Chair of Mathematics at the Marischal College of 
Aberdeen—the College of Dugald Dalgetty in Sir Walter Scott’s 
Legend of Montrose —fell vacant, and Maclaurin was the 
successful candidate as the result of a competitive examination. 
In 1719 he was elected a Fellow of the Royal Society and 
made the acquaintance of Newton. In 1722 and later Maclaurin 
travelled on the Continent as tutor and travelling companion 
to the eldest son of Lord Polwarth, during which sojourn he 
not only saw new scenes and cities but carried out a large 
amount of mathematical work. A thesis on the percussion of 
bodies obtained the prize of the French Academy of Sciences 
for the year 1724, and in 1725 he was elected Professor of 
Mathematics at the University of Edinburgh, his candidature 
having received the strongest support of Newton. In 1745 
Bonnie Prince Charlie had landed on the west coast of Scotland 
and was in full march with his Highland adherents against the 
city of Edinburgh. The citizens of the Scottish capital were 
in terror at the approach of the Highlanders, whose reputation 
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for courage and ferocity had been traditional in Scotland from 
time immemorial. They hastily set themselves to defend the 
city, and improvised trenches and barricades to stay the High- 
land onrush. In his Tales of a Grandfather Sir Walter Scott 
says: ‘In the meantime, fortifications were added to the walls, 
under the scientific direction of the celebrated M‘Laurin, 
Professor of Mathematics in the University of Edinburgh.” 
The result of Maclaurin’s exertions in preparing trenches 
and obstacles against the approach of the Highland host, and 
of the cold and privation which he endured, was the sowing of 
the seeds of dropsy, to which disease he afterwards succumbed. 
As soon as the Prince got possession of Edinburgh, Maclaurin 
fled to England and remained with Archbishop Herring of York 
till it was safe to return to Edinburgh. He died in the Scot- 
tish capital in 1746, the year of the battle of Culloden and of 
the crushing of the second Jacobite Rebellion. Maclaurin’s 
researches covered many branches of mathematies—Analysis, 
Geometry, and Applied Mathematics. 


CHAPTER I. 


USES OF SQUARED PAPER: RATES, VELOCITIES, 
ACCELERATIONS. 


1. Relative Rates and Gradients. 

The fundamental problem of the Calculus is to find the rate 
at which one quantity varies with respect to another. We shall 
therefore discuss first of all the graphical representation of 
such rates. 


CasE I. LINEAR GRAPHS. 


The simplest case is where the graph connecting one 
quantity with another is a straight line. Consider the two 


yY is 


6 Fic. 1. 


points P and Q on the straight line UV in the above 


diagram. if the coordinates of any point, say P, are x and y, 
A 


x 


M.W. 1 
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we shall write shortly P=(z, y). It will be remembered that the 
z-coordinate is called the “‘ abscissa ” of P and the y-coordinate 
the “ ordinate’ of P. ; 

We may regard the above graph as representing to the eye 
the variations of y corresponding to those of x Also, if we 
proceed along the graph from P to Q, the increase of the 
“ ordinate ”’ of Q over that of P is NQ; while the increase 
of the ‘‘ abscissa” of Q over that of P is PN. 

Hence the ratio of the increase of the ordinate of Q over 
that of P to the increase of the abscissa of Q over that 

. NQ 
of P is PN’ 

If we take any other two points P’, Q’ on the straight line 

UV, we see that the ratio of the difference of the ordinates of 


iy , 


P’ and Q’ to the difference of their abscissae is ss 

SRE Te caracngeys: < 
Ss py py Hence: thesratiola, 
is constant in value for all positions of P and Q on the 


line UV. 


Now by similar triangles 


Definition. The ratio of ae which is constant for all pose- 


tions of P and Q on the given linear graph, rs called the 
“ gradient” of the given linear graph. 

We have therefore the following proposition: If the graph 
connecting two variable quantities x and y 1s a straight line, the 
gradient of this ine measures the rate at which y increases with 
respect to x. 

The following are examples of the practical use of this 
principle in plotting one quantity against another on squared 
paper. 

Examplel. A train is going at the rate of 40 miles an hour. Repre- 
sent this graphically. 


The following chart is easily calculated : 


i 


Time in hours = - Jol \2| 3 | 4 | 5 | 6 7 8 


: : : : | , 
Distance in milestraversed | (6) /40)80 120 | 160 | 200 | 240 


280 320 
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Let us take any two convenient points P and Q on the subjoined 
graph. Then it is plain that, as the train traverses the distance 
between the two positions represented on the graph by P and Q, 


Distance traversed NQ 
Time taken ~ PN 
=40 miles per hour =the speed of the train. 


iles per hour =13° miles per hour 


320 


4 
HOURS 
Via. 2. 
Thus we have verified in a particular case that the gradient 


represents graphically the rate at which the distance traversed 
by the train varies with respect to the time required, viz. 40 
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miles per hour, in passing between any two points of the train’s 
route. 


Example 2. 7'wo numbers x and y are so related as to have the 
following sets of values : 


(1) (2) (3) (4) 
2 | 0-113 | 0196 | 0-253 | 0:360 | 


y | 0°376 | 0-417 | 0-445 | 0-499 | 
Ot 


Show that x increases twice as fast as y. 


With an obvious notation we have 
ar Oolilisss x, =0-196, 
y, =0:376, Y2=0:4175 
*. %_—-X,=0:083 and y,.-y,=0-041. 
T2,-% 
Hence Marine =2 (very approx.). 
X,—-xX3 0-107 
Ys -Ys ~ 0-054 
We can proceed thus for every increment in the corresponding 
values of x and y, and so verify the given statement. 


Similarly 


=2 (very approx.). 


Example 8. The subjoined chart from Whitaker's Almanack gives 
the times of sunrise on the respective dates during April, 1913. Plot 
these on squared paper, and hence “read off” the average rate at which 
the time of sunrise is becoming earlier. 


APRIL, 1913. 


Date - -|| 1 yy leere fee ol a Cy ye a artsy Ws fy IP 1K) 


Time of Sunrise ||5.37|5.35/|5.33]5.31/5.29} 5.27] 5.2415.2215.2015.18 


| 
1 
Date -- <Wan bie} 13-4 bas tellay Was [a9 Wao! 


Time of Sunrise ||5.15|5.13/5.11| 5.8 | 5.6 | 5.4 | 5.2 | 5.0 |4.58 1.56 
| 


Date - -|| 21 | 22 | 23 | 24 | 25 | 26 | 27 | 28 | 29 | 30° 


Time of Sunrise ||4.54 | 4.52 }4.50/4.48 4.46 4.44 4.42|4.39|4.37| 4.35 
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We note that the points lie approximately on a straight line. 
We therefore draw that straight line which appears to the 
eye to lie most evenly amongst the plotted points. We then 
take two convenient points P and Q on the straight line thus 
obtained. 


4,37 1 i 
Tf 
ERE 
4.57 
| TH 
5.17 | 
~h T 
ieeets om 


5.3 4 
Apri t 234567 89 10K I2 13 415 16 17 18 19 20 21 22 23 24 25 26 27 2 29 30 


Fia. 3. 


Then in PN days, the time of sunrise has become NQ minutes 
earlier. 
*, average rate at which the time of sunrise is becoming earlier 


ae min. per day =? min. per day =2 minutes per day. 


Case II. CURVED GRAPHS. 


The next case deals with the method of measuring graphically 
the rate at which one quantity varies with respect to another 
when the plotted points lie on a curved graph. 


Consider the following example : 


The following gives the population of England and Wales at each 
Decennial Census from 1801 to 1911. Plot as accurately as you can 
on squared paper, and hence “read off” the approximate average rate 
al which the population was increasing during the intervals 1841-1861 


and 1801-1811. 
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F Year, Population. Year, Population. 
1801 8,892,536 1861 | 20,066,224 
1811 10,164,256 1871 22,712,266 
1821 12,000,236 1881] 25,974,439 
1831 13,896,797 1891 29,002.525 
1841 15,914,148 - 1901 32,527,843 
1851 17,927,609 1911 36,075,269 
MILLIONS 
40 
al. 
| 
30 ist 
ae ccnsuaeetes HH : 
i | Tia} 
C | 
20 na t i at 
18 a 
: EECEEEEEEECEEEE EEE 
aa 
“HEE HAH A+ 
{0 
ct Ba ars 
mal 
} 1 TT tt CI 
1 a ihe i a c 
180) 1821 1844 = 1861 1881 1901 1911 
Vic. 4. 


During the interval 1841-1861 we may treat the arc PQ as very 
approximately a straight line. Hence the average rate of increase 
of the population during the interval 1841-1861 is measured by 
ae ee i.e. by 4 millions per 20 years, 7.e. by 200,000 persons 
per annum. 

Again, if we take the initial interval where the graph is curving 
more rapidly, we take a shorter portion AB of the graph so as to 
get the arc more nearly a straight line. The average rate of increase 
of the population during the interval 1801-1811 is then measured by 
HB (people) ; -. by 1,000,000 per 10 years, i.e. by 100,000 persons 

AH (years) ’ bid 4 Me 9 ? Pp yA Si ieee Wi > P' 
per annum. 
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We thus see that where the graph curves more and more rapidly, 
we take a shorter and shorter portion of the arc so as to get as 
nearly as possible a straight line and measure its gradient. , 

But if we juin the two points A, B by 4 straight line and produce 
it both ways, we see that the straight line thus obtained is very 
approximately a tangent to the curve, and its gradient is the same 
as the gradient of the arc AB treated as a straight line. Hence we 
obtain the following result, which is of the utmost importance : 

In the limit, the gradient of the tangent at a point on the graph 
represenis the rate at which the one quantity is varying with respect 
to the other at that particular point on the graph, due regard being 
had to the units employed. 


A few examples of the practical use of this method will now 
be given. We draw the tangent at the particular point of the 
graph under consideration and ‘“‘ read off” the gradient of 
the tangent thereat : 


Example 1. The following table gives the times of sunrise and 
sunset of the respective dates at intervals of 28 days throughout the 
year 1913. Plot on squared pwper. ; 

At what rate is the length of the daylight increasing or decreasing 
on Dec. 31st, March 26th, June 7th, Nov. 16th, Dec. 31st? 


Date - -|| Jan. 1 | Jan.29| Feb. 26 | Mar.26] Apr.23] May21]June18 


Time of Sunrise|) 8.8 7.46) | 6:56 |5:51 (74.50 4.2 3.44 


Time of Sunset || 3.58 | 4.40 | 5.30 | 6.21 Hare A “7es0), || feeiles} 


Date - - || July16 | Aug. 13/Sept.10) Oct. 8 | Nov. 5 | Dec. 3 | Dec. 31 


|TimeofSunrise|) 4.3 4.44 | 5.28 | 6.14 ee, 7.48 8.8 


1 


‘Time of Sunset 8.9 796 | 6.26 |) 5:22) | 226R eal aos 


Draw the tangents at the points on the graph corresponding to 
the given dates. (See Fig. 5.) 


Increase on March 26th is N,Q, (m ut) i.e. 264 min. per 67 days, 
or about 4 min. per day. 


P,N, (days) 
N,Q, (min.) 


-\"—’, 4.€, 132 min. per 73 days, or 
PN, (days)’ * ea 


Increase on June 7th is 
about 2 min. per day. 
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Decrease on Nov. 16th is N3Qs (min.) 
or about 24 min. per day. P3N, (days) 

On Dec. 31st there is zero rate of increase-or decrease, because the 
tangent of the graph is parallel to the date axis, and consequently in 
this case the “NQ” of the “PNQ” gradient triangle vanishes. 


i.e. 204 min. per 78 days, 


DURATION 
OF LIGHT 


Hours HoH 
16 


14 


Ty 


aan { 


6 
Jan. Jan feb Mar Apr May June July Aug Sept Oct Nov Dec Dec Jan Jen 
OATE 2 «626 «26 23 C18) 16s 13. 16 Co eS sain 29) 


BiGs-6: 


Example 2. A ball rolls down an inclined plane and the following 
observations are made, t being the time in seconds since the beginning 
of motion and s being the distance in feet rolled down. Find the 
rate at which the ball is rolling (a) after 1 second, (b) after 2 seconds, 
(c) after 34 seconds, (d) after 3-8 seconds. 


t | 0-0 | 05 | 1-0 | 15 | 2-0 | 25 | 30 | 35 |40 | 


0-0 | 0-2 | 08 


| 


s 1-9 | 33 | 59 | 75 | 103 a4 
Draw the tangents at the points on the graph corresponding to the 
given instants of time. (See Fig. 6.) 
After 1 sec. the rate of rolling is Q,M, ft. in R,M, sec. =$ ft. per 


3 sec. =18 ft. per sec. =1-8 ft. per sec. 
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After 2 sec. the rate of rolling is Q.M, ft. in R,M, sec. = ; 
13 sec. =126 ft. per sec. =3-2 fe iy sec. he ere 

After 3} sec. the rate of rolling is QsM; ft. in RM, sec. =3} ft. per 
1% sec. =31° ft. per sec. =6-1 ft. per sec. 

After 3:8 sec. the rate of rolling is Q,M, ft. in R,M, sec. = 4," ft. per 
zo Sec. =150 ft. per sec. =6-3 ft. per sec. 


| | 
SENASRRaenD 


aA 
EN 


Example 3. «x and t are the distance in miles and the time in hours 
of a train from a railway station. Plot on squared paper. State how 
the curve shows where the speed is greatest and where it is least. 


E | 6) | 0°05 | 0:10 | 0°15 | 0:20 | 0°25 | 0°30 | 0°35 | 0°40 | 0°45 | 0°50 
48 | O | 0:25 | 1:00 | 3:05 | 5:00 | 5°85 | 6°10 | 6:10 | 6°35 | 7:00 | 7°65 
(Bd. of Edu.) 


The rate of displacement or speed is proportional to tan yy, where 
w is the inclination of the tangent to the axis of a. 
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Hence the speed is small where yy is small and great where w is 
great. : 

Thus the speed at O is small and gradually increases to between 
Aand B. Then it decreases and becomes very small at D, remaining 
3o until it approaches E, when it again increases. 


8 
7: 
XE 
5 
v7, i 
ct CH H 
a4 cee 
= EHH SERRE EEE 
S353 a L 
coo 
i 
2 
CE AH ne cy 
1HH 4 ance 
| ' Hate talent ai 
0 01 0-2 0:3 0:4 0:5 
~ Hours 
Fra, 7. 


2. Acceleration. 


In nature, bodies rarely move with the same velocity 
throughout their motion. If the velocity be not uniform, it 
must be either increasing or decreasing. If the velocity of 
a body be changing, the body is said to possess “‘ acceleration,” 
or its motion is said to be “accelerated.” The rate of change 
of the velocity of a body is called its “* acceleration.” 

If the velocity of a body is increasing uniformly at the 
rate of 3 ft. per sec., every second, the body is said to possess 
an acceleration of three feet per second per second, 7.e. 3 ft. 
per sec. per sec. or 3 ft. (per sec.)?. 

Since the acceleration is the rate of change of the velocity, 
the gradient of the tangent to the velocity-time graph will give 
the acceleration at any instant. 


ART. 2] - ACCELERATION 1 


_ Example. The following table gives the distances moved down a hill 
by a rolling ball in the corresponding times from the start of the motion. 
Find the velocity and acceleration after 3 seconds. 


geee fon0 fo 1/8 


3s | 4 {5 |e 


s feet | 0 | 13 | 37-4 | 73-2 | 120-4 | 179 | 249 


feet 
270 


240 


210 


180 


150° 


120 


90 Soret 


30 


0 1 2 3 4 5 6 Seconds 
Fic. 8. 


Plotting s against t as in the above diagram and drawing tangents 
to the Fae graph, we ‘“‘read off” the following table of corre- 
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sponding velocities and times (the gradients of the various tangents 
giving the required velocities, z.e. the values of v): 


t seconds | 1 2 3 | 4 | 5 | 6 
v ft. per sec, 19 30 | 41°4 | 52°5 | 64 | 76 
80 Ft.per sec. mo C 
70 Ft.per sec. 15 a 
F BEEEEEEEEEEEEEH EEE EEE EEE SEeSeSeas 
60 Ft.per sec st ry C1 
5 EERE 
: pos 
PEEEL a “Ht z 
50 Ft per sec. 7 
ms : HH i 
40 Ft.per sec. -+---4 . 
| ets ato 
30 Ft. per sec H : a : 
20 Ft.per sec - 
eet 4 fe 
Hee 
HEHE SECEC EEE 
10Ft per sec. 0 1 2 3 4 5 6 Seconds 
Fia. 9. 


Again, plotting v against t in the above diagram from the values in 
the foregoing table, we see that the velocity-time graph is a straight 
line showing that the acceleration is constant and equal to 57 ft. per 
sec. in 5 sec. or 11-4 ft. per sec. per sec. Moreover the velocity 
after 3 seconds is 41-4 ft. per sec. 


EXAMPLES I. 


1. A particle is projected up a smooth inclined plane which is 
held at such an angle that the distance traversed from the lower 
edge of the plane is given by s=10t —¢?, where s is measured in feet 
and tin seconds. Plot s against ¢, and hence obtain the time when 
the particle ceases to ascend and begins to descend. 


2. In Qu. 1, find the velocity atter 2 seconds, by drawing the 
tangent to the graph. 


3. In Qu. 1, find the velocity after 8 seconds. 

4. Show from the graph in Qu. | that the velocity with which 
the particle passes any point in the ascent is the same as that with 
which it passes the same point in the descent. 


5. Plot the following values for s and ¢: 


coe fof f2]3]4]sle[7][s|e | 


s ft. | 3 | 45 | 6 | 7 | 9 J10%5) 12 


135 15 |1655 | 18 
| 


(1) What does the graph tell you about the motion ? 
(2) Read off the velocity after 3, 5, 8 seconds. 


6. Plot the following values for s and ¢: 


tse. |] 1 f2{a/4[5][e|[7] 8] 9 [2 


Aon COA 


5 


65| 890 |u 


(1) What does the graph tell you about the motion ? 
(2) “‘ Read off” the velocity. 


%. Plot the following values for s and ¢: 


efo |. af 8 | 4 sb |e | 7 | 6) egal 


| 1 |-2°5| st | ~5° | -1|-85 |-10|-11° |-13/-148]-16 


§ 


(1) Show from your graph that the velocity is uniform. 


(2) “ Read off” the velocity. 
13 
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8. A fast train from Bristol to London passes the stations at 
the following times : 


Times. _ Distance in miles. 
Bristol, - edad! 0 
Bath, - - 2.35 11} miles. 
Reading, - - 3.52 814 miles. 
London, - - 4.30 1184 miles. 


Assuming that the train stops for a very short time at the stations, 
draw the graph and thence deduce the “ average speed ” with which 
the train performs this journey. 


9 As in Qu. 8, find the “ average velocity ” (by means of squared 
paper) with which the train performs the following journey : 


Times. Distance in miles, 
Taunton, - - 6.40 443. 
Durston, - - 6.52 39 
Bridgwater, - 7.5 334 
Dunball, - = LD 30% 
Highbridge, - 17.26 27 
Bristol,  - - 8.50 0 


10. A point has the following velocities in feet per second at the 
following times : 


Valociee | 100 | 103°3 | 105-7 | 107-2 | 107°8 


Time - | 10 | 10:01 | 10:02 | 10:08 | 10-04 


Find the approximate acceleration when ¢ is 10-02. 
(A graphical method is best.) (Bd. of Edue. | 


11. A piece of mechanism moves so that the distance x mm. of @ 
certain point in it from a fixed point after ¢ seconds is given by the 
following table : 


[wero a | 2 eames 


2 mm. 0) | 25 | 82 | eet, 316 | 505 


Find the velocity of the moving point after 1, 2, 3, 4, 5 seconds, 
and thence the acceleration of the point after 3 seconds. 


12. x and ¢ are the distance in miles and the time in hours of a 
train from a railway station. Plot on squared paper. Describe 
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cleariy why it is that the slope of the curve shows the speed. Where 
is the speed greatest, and where is it least ? 


i} 
2 | 0 [ol 0°50 3:05 3°82 


1°52 | 2°50 | 2°92 


3°05 | 317 | 3°50 


t | 0 | 005 | 0-10 | 0-15 | 0-20 | 0:25 | 0°30 | 0°35 


0°40 | 0-45 | 0°50 
| 


(Bd. of Educ.) 


18. The following numbers give x feet the distance of a sliding 
piece measured along its path from a certain point to the place where 
it is at the time ¢ seconds ; what (approximately) is its acceleration 
after 0-5 second ? Show by a curve how the acceleration depends 
upon ¢. 


2 | 10 | 27 | 44 | 6-0 | 7-4 | 8:7 | 9-7 /10-4| 108] 11-0 


t | 0 | o1 02] 03 | 04/05 | 06 | 07 | 08 | 09 


(Adapted from Bd. of Educ.) 


14. Plot the curve y=3z* —x' as accurately as you can. Hence, 
by drawing the tangents, obtain the gradients at the points given 
byt One a2. (Clifton. ) 


15. A body moving in a straight line describes the following 
distances in the given times : 


Time in seconds | 0 | 5 | 10 | 15 | 20 | 25 | 30 


400 | 768°75 | 1320 


Distance in feet | (6) | 13°75 | 60 | 176°25 


Draw approximately the space-time and the velocity-time curves 
for the same period, and find the acceleration after 20 seconds. 
(Adapted from Cambridge.) 


16. A cart going at the rate of 5 miles per hour passes a milestone, 
and 14 minutes afterwards a bicycle, going in the same direction 
at 12 miles per hour, passes the same milestone. Find when and 
where the bicycle will overtake the cart. (Clifton. ) 


17. Two men set out at the same instant, one to walk from Bath 
to Bristol, a distance of 10 miles, at 4 miles per hour, the other to 
walk from Bristol to Bath at 35 miles per hour. For how long do 
they walk before they meet ? (Svlve graphically.) (Clifton. ) 
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18. Find the accelerations by means of squared paper (a) after 
2 seconds, (b) after 3-5 seconds, (c) after 4-7 seconds, from the 
following data : 


ee. pay ey eM , ; 
fate) | 010 [0'5 | 1:0, 15] 20| 2°5 [30/3 (40 | 45 | 5-0 
| 


» ft. per sec. | 0 | 16 | 32 | 48] 64 80 | 96 112 | 128 | 144] 160 


19. The following table gives the time of sunset in the months 
of November and December 1913. Plot on squared paper, and 
hence find the rate at which the sun is setting earlier or later on the 
following dates: (a) Nov. 6, (b) Nov. 13, (c) Nov. 23, (d) Dec. 1, 
(e) Dec. 26: 


Nov. 1 | Nov. 6 | Nov. 11 | Nov. 16 | Nov. 21 | Nov. 26 | Dec. 1 

i 4.33 424 “+l 4.16 4.9 , AB | 3.57 | 3.53 

Dea6il ne vile Wesclefupes 21 Deo ce em bes a1 
3.50 | 3.49. 3.50 3.51 3.54 3.58 : 


20. An electric train is running at a uniform speed, and the brakes 
are applied when it is at A, one mile from a station B. The distance, 
s feet, of the train from A, at the end of ¢ seconds, is given by the 


2 
equation s=46f - _ What is the velocity of the train 30 seconds 
after passing A? Will it reach the station before it stops ? 


CHAPTER II. 


DIFFERENTIATION OF POSITIVE INTEGRAL POWERS 
OF x MAXIMA AND MINIMA, 


1. To find the gradient of the line joining the points P = (x, y) 
and Q = (h, k). 
Draw PM and QN per- 
pendicular to x'a. 
Draw PK parallel tox’z. 
Then plainly 
OM=z and MP=y. 
ON=h and NQ=k. 
Now the gradient of the 


se PK h-w . Fic. 10. 
Example 1. Find the gradient of the line joining the points (3, 5 


and (11, 19). 
ay 


co 
pe 
x’ a) (6) M 5 ORY 15 207° 
¥ Fic. 11. 
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Making the construction as above, we have : 
: : . KQ 19-5 
- Gradient of the line PQ is PK 71123 
Example 2. Find the gradient of the line joining the points ( —4, 9) 
and (6, —10). a 
In this case we have that the gradient of the line PQ is 
KQ 9-(-10) 19 
PK -4-(6) 10 


=1'-75: 


SERRE cCOR ee 
BEREEWIG oe 


_A little consideration will show us that when the line slopes from 
right top to left bottom the gradient is positive, and when the line 
slopes from left top to right bottom the gradient is negative. 


2. Notation of 6x and dy. 


Often we find it convenient to use the word “ increment ” 
or “ extra bit,” in practical life. For example, the inhabitants 
of a certain town wished to erect a statue to Sir Walter Scott. 
They gathered £1000, but this was not enough, so they required 
an “increment ” of £200. 
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Again, a certain family found that five pounds of butter per 
week were not enough, so they ordered in “a pound and a 
half extra.” 2 

In mathematics dx is used to denote an extra bit added on 
to w, 6 being the Greek character for the first letter of the word 
“ difference.” (The English letter d is required later on to 
express a different shade of meaning.) 

In the above cases, 

6(£1000) = £200. 
6(5 lb. of butter) =14 lb. of butter. 


Again, suppose that a man’s watch is twenty minutes fast. 
Then, whatever time his watch indicates, he has to subtract 
20 min. to get the correct time. Hence in this case, 

6(time) = — (20 min.). 
Consider once more the subjoined diagram : 


Let x’x be a straight line and let O be a marked point thereon. 
Let P be situated at a distance x cms. to the right of O. Then 


; fe) | P Q 
P Fic. 13. 


if Q lie some distance to the right of P, we should say (according 
to the above notation) that PQ =(dz) cm. 
“. OQ =(%+6z) cm. 


The meaning and uses of dx will now be plain. 


Example 1. The sides of a rectangular piece of metal plate are 
Tom. and 5 cm. The plate is heated so that the sides increase by 
0:2 per cent. of their length. If A denote the area of the plate at firsi, 
find 8A when the plate is heated. 

howtdesvau irstsare 7 CM. ANC 'O CM. 2.....0ss0s-seeeeseeneateaae (1) 

The sides when heated are (7 +02 per cent. of 7) cm. and (5 +0-2 
per cent. of 5) cm., 

Voi Olanem. and 50-010) Cm. ey. .cssucewesoe ete (2) 


Hence, by (1) and (2), 


5A =(7:014 x 5-010 —7 x5) sq. cm. 
=0-14 sq. cm. (correct to two places). 
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Example 2. If y=«%, find ihe increase in y when x is increased to 
x + dx. 
Plainly dy = (a + 8x)? — 2? 
=2a. du + (dx)? 


3. To find the gradient of the line joining the points (x, y) 
and (x + 0x, y+dy). 


Fic. 14. 


Let the points be P=(z, y), 
Q=(x+6x, y+ dy). 
Draw PM and QN each perpendicular to Ox. 
Draw PK parallel to Oz. 
Then PK =MN=62 
and KQ = dy. 
Now there is a rise of distance KQ in the direction parallel 


to Oy corresponding to a distance PK described in the direction 
parallel to Oz. 


Hence there 1s a rise of dy corresponding to da, 


dy 
ox 


v.e. the gradient is 


21 


- GRADIENTS OF CHORDS 


ART. 3] 


joining the points whose 


== Pe5 


Find the gradient of the chord 
x coordinates are 2 and 5 on the curve y 


Example. 


Fia. 15 


When 


when 


=21. 


3 and dy 


Ovi 
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4, The tangent to a curve. 

For the purposes of this discussion it is convenient to 
regard “the tangent at a point” to a given curve as defined 
in the following way : 


cry t on eels [I 
iB 
wae wie 25 Eile 
tt Coot t : i 
TT ft TT ail I 
E t H oon ry 
EEE Er 
+t + ie Ct ‘is eet 
Poo om en I emia 
PERE or : ro 
HEE Zaepeeeeduene ban 
B eictaet [eleye 
134A IA Th N N, Np N, Gi 
Fic. 16. 


To obtain the tangent at the point P on the curve, take a 
point P, on the curve conveniently near to P. Complete 
the figure in the usual way, as shown in the diagram. 

Next bisect the distance NN, by Ng. 

Let P, be the point on the curve corresponding to N,. 

Complete the chord T,PP,L,. 

It is plain from the figure that T,PP,L, will be a nearey 
approximation to the tangent at P than the chord T,PP,L,. 

Next let N, be the mid-point of NN, and so on. This process 
is called the process of ““ repeated bisection.” 

If we proceed in this way, it is plain that by continual 
bisection of the intervals NN,, NN,, NNg, etc., we shall obtain 
chords which in general do not reach the position of the tangent 
at P but become as close approximations to it as we please, if 
we continue this process of “repeated bisection’ sufficiently 
long. 

We note that there are an indefinite number of other methods 
besides the method of “ repeated bisection”? by which we can 
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make N,, N,, N3, ..., etc., approach infinitely close to N, in 
position. 

It is impossible for us within the limits of this book to 
investigate more closely the algebraic conception of the 
tangent toacurve. Let it suffice to say that by calculating the 
gradient of the chord PP,, we are able from the algebraic 
expression thus found to see intuitively what the gradient will 
be when we are dealing with what is actually the tangent at 
P and not a mere approximation to it. 

A few examples will make this plain. 


Example. To find the gradient of the tangent at any point on the 
curve y =x". 

Let x be the z-coordinate of the point P on the curve under 
investigation. 

Let x+8x be the x-coordinate of a point Q on the curve con- 
veniently near to P. 


OT M ON z 
Fia. 17. 


Draw the above figure as usual. 
Then Yy =e 
and y + 8y =(x + 8x). 
“. dy =(a +82)? -2 
=2u . 8a + (dx). 


by _ 


S = on +6. 
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Now as N approaches M (by repeated bisection or otherwise), it is 
plain that the right-hand side approaches in value to 2a, since 
dx becomes smaller and smaller as N approaches M. 


Hence the gradient of the tangent at P is 2x. 
Similarly the student can easily show that if y=2°, 


ei = 82? + 3x $a + (dz), 
and if y=24, us =4a3 + 6a. dx +4a(dx)? + (8x)8, 


and hence that the corresponding gradients to the tangents will be 
3x? and 4a° respectively. 
5. Generalization of the results of Art. 4. 


By direct calculation the student can obtain the following 
table : 


Curve. > Gradient. Curve. Gradient. 
Yy =x I, ¢.e. 2° y =x 5at 
Y=o at y =x 6a> 
fae 3x y =x" 748 
iw 4x8 etc. ete. 


The law of formation of the gradients of the successive 
curves is then plain. 


In the case of the curve y=2”, where n is a positive integer, 
the gradient of the tangent is nx”—}, 


6. Formal proof that the gradient of the tangent to the curve 
y =x” is nx”"!, where n is a positive integer. 


[We shall require the well-known algebraic theorem : 
a” — bn =(a—6)(a" 1+ a" *b +a" 0? +... + ab"? +.6"-),] 


Definition. We shall use * to denote the gradient of the 


chord joining the two points (x, y) and (4+dz, y+dy) on a 
dy 
dx 
point (z, y) on the curve. 


curve, and — to denote the gradient of the tangent at the 
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(i) Lo find wn terms of x and x, the gradient of the chord joining 
the points P = (x, y) and P.= (a, y3) on the curve y=a, where n 
as a posite rnteger. 


Plainly y=o" and ¥,=2;". 
oe Yi -Y HU" — 2" 
; = (x, —2)(ay" 14+ 04" 2a +44" 322 +... +0"), 
act “ = ors =2,"1 +0," 20 +0," 3a2 +... +01, 
+ = . 
with the usual notation. 


(ii) Lo deduce the gradvent of the tangent at the point P. 

We allow the point P, to move up indefinitely close to P by 
the method of “ repeated bisection” (or otherwise) as explained 
in Art. 4, that is, we put x,=2 in the formula of (i) just 


obtained. Now 2 approaches indefinitely close to the 


gradient of the tangent at P, while the right-hand side becomes 
in the limit nv”-. 


Hence 4 —ngnt, 
da 


Example. To find the gradient of the chord joining the points 
P=(a, y) and P,=(x,, Yi) on the curve y=x*, and to deduce the 


gradient of the tangent at the point (x, Y). 
As before, we have y=? and y,=2,"; 
YY Ht? -2? =(",-2)(%, +2) 5 
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dy 


Hence, Pupang %,=% and remembering that dn is the limiting 
ae of 5 when P, moves up to coincidence with P, we obtain 
=i 
The following table of results will be found convenient : 
Ity=x, . @a1, 
Ui gee’ FS OY 2, 
(hr gpa. & OY Bat 
IP Qieaaes a As. 
iP gpa OY 508 
If y=2', 2 od 628 
LRP Qype WY nan 


7. Differential coefficient. 


dy . : 
oD ig also called the “ differential coefficient ” or “ derivative” of 


dx 
j with respect to x. 


8. Inclination of tangent to axis of x. 


¥ 
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; _ oy 
Plainly tan LTx= on 


Hence, if | denote the inclination of the tangent at P to Oz, 
; _ dy 
mae tall aD = aa 


9. Rate of increase of y with respect to x. 

We have seen in Chapter I. Art. 1, that the rate of increase 
of y with respect to z is given by the gradient of the tangent 
at the corresponding point on the graph representing the 
connexion between y and z. 


Hence oo being the gradient of the tangent to the curve, 
dz 8 gr g 
represents the rate of increase of y with respect to a. 
10. Further results : 
(1) If y=a (where g is a constant), .. Fine 
(2) yan", 3: ie 
(3) Ify=avP+bxI+cx", .. 2 =apxP> + bqxt + erat, 


These results can easily be proved directly after the manner 
of Chap. IT. Art. 4. 


x dy 
oy ST ae we. Sait 
Example1. Jfy=3 rae +5x*, find ai when x =1 
ay * 
We have ie 44102. 


dy =6 when v=l. 
dx 


Example 2. Find the angle of inclination oj’ the tangent at (1, 1) 


2 FE a . 
on the curve y ——— to the axis of x. 
dy _2x-2 
We have Cer oo 


2 #0 when %=i. 
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Hence the tangent at (1, 1) is parallel to the axis of x. 
This is also readily seen from the accompanying graph. 


Fia,. 20. 


Example 3. Calculate the angles at which the curve 


3y =a — 32-10 
cuts the axes. 


We have WY ay Ue 
The curve cuts the axis of where r= —2 and +5. 
When w= — 2, tan y=4- — 2°3333, 
WHO: SEATS 10 
When x=5, tany= 7 “Y + 2°3333, 
1.0. \=66° 48", 
The curve cuts the axis of y where 7=0. 
When 7=0, tan y= 4 = =1; 


Dy Wr BIS 
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Example 4. If y= -7+4x-2%, find for what value of 2, y has 
tts greatest value, and calculate what that greatest value of see ea 


Sete LO ete? all son aR aE A 


Fig, 21. 


The graph shows that y has its greatest value when the tangent to 
the graph is parallel to the axis of z. 


But °Y is then zero. 
da Z 
BOT ALLE Laie a F —» 
: 0=4,=4 2% gives x=2, 
and the greatest value of y is —3. 


11. Maxima and minima. 

Definition. A point on a curve is said to be a maximum 
(minimum) if the value of y is greater (less) at that point 
than the values of y at neighbouring points. 
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The values of y at points representing maxima and minima 
are called “turning values.” 

We shall now give examples of calculating maxima and 
minima in practical life by means of the Calculus. 

We remember that if y is plotted against 7, then at points 
on the graph at which y is either a maximum or a minimum 
the tangent is parallel to the axis of 2, 1.€ ne vanishes. A 
rough graph will show whether the points ab which : vanishes 
are maxima or minima. < 


Example 1. Divide a straight line 10 cm. long into two parts such 
that the rectangle contained by the parts shall be a maximum. 


Pp 
> 
A B 


Fie. 22. 


Let AB, 10 cm. long, be divided at P so that AP=2cm. Then 
PB=(10 —-2) cm. 
Then A sq. cm. =area of rectangle whose sides are AP, BP 
=2x(10 -x) sq. cm. 


* A= -2?+102. 
dA 
5 | tt +1 } rey 
: EERE 
5 Gradient of this line's zero i. 
A . GAs t 
a6 ax 
i. rT 
r 7 
| 
im 
1 | a : 
10 
i: 
it 
ch Terr Ht 
0 1 ye 3 4 5 6 7h 8 9 10 xX em 
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For a maximum the tangent is parallel to the axis of « on the 


(x, A) graph, i.e. =0.  .. x=5, so that the line must be bisected. 


The accompanying graph illustrates this. 
Example 2. A man has four miles of fencing-wire and wishes to 
“ fence in” a rectangular piece of prairie land through which a straight 


river flows, so as to be utilized as one side of the enclosure. How can 
he do this so as to enclose as much land as possible ? 


XL miles 


(4-22) miles 
Fro. 24, 


The figure shows how a rectangle can be fenced off from the 
prairie, utilizing the river as one side. 
Then A sq. miles =area of the rectangle 
=2(4 — 2a) sq. miles. 
 A=4a -22. 
dA 
ae =4 —4x. 
If we plot A against 7 roughly, we see that the turning value of 
A is a maximum. 


Hence, when A is as big as possible « =0, and *) #=1; so the 


rectangle must have its side parallel to the river 2 miles long and 
the other sides 1 mile long. 


Example 8. A circular tin canister closed at both ends has a surface 
area of 100 sq. cm. Find the greatest volume it can contain. 

Let the radius of the circular end of the tin be r cm. and the height 
of the tinh cm. Let also the volume of the tin be V cub. cm. 


Then 2Qrr? + 2rrh =100. 
V =nr°*h. 
From the first equation mrh =50 — mr’. 
V=r xtrh 


=50r —rr>. 
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Now, if we plot V against 7, we shall see that the turning value 
for V is a maximum, and also that the tangent to the graph will be 
parallel to the axis of r, and consequently its gradient will be zero. 


ie dvs G or 50-3nr?=0. 
dr 


(De 50 _ 9-30 cm 
3 
. V=r7(50 - 77?) =r( 50 -*) 
100. /50 
mae Vice =76°78 c.c. 


EXAMPLES II. 
1. Differentiate x4, x®, v7, 217, 2m, 22%, g2rtt, 
2. Differentiate 3x2, 7x®, 8al4, 4x7, $a, 0-5a°. 
8. Differentiate 3 +4, 3+4a?, 3a? — 423, 
4. Differentiate }v + 4a, §u®- 7x9, 0-8 +0-5a +0-72%, 


~ §. If y=32? —-4, calculate = when 2 =2. 


6. If y=2x? — 4x +5, calculate a when x =3. 


7. If y=523 — 3x, calculate au when «= -1. 


8. If y=2x? —7x? +3, calculate of when «= -2. 
iy 


9. If y=32? -4x +7, find for what value of «, = vanishes. 
ax 


10. If y =x? — 27, find for what values of «, a vanishes. 
he 


“11. If y=a* -22%+%+5, calculate those values of x for which 


dy vanishes. 
dx 


12. If y=0-5z? - 0-7, calculate when «=0°9. 
5 
138. If y=0-3z? -0-7x +0-4, calculate wD when x =0°5. 
% 


14. If y=2', prove that 2 =3dy for all values of a. 
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= 15. If y=1 -x?, prove that x o +2 =2y for all values of x. 
16. If y=2z? - 3x +2, find for what values of x, dy =y. (Give your 
answer correct to two places of decimals.) da 
#17. If A=4nr’, calculate a when r=3. (Give your answer 
correct to two places of decimals.) 
v18. If V=4nr?, calculate a when r=4. (Give your answer 


correct to two places of decimals.) 


19. If y=42? and tay, calculate t when x =2:5. 


DSimetie )108 
—Aifs = : —f{)s 
20. If s =423, I =(s x di) +8 : sa calculate I when t=0°3. 
21. Sketch roughly y=82? to see the nature of the curve; find 


2 in general, and hence calculate the values of ue when «=0, 0:1, 


d. 
0-5, 2. Hence find from your tables the corresponding values 
of ¥. 

22. Sketch roughly y=4z? -3x+2 to get a general notion of its 
graph; find oe, and hence calculate ) when x= -—5, —0°5, 2-7, 3. 


23. At what point on the graph of y =1-8z? has ) the value of 45° ? 


24. At what point on the graph of y=42?-3x+2 has the 
value 25° ? 

25. In Qu. 24, find at what point on the graph the tangent is 
perpendicular to the tangent obtained in Qu. 24. 

26. Draw roughly the graph of y=4x?-7%+3. Then use Calculus 
to find accurately for what value of x the expression 4x%?-7x+3 
has its least value, and find what that least value is. 


27. Draw roughly the graph of y =34 — 17a —32*. Then use Calculus 
to find accurately for what value of x the expression 34 — 17x — 3x? 
has its greatest value, and find what that greatest value is. 


28. The line XY is 3 feet long. Pisa point on XY distant x feet 


from X. : 
Calculate the area A of the rectangle whose sides are XP and PY 
in terms of x. 
p 
oe 
x % Y 
Fia. 25. 
M.W. © 
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Plot A against x on squared paper and thus obtain a clear notion 
of the variation of the area of this rectangle as P moves from X to Y. 
Calculate by means of the Differential Calculus for what value of 2, 
A is greatest, and find this value of A. 


29. Find the gradient and inclination to the axis of # of the chord 
joining the points (2, 4) and (3, 9) on the curve y=2?. 


80. Find the gradient and inclination to the axis of x of the chord 
joining the points (1, 2) and (3, 10) on the curve y=a? +1. 


81. If (x, y) and (7 +6z, y+Sy) are points on the curve y=2*. 
prove that sy 
Se =3u? + 3x dx + (dx)? 


\ 


Hence fill up the following table ( where tan $= a : 


pg tee ge pa Ba he aa 
8x | 1 | 0% |025| 0-125) 0-0625 | 0-2 0-02 0-002 | 0-002 
AL 

ba | 

$| ania | 


By the Calculus find a and | (where tan p= 4") at the point 
x=1, and compare with the approximate results obtained above. 
82. If (x, y) and (x +6z, y+ dy) are points on the curve 
y =0-2u? +0-5x +0-7, 


calculate e in terms of x and 82. 
xv 


33. If (x, y) and (x +8x, y+8y) are points on the curve y? =2%, 
prove that, 9 Gye 
y dy + (dy)? =3u? da +3x(dx)? + (8x). 
34. A line AB 11 inches long is divided at P. Find P so that 
AP? + PB? is a minimum. 
35. A line AB 13 inches long is divided at P. Find P so that 
AP? + PB? is a minimum. 


36. What number exceeds its square by the greatest number 
possible ? 
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37. Fill in the vacant spaces in the following chart : 


a 


ae Nek 1 1 1 1 ge 1 1 1 


dz | 0°5|0°05|0-005}0-0005|0 00005} 0:3 |0:03}0-003|0-0003|0:00003 i987 


Y 


oy 
Ox J 


a 


What is the value of when «=1? 


What do you deduce sett the above investigation ? 


88. What number exceeds its cube by the greatest number 
possible ? 


39. A piece of wire 5 feet long is cut into two parts. One part is 
bent to form a square and the other part to form a circle. What are 
the lengths of the parts when the sum of the areas formed is a 
minimum ? 

40. If au be defined as the differential of a 1.€. fie), find 


dy dx\dau 


dg tf y= 2+ 3x + 5x? + 62. 


41. If y=0-2 -0-3x —0-5x? +0-723, find a 


42. If y=0-7 - 0-424, calculate a 


and $4 


when «=0 and when 2=1. 


43. If y=0-51a? - 0-232, calculate ao when x= -1. 


d*y 


44, If ey ee ae 


y=? +a, 
45. Find the gradient of the tangent to the curve y=3x? —4% +5 
at the point (1, 4). 
46. Find the gradient of the tangent to the curve 
y =8x? —1-5x4 +0-Tx 


calculate z when x=1, given that 


at the point (0, 0). 
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47. Find the gradient of the tangent to the curve y=0-2a —1-3a! 
at the points (0, 0) and (1, —1-1). 


48. Express x”, v°, v4, 5x ®, 22 +1, 2x? —3, 322 —2u +4, 40% +5 -9, 
7 —4x, as differential coefficients of other functions. (See Art. 7, 
Chap. IL.) 


49. Draw the graph of 3y=a?+%-6. (a) Find the points in 
which the curve cuts the axis of #, and calculate the inclinations to 
x’a of the tangents at these points. (b) Find the point in which 
the curve cuts the axis of y, and find the inclination to wx of the 
tangent at that point. 


50. A flexible ruler 2 feet long is fixed horizontally into a wall 
at O, and a light weight is hung on at A. It can be proved that a 
point on the ruler distant x inches from O bends through y inches, 
given by the formula 1 

] = 54a 12a '_ 93), 


Fic. 26. 


(a) Calculate the deflexion of points distant 4 inches, 6 inches, 
12 inches, 15 inches, 24 inches from O. 


(b) Calculate the curvature at the same points, given that the 


: d?y 
curvature is measured by —”. 
dac* 


Sly oe — state what value of # will make y less than 


any other. (Bd. of Educ.) 
52. Sheet lead of unlimited length and width 4 feet has to be 
bent into the form of a pipe with a cross-section | | (open at 


the top) to act as a duct for water. What is the best way to bend 
it so as to let as much water through as possible? If water is flow- 
ing in the pipe at the rate of one foot per second, find the volume of 
water discharged from the duct per second, assuming that the 
pipe is full. 
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53. A man orders a plumber to make a cistern with a square 
base and closed at the top to hold 1000 cu. ft. of water. It has to 
be lined inside with sheet lead at 44d. per square foot. Find the 
least that the cost of lining can be. $ 


54. Solve the last question when the cistern is open at the top. 


55. A tin canister with a square base is tied with 40 inches of 
string (neglecting knots). The string passes across the centre of 
the lid parallel to the side, down one side of the box, across the 
base and up the other side. Find the greatest volume that can thus 
be tied up with this piece of string. 


56. A piece of wire 3 feet long is cut into two parts. One part is 
bent to form a square and the other part to form an equilateral 
triangle. What are the lengths of the parts when the sum of the 
areas formed is a minimum ? 


57. A piece of tinplate 20 inches square has squares cut off each 
of the 4 corners, and the ends are then turned up to form an open 
box. Find the dimensions of the box obtained, assuming that 
the squares cut out have each a side of w inches. Find also the 
volume of the box in terms of x. 

What is the maximum volume of this box ? 

58. A rectangular piece of tinplate 29 inches by 24 inches has 
squares cut off each of its 4 corners, and the ends are then turned up 
to form an open biscuit tin. Find the side of the square so that 
the biscuit tin may have a maximum volume, also so that it may 
have a minimum volume. 

59. Post Office regulations prescribe that the combined length 
and girth of a parcel must not exceed 6 feet. Find the maximum 
volume of a parcel whose shape is a prism with the ends squares. 

60. Find the maximum volume of a parcel whose shape is a 
circular cylinder. 

61. CAB is an isosceles triangle, right-angled at C and having 
CA=CB. P lies on AB, and PM is perpendicular to CA and PN is 
perpendicular to CB. Find the position of P in which the area 
of the rectangle PMCN is greatest. 


CHAPTER ITI. 


APPLICATION OF THE CALCULUS TO RABIES, 
VELOCITIES ETC. 


1. Uniform motion. 


We have already seen in Chap. I. Art. 1, that if a body 
be moving with uniform velocity in a straight line, we may 
plot the distance s traversed against the time ¢, in which case 
we obtain as the (¢, s) graph a straight line. We have also 
seen that the gradient of this straight line represents the 
velocity of motion. 

Thus, on consulting a time-table, we find that a certain 
non-stopping train leaves Bristol! at 12 noon and reaches 
London at 2 p.m., the distance traversed being 118} miles. 
If the velocity of the train be conceived absolutely uniform, 
the graph obtained on plotting the distance against the time 
will be the line joining the origin to the puint (120, 1184), the 
time being measured in minutes and the distance in cai 
Having drawn th» graph, we can “read off”? very approxi- 
mately the times at which the train passes the various stations 
thus : 


‘ 


Distance from | Badminton, | Didcot, | Reading, | Maidenhead, 
Bristol 19 miles 643 miles 814 miles 944 miles 
Times of passing| 12.19 | 1.5 | 1.23 | 1.36 


1 
The gradient of the graph is, of course, ae miles per min., 


which can be “read off’? more conveniently in the form 0-98 ml. 
per 1 min. 


38 


ARTs. 1, 2] VELOCITY 39 


MILES 
120 


100 


r 


if 
rrr 


I2NOON [2.20 12.40 I 1.20 1.40 2 PM 


2. Variable velocity. 

In general, in Nature, particles, trains, etc., moving in 
straight lines, do not go with uniform velocity. Hence the 
result of plotting the distance against the time will not in 
general be a straight line. To obtain the velocity from the 
“ time-distance’’ graph, we draw the tangent to the graph at 
the point under investigation. The gradient of this tangent 
represents the velocity required. (See Chap. I. Art. 1.) 

Now if s cm. be the distance and ¢ sec. be the time, and if 
we plot s against t, the gradient of the tangent will be given 


by o with the proper units attached. 
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Hence, if s be measured in cm. and ¢ in sec., the velocity 


: ds 
is measured by a om Per sec. 


Again, if P denote the population of a town and ¢ the time 
in years, the rate at which the population is growing will be 


dP 
measured by aE people per annum. 


If water be running into a trough and if V cu. ft. be the 
volume of water in the trough and ¢ hours the time during 
which the tap has been turned on, the rate at which the 
trough is filling is oe cubic feet per hour. 


dt 
In a certain pot the water is x feet deep and the volume of 
the water is V cubic feet, the rate at which the volume of the 
water is increasing relative to the depth of water in the pot 


be GN i ieane 
is cubic feet per foot. 


When a ship is being loaded, she sinks deeper and deeper 
into the water the more that is taken aboard. If x be the 
number of feet of water that she draws when there is a load of 


L tons on board, the rate at which she draws water is given by 
a feet per ton of cargo 
Tet ‘agent 


In general, if y be compared with z, the rate at which y is 


: , A . dy 
increasing relative to x is ee 


da 


Example 1. A particle 1s moving along a straight line, and is at 
a distance of s cm. from a fixed point on the line, t sec. after passing 
that point. If the motion is given by s=7t+11t*, find the velocity 
(1) ¢ sec., (2) 2 sec. after the beginning of the motion. 
' s=Tt+110, 
ee 
“ dt 
Hence the velocity atter ¢ sec. is (7 +22t) feet per second, and 
the velocity after 2 seconds is 51 ft. per sec. 


=7 +22¢. 


Example 2. In a certain machine, the effort P lb. applied by the 
hand holds up a load of W lb., where P and W are connected by the 
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formula P=041W +79. Find the rate at which the effort P has 
to be increased as the load W gets heavier. 


We have to find = lb. per Ib. 


But = =0-41 from the given formula. 


“. P is increasing relatively to W at the rate of 0-41 Ib. per !b. 
increase of load. 


Example 8. <A conical vessel contains V c.c. of liquid when the 
depth of liquid is x em., where V =0-83x°. Find the rate at which the 
volume increases convpared with the depth when the liquid is 2 cm. deep. 


We have to find x cu. cm. per cm. 


da 
Now a = 2-492, 
.. the volume increaseg at the rate of 2:49a? cu. cm. per cm. 


Putting «=2, we obtain that the volume increases at the rate of 
9-96 cu. cm. per cm. when the depth is 2 cm. 


Example 4. Water is pouring steadily from a spout at the rate 
of a cubic foot per minute into a rectangular trough whose base is 
12 sq. inches. Find the rate at which the water is rising in the trough. 


If V cubic inches be the volume of water in the trough when | 
the depth of water is x inches, then 


=: 
dV dx ; 
ae =127, SE eI ict (1) 
But Tt =1728 (cubic inches per min.). .....(2) 
; 1728 =12%, by (1) and (2). 
rire 
: Ht 


Hence the water is rising at the rate of 144 inches per minute. 


Example 5. An electric car is going at 15 ml. per hr. The overhead 
wheel that presses on the conducting wire is 6 inches in diameter, 
Find the rate at which it revolves. 

Let x ft. be the distance of the car from some fixed point,—say 


the tramway-station. ; A, 
Let the overhead wheel have revolved through @ radians while 


the car was traversing «x feet. 
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Hence (since arc =radius x angle subtended at centre), 


x=} 
dx 1d@ 
ee Mi eee, marae See tess 1 
dt 4 dt ( ) 
But sss =22 ft. per sec. («° 15 m.p.h. =22 £.p.8.). sseecseeeee(2) 


Hence _ =88 radians per sec., by (1) and (2), 


_ 88 x 180 
TE ers 


degrees per sec. 


=5041 degrees per sec. (approx. ). 


3. Acceleration. 

The rate at which the velocity of a body varies plays a very 
important part in Mechanics. 

The acceleration is the rate at which the velocity of a body is 
changing. 

Hence if v be the velocity of the body at the tume t, the acceleration 


: d 
at that instant will be measured by ae 


The acceleration will be represented graphically on the tume- 
velocity diagram by the gradient with respect to the time-axis of 
the tangent to the graph at the particular wmsiant under con- 
sideration. 


Note.—If the “distance” (s) be measured in (feet) and 


“ time ” (¢) in (seconds), then the “ velocity ” (F) is measured 
in (feet) per (second). : 

Similarly, if the “‘ velocity ” (v) be measured in (feet per 
second) and the “ time ” (¢) in (seconds), then the “ accelera- 


tion” (a) is measured in (feet per second) per (second). 


The contents of the various brackets are merely inter- 
changed. 


Example 1. A brick falls from a chimney to the ground. It is 
known experimentally that s the distance fallen, measured in feet, is 
connected with the time t taken, measured in seconds, by means of the 
formulas =16f. Find the acceleration at the instant t. 
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We have s=160. 
5 
ota 32t. 
~ D=32t. 
» ED. : 
aon =32. 


Hence the acceleration is 32 ft. per sec. per sec. In other words, 
a falling body acquires an increase of velocity at the constant rate 
of 32 feet per sec. every second. 


Example 2. Z'wo equal weights W and W are attached to the ends 
of a string passing over two smooth pegs A and B close together and 
supporting the small weight was shown. Calculate 
the ratio of the velocities and the accelerations of the A B 
W’s and w as the W’s descend and pull w up. 

Let x feet and y feet be the respective distances of 
~v and W below the pegs. 

Let the string be 8 feet long. 

Hence 2y + 2x =8. 


code + at 
Hence if u ft. per sec. be the velocity of ascent of ‘Fy 


w, and v ft. per sec. the velocity of descent of the W’s, a” 
Fig. 28. 
9 OOD wicca IHR (1) 
i.e. the velocities of the W’s and w are always equal and opposite. 
F dv_ du 
asa aiota aos vaaheoseeesgnssdVisssastensse eel eeise 2 
Again, from (1), it dE (2) 


Hence the accelerations of the W’s and the w are always equal 
and opposite. 


4. Second differentials. F 
We have seen that the velocity v= 9? 


and that the acceleration =F 
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This is more usually written if and is called the “ second 


differential of s with respect to ¢.’ oe is read “d two s by dt 
square.” 

Second differentials play a very important part in Mechanics, 
Radii of Curvature, etc. 

If a body be moving in a straight line, so that the body is at a 
distance s ft. measured from a fixed point on the line after t sec., 


ete es: 
then the acceleration is measured by ap °” “ per sec. per sec. 


Example 1. Jf y=3e3 —4a2 +52 +7 , find ou 


We have a =9y? — Sx +5. 
. ay 
» aya = 18x - 8. 


Example 2. A body moves in a straight line so that it describes 
s feet in time t sec. according to the law s=7:3t+4-6. Prove that 
the acceleration is constant, and find its value. 


We have - =7:3 +9-2t. 
d2s 
: aR - = 9-2, 


Hence the body moves with a constant acceleration of 9-2 ft. per 
sec. per sec. 


EXAMPLES III. 


1. A body falls from a tower according to the law 8=16t2, where 
s is measured in feet and ¢ in seconds. Find the velocity after 
1, 2, 3, 4, 5 seconds respectively. 


2. A body slides down a smooth inclined plane according to 
the law s=2-3f+4-7é, where s is measured in cm. and 7 in sec. 
Find the velocity after 1, 3, 5 seconds respectively. 

Prove that the acceleration 1 is constant, and find its value. 


3. Heat is being communicated continuously to a body so that 
the temperature at time ¢ minutes from the original observation is 
T degrees Centigrade. Express in the notation of the Differential 
Calculus the rate of rise of temperature, and give the proper units. 
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4. The barometric pressure in cm. of mercury is p at a height 
h feet up a mountain. Express the rate of rise of pressure as one 
ascends the mountain in the symbolism of the Calculus, and give 
the proper units. 


5. Gas is contained in a heat-proof case. The pressure is p lb. 
per sq. in, and the temperature is T degrees Centigrade. Heat is 
introduced so that the pressure and temperature graduaily rise. 
Express in the notation of the Calculus the rate of increase of the 
pressure per unit rise in the temperature. 


6. Gas is contained in a cylinder and is maintained at the same 
temperature. There is a moveable piston in the cylinder which 
regulates the volume. If the pressure is p lb. per square in. when 
the volume is v cubic feet, find the ratio of the rates at which the 
pressure and volume alter as the piston is being pushed in. 


7. When the wind is blowing at the rate of v miles per hour, the 
pressure on a signboard is P lb. per sq. ft. Find the relative rate 
at which the pressure on the board and the velocity of the wind 
increase and give the proper units. 


8. In a certain machine, the effort exerted by the operator is 
connected with the weight W raised by means of the formula 
E=0-:3W-+ 20, E being measured in lb.-wt. and W in cwt. Find 
the relative rate of increase of E and W as the weight to he raised 
is increased. (Be careful to give the proper units.) 


9. Find the relative rate at which the side of a square and its area 
are increasing, the sides being feet. 


10. Find the ratio of the rates at which the side of a cube and its 
volume are increasing, the side being x cm. 


11. A stone is projected upwards with a velocity of 80 ft. per sec. 
and the height s feet is known to be connected with the time of 
rise ¢ sec. by means of the formula s=80/ — 16¢. 

(i) Find the velocity after ¢ sec. 

(ii) Find the velocity after 1, 2, 3, 4, 5 seconds. 

(iii) Find the acceleration. 4 

(iv) Find when the stone reaches its highest point. 

(v) Find the velocity when the stone is half-way up, (b) half-way 
down. 

12. A stone is projected upwards with a velocity of 100 ft. per sec. 
Its equation of motion is known to be s =100¢ — 16/?. 

(1) Find when it is moving with a velocity of 80 ft. per sec. 


(2) Find when it reaches its highest point. 
(3) Find how far up the stone goes before it begins to descend. 
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18. A gun shoots upward at a Zeppelin, and the shot is discharged 
with a velocity of 2440 ft. per sec. Assuming that the shot moves 
upward according to the law s=2440t -16?7,' find how far up the 

_ Zeppelin must be before it is out of range. 


14. A wheel is spinning according to the law @=47 +15t — 20, 
where @ is measured in degrees and ¢ in seconds. 


(i) Find the angular velocity of the wheel at time #, in degrees 
per second. 
(ii) Find the angular velocity of the wheel after 1, 2, 3 sec. 
respectively. 
(iii) Find the initial angular velocity of the wheel. 
(iv) Prove that the wheel spins with uniform retardation. 
(v) Find after how long the wheel ceases to spin. 


15. A train runs s miles in ¢ hours, where s=50t -6¢. What 
is the speed of the train after half an hour ? 


16. A bicycle with wheels 28” in diameter freewheels down a 
slope so that it covers s feet in t seconds, where s=;%0. Find how 
fast the wheel is revolving after half a minute. 


17. P is a point on Oy and N is the foot of the perpendicular 
dropped from P to Ox. If x and y be the respective distances of 
N and P from O, express x in terms of y. 


¥ 


Fia. 29, 


Hence find the velocity of N in terms of the velocity of P. 
pe be moving at the rate of 3 cm. per sec., calculate the velocity 
of N. 

If N be moving at the rate of 8 ft. per sec., calculate the velocity 
Ores 


18. Two trains approaching a station on parallel lines seem to 
their passengers to be going at the same rate. One is going at 
40 miles per hour on the level and the other is running down a 
gradient of 1 in 7. What is the speed of the latter train ? 


19. Two squirrels are in a tree at the same vertical distance from 
the ground, one on the main trunk and the other on a branch making 
with the trunk an angle of 70°. The squirrel on the main trunk 
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descends at the rate of 6 ft. per sec. and meets its friend at the fork 
of the branch. What is the speed of the other squirrel ? 


20. A string 8 ft. long is attached to the point A. B is a smooth 
pulley. The small weight w is slung on the string by means of a 
smooth ring, and a heavy weight W is attached at the A 


free end. S 
If x ft. be the depth of w and y ft. that of W below 

the ceiling, find y in terms of x. 
Hence find the velocity with which W descends 

relative to that with which w ascends. CAL oh 
Also find the acceleration with which W descends uy 


relative to that with which w ascends. 


21. P is a fixed pulley. X is a revolving drum w 
12 inches in diameter. A wire-rope passes round 
this drum, over P, and is attached to a weight W. w 
If the drum revolves through @ degrees, and W rises winteo 
through z inches, find the algebraic connexion eva 
between x and §. Hence deduce the algebraic connexion between 

dx dé 
a and 7 

If the drum goes at 4 revolutions per second, find how fast W 
is rising. 

22. Two tanks with square bases are placed one above the other, 
and with a pipe connecting them. The sides of the bases of the tanks 
are 2 feet and 6 feet respectively. 12 cubic feet of water is poured 
into the upper, and the water then passes into the lower. If at any 
instant there be y feet of water in the upper and ~ feet in the lower, 
find the algebraic connexion between x and y (neglecting the volume 
of the connecting pipe). 

Find the ratio of the rates at which the levels of water are rising 
and falling in the respective tanks. 


23. In Question 22, find the ratio of the respective rates of rising 
and falling if the lower tank has a square base of side 8 feet and 
the upper a circular base of diameter 3 feet. 


24. Water is pouring steadily from a tap into a bath at the rate 
of 3 cu. ft. per min. The bath has a rectangular base of 6 feet by 
21 feet. If V cu. ft. be the volume of water in the bath and a ft. 
the depth of water, find the connexion between V and x Hence 


deduce the connexion between a and os At what rate is the 
water rising in the bath ? 


48 RATES, VELOCITIES, ETC. [CHAP. III. 


25. Water is pouring steadily from a tap into a circular tub at the 
rate of 2 cu. ft. per min. If the base of the tub has a diameter 
of 3 feet, find the rate at which the water is: rising in the tub. 


26. Water is pouring steadily from a tap into a bath at the rate 
of 3 cu. ft. per min. The bath has a rectangular base of 15 sq. feet 
and vertical sides, and owing to the waste -pipe being open the water 
rises at the rate of 1 inch per min. Find the rate of discharge of 
the waste-pipe. 


CHAPTER IV. 


FURTHER DISCUSSION OF RATES: GEOMETRY 


OF CURVES. 
_ dz_dz dy 
1. Useful result, viz. ee aa ts 


If y be expressed as a function of w and z as a function of Y, 
it is often useful to find the rate at which z is varying with 
respect to «, even if z be not expressed in terms of a. 

We have, with the usual notation, 

Op oF oY 
dx by dx 

by cancelling dy. Hence, proceeding to the limit, 
dz dz dy 


etd. tee: 


Example 1. [f 2=5y+7 and y=3x —4, to find Te where z is not 
expressed in terms of x. 


dz » At UY 
Plainly dome and pices 3. 
. dz_dz dy_ os 
ay te =) x3=15. 
Verification. 


We have z2=5y+7 
=5(3x —4) +7 (by substituting for y in terms of «) 
=15x - 13. 
cee 
Y qy = 10 
M.W. 49 D 
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Example 2. [f 2=3y'?+4 and y=2x -1, to > find © ” where z is not 
expressed in terms of x. 


Plainly = 6y and = —?, 
dz dz dy _ < 
ms die es 


Verification. 
We have z=3y?+4 
=3(2a —-1)?+4 (by substituting for y in terms of x) 
= 124? —12x% +7. 
~ Oe 
ee =24¢% -12 =12(2x -1), 


which is the same as the result obtained above, since y =2z - 1. 


We shall now give some practical applications. Hxample 3 
exhibits a method of great and universal utility, and is developed 
at greater length in Chap. V. Art. 5, under the title of ‘Method 
of Substitution.” 


Example 3. If z=(1 +2), to find ca 


Let l+u=y. & 5 pee Secigtecsneresvossccareeercens (1) 
Also 2=(l+a)2ay Fe 12" caer eee (2) 
dz dz dy in 
=12y!1 
=12(1 +a)". 


Example 4. A circular metal plate 1s being heated, and its radius 
at a given instant is 3 inches, and 1s increasing at the rate of zh5th of 
an inch per hour. Calculate the rate at which its area is increasing. 


Let A sq. in. be the area when the radius is r in. 


* A=qrr. 
dA dr? 
dt adh 
dr? dr 
7 Or * dt 
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dx dy da 
But = SSP GLHEH POL HOUT): ec-accsevevscoesetens seutedeert (2) 
_ OO 22 x 3 x zd Sq. In. per hour 
= sq. in. per hour 
=0-19 sq. in. per hour. 
Otherwise. 
Since ASai, 
dA 
GP =277r 


=67 (when r=8). 
But A is increasing ae times as fast as the radius, 7.e. A is 


increasing 67 times as fast as the radius. Now the radius is increasing 
at the rate of ;4,th inch per hour. Hence A is increasing at the rate 
of 67 x zdg 89. In. per hr., 


1.e. = sq. in. per hr., 
i.e. 0-19 sq. in. per hr. 


Example 5. Water is pourina steadily from a spout at the rate 
of one cubic foot per minute into a conical reservoir whose semi-angle 
at the apex is 30°. Find the rate at which the depih of water is 
increasing. 


Fia. 31. 


Let ON =z inches. 
Let V cu. in. =volume of POQ. 
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Hence PN =ON tan 30°=—. 
V=} xm gna 
dV ia dx3 
dt 9 dt 
_T dx? dx 
9 * de “dt 
da 
=50 e mare Nerintih: pene ee tot eared (1) 
But a =1 cubic foot per min. .............. “ea Y)) 
dx : 


er — feet per min. 

Hence when @ is very small, the water rises very rapidly in the 
reservoir, but as it gets fuller the depth increases more and 
more slowly. 

We are familiar with this phenomenon, and the above is an 
example of how calculations can be used to explain and 
measure accurately events in everyday life. 


2. The student being now familiar with the simpler processes 
and interpretations of differentiation, we shall give some 
examples of the use of these processes to find the equations 
of tangents to curves. 


3. To find the equation to a straight line passing through the 
point (h, k) and inclined at an angle \ to the axis of x. 


y 
P 
(4, kd 
H U 
zs O K N %, 


y Fic. 82. 
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Let HL be the straight line passing through the point 
H=(h, k) and inclined at an angle U to the axis of z. 

Let P=(z, y) be a variable point on the line HL. 

Draw HK and PN perpendicular to #’x and HU parallel 


to vax. 
UP 


Then HU = any: 
But UP=NP-NU=y-k, 
and HU=ON -OK=za2-h. 
. ie BS : 
: an ck 


v.e. (y—k)=(e—h) tan is the equation required to the line 
HL. 


Example. Jind the equation to the straight line passing through 
the point (2, 3) and inclined at an angle of 45° to the axis of x. 


ct ! 
f L ry — 
| Tit 
EEE + tt 
Ht Peo H 
HH #H 
a 0 ed 3 X4 
Fic. 33, 
We have KQ=MQ-NP=3-y, 


PK =OM -ON =2 -«. 
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KQ _ oem 
But PK =tani45° = 1. 
. 8-y=2-a, 


or x -y+1=0 is the equation to the line PQ. 
4. Application to curves. 


If (h, k) be a point on a curve, to find the equation of the tangent 
to the curve at that point. 


y’ 
Fia. 34. 


As in the last article, the equation of the tangent is 


yk =tan u, 


x—h 
i.e. (y—k) =(x—h) tanh, 


where tan ) is the value of a at the point (A, k). 


An example will make the method of procedure plain : 


Example. Z'o find the equation of the tangent to the curve 
y =5x? —2x +3 at the point (1, 6). 


It is easy to verify that the point (1, 6) lies on the curve. 
Also dy =10x -2 
da 
=8 (at the point (1, 6) ). 


arts. 4,5,6] GEOMETRY OF CURVES BS 


Hence the equation of the tangent at (1, 6) is 


9 389 
e—1 a 

i.e. y -6=8(a% -1), 
1.6. y=8u -2, 


N.B.—It is easy to verify by direct substitution that the line 
y=8x—2 cuts the curve y=5u?—2v+3 in two coincident points, 
since 84 —2=5x? -2%+3 gives 5(x?—2x%+1)=0, we. (v—1)?=0. 

5. The following definitions are required in studying the 
geometrical theory of curves : 


y¥ 


Fia. 35. 


Let P be a point ona given curve and let PN be the perpen- 
dicular from P to the axis of a. 
Let the tangent at P meet x’x in T. 
Let PG be perpendicular to PT at P. 
Then PG is called the “normal” to the curve at P. 
TN is called the “subtangent ” to the curve at P. 
NG is called the “subnormal” to the curve at P. 


6. Curvature. 

We are already familiar with the “tangent” to a given 
curve at an assigned point P on the curve, and with the notion 
that for certain purposes we can regard a small portion of the 
arc of a curve as approximately a straight line. For other and 
more accurate purposes, we must regard a small portion of 
the arc of a given curve as approximately the arc of a circle. 
We require to do so in studying the motion of a train round a 
curved portion of the railway-line or the motion of a car on 
a switch-back railway. 

We have already scen how we find the tangent, but to find 
a formula for the ‘“‘ radius of curvature ” (as the radius of the 
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above circle is called) at a given point of a curve requires too 
hard mathematics for the present stage of the student. We 
will therefore content ourselves with saying : 

(1) The “radius of curvature ” at any point of a curve is 


usually denoted by p. 
(2) The formula for calculating p is 


da? 
(3) ; (v.e. the reciprocal of p) is called “ the curvature ” of 


the curve at any assigned point. 
Example 1. Calculate the subtangent at the poins (4, 2) of the 
parabola 8y =x". 
We have 8 ay == Te 
da 
_ dy «= 
* deo a 
*. tan = =1 at the point (4, 2). 
Now referring to the figure in Art. 5, 


NP 
.. Subtangent = TN 
=NP 
=y of the point (4, 2) 
— 
Example 2. Prove that the subnormal has always the same value 
for all points of the parabola y? =4ax, and find its length. 


dy 
h ee 
We have tan xe 
_OF ; dx _y F _ 2a 
But Faire OR = Re . 


Now, the subnormal = NG 
=NP xtan v, referring to Art. 5, 


-y x2 
7] 
— 90h 
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That is, the subnormal has the same value whatever point (x, y) 
we take on the curve. 


Example 3. Calculate the radius of curvature at the point (3, 6) of 
the curve y =x? —x and also at the origin. 


We have ee 


and ed 


{1 +42? — 4a + 1}? 
- 2 


= (2a? — 2x +1)?/2. 
-. radius of curvature at (3, 6) =( 13)2,/2, 
and radius of curvature at the origin =,/2. 


EXAMPLES IV. 


1. If y=l+4+2%, find a in terms of x and ee 
2. In Question 1, if ~=2 cm. and - =3 cm. per sec., calcu- 
late dy 
dt 


8. If y =2a4 — 5x? + 3a -—7, calculate - in terms of « and o 


dV. da 
— 73 3 
451i Vez ond a in terms of x and di 


5. A metal cube is being heated so that the side is increasing at 
the rate of 0-02 cm. per hr. Calculate the rate at which the 
volume is increasing when the side is 5 cm. 

6. The volume of a sphere is given by V=47r*. An elastic 


spherical balloon is being blown up so that the radius is increasing 
at the rate of 1 cm. per sec.; calculate the rate at which the volume of 


the balloon is increasing when its radius is 5 cm. 
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9. If V=0-3z3 -0-2z, calculate av in terms of z and da, Find 
WV if 2=1-3 and @ =0-2 rs 

8. A circular metal disc of radius 4 cm. is being heated so that 
the radius is increasing at the rate of 0-01 cm. per hr.; find the 
rate at which the surface area is expanding. 


9. If y=25, prove that dept 


dt 3a? dt 
dias dy 
Hence calculate a even that an =3 cub. metres per hour and 
x=T7 metres. : ‘ 
10. Given that y=? +1, prove that ea ee 
dt 2x dt 


Hence calculate ee given that Yn sq. ml. per hour and 
x =120 yards. : 


11. If y=a? +2 +1, Y 8 sq. feet per second and x =4 inches, 
da . : 
calculate a yards per minute. 
t 
dy 


dy de 
de 


12. y=5at - 243 -7 a 


=—ifs Poetoy inaye! 


dx dy 
2 a . pines ee es 
18. x? +y?=100; prove that «7 ty = 


Hence express a in terms of 2, y, doe and calculate dy in cm. 


dt 
per sec., given that x=6 cm., y=8 cm. and or 5 cm. per sec. 
14. Two men P and Q walk along two roads OA and OB at right 
angles to one another, the former at 4 m.p.h. and the latter at 
3m.p.h. They start simultaneously from O. Calculate the distance 
7 =PQ between the men after ¢ hours. 


0. 


Show that the rate ee at which the distance between the men 
is increasing is constant, and find this rate. 


15. (i) If in Qu. 14, P passes O at 12 o’clock and Q passes O at 
1 o'clock, their rates being as before, calculate the distance r between 
the men at 3 o’clock. 


(ii) Calculate the distance 7 between them at ¢ o’clock. 
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(iii) Find e in terms of and ¢, and hence find the rate at which 


the distance between P and Q is increasing at ¢ o’clock. 
(iv) Find their rate of separation at 3 o’clock. 


16. 7? +7?=16, =2 in. per sec., x =3 in.; find dy. 
t dt 
7 aod, uy =90 ft. per sec., y =40 ft.; find _ 
da dy 
2 BRO \ Sacer Se ae 
18. 27y? =4(x - 3), di wtb x =6; find Fi 
Oa? -=778 — 35, “ =50 metres per min., y=2 metres; find oe 
dy dx 
eee 9 — —_ = — a) —=9 
20. y? —7x® =118, i 8, 7=1; find ai 


21. Find the equation to the tangent at the point (1, 4) of the 
curve y =32? +1. 


22. Find the equation to the tangent at the origin of the curve 
y =ha? + 4a, 


28. Find the length of the subtangent at the point (1, 13) of the 
curve y =4x7 + 2¢ +7. 

24, Find the length of the subtangent at the point (2, —11) of 
the curve y =5 — 2x — 32. 

25. Find the length of the subtangent at the puint where the 
curve y =az? +bx +e crosses the axis of y. 

26. Find the length of the subnormal at the point (2, 17) of the 
curve y =32? +5. 

27. Find the length of the subnormai at the point where the 
curve y =5a3 —2a +1 cuts the axis of y. 

28. Find the ratio of the lengths of the subtangent and the sub- 
normal at the point where the curve y=x* +x +1 cuts the axis of y. 

29, Find the radius of curvature at the origin of the curve 
y =d30 + 5a. 

30. Find the radius of curvature at the vertex of the parabola 
legen 

31. A pulley is fixed 15 ft. above the ground, over which passes a 
rope 30 ft. long, with one end attached to a weight which can hang 


freely, and the other end is held by a man at a height of 3 feet from 
the ground. The man walks horizontally away from beneath the 
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pulley at the rate of 3 ft. per sec. Find the rate at which the weight 
rises when it is 10 ft. above the ground. 

82. Two pulleys are in the same horizontal line and a distance 
of 4 feet apart. A rope passes over both pulleys, and to its ends 
equal masses are attached, and another mass is attached to its 
middle point. Compare the rate of falling of the central mass with 
the rate of rising of either of the others when the central mass has 
descended 1 foot. 

83 A trough with its ends ABC and A’B’C’ vertical and its 
upper edges horizontal has AB = BC, AC horizontal, and ABC =90°. 
If AB=BC =1 foot, calculate the volume of water which the trough 
will hold, if its length be 5 feet. : 

(i) Calculate the volume V of water in the trough if the depth 
be x inches. 


(ii) Hence calculate S in terms of x and = 


(iii) A tap runs water into the trough at the rate of } a cubic 
foot per minute. Calculate the rate at which the depth of water 
is increasing in the trough when the water is 3 inches deep. 


34. In Qu. 33, a distance y in.along BC has been wetted. Calculate 
V in terms of y. Hence find = in terms of 2 and y. Hence find 


the rate at which the edge BC is being wetted, when the water is 
3 in. deep. 


35. In Qu. 33, the area of the end ABC which is wet is S sq. in. 
Calculate V in terms of 8. Hence find the rate in square inches per 
minute at which the end ABC is being wetted. 


36. An inverted right circular cone is held vertex downwards. 
The semi-vertical angle is 20°. 


(i) State the volume V cu. in. when there is a depth @ in. of water. 


(ii) Hence calculate Se in terms of w and es 
(ui) Water is poured into this cone at the rate of 1 cu. ft. per sec. 


Find the rate at which the depth is increasing when the water in the 
cone is 5 inches deep. 


37. Calculate in Qu. 36 the wetted surface S in terms of z Hence 
; dx 


dt dS 


Thereafter calculate the ratio of a in terms of 2. 


dt 


express —- in terms of x and 
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_ From this last calculation deduce the rate at which the surface 
is being wetted when the water in the cone is 5 in. deep. 


88. If y=(1+2)"”, calculate 
Xe 


39. If y=(3x —4)", calculate YY. 
dx 

40. If y=(5 —-72x)°, calculate fy : 
ie 


41. If y=(1+2)", calculate ZA in terms cf a and ap 


dy d(1+a) d(l+a) dx 
WeBY Pe : 
[ dt d(1+z) iyucato ives 


42. If y=(1 +22), fina &. 43. If y=(3 —42%)’, find %, 
dx dx 
44. If y =(0% -2* +3), find SY. 
as 
45. If y =(3u — 424), find = in terms of x and as 
46. The volume V cubic feet of water in a hemispherical pot 


of radius a feet and depth # feet is given by V =n ax? — ) 


Water is discharged from a tap into a hemispherical pot of radius 
3 feet at the rate of 1 cubic foot per second. if x feet be the depth 


of water in the pot, find the rate | at which the depth of water is 
increasing. Graph S against « on squared paper, and hence show 


that the depth increases very rapidly at first and more slowly as the 
depth increases. 

Calculate the rate at which the depth of water is increasing when 
the water is 2 feet deep in the pot. 


47. An instrument to time the boiling of eggs consists of two 
hollow glass cones of semivertical angle 30° with their apices together 
and axes in a straight line, and sand runs at a uniform speed from 
one to the other through the common vertex at the rate of 0:5 c.c. 
per min. If the height of each cone is 3 cm. and at the beginning 
of its flow the sand forms a cone of depth 2 cm., find the rate of 
decrease of the depth of the sand in the upper cone when its depth 
is 1 cm. and the corresponding rate of increase of the depth of sand 


in the lower cone. 


CHAPTER V. 


DIFFERENTIATION OF NEGATIVE AND FRACTIONAL 
POWERS. 


1. Differentiation of negative integral powers of x. 

We have seen in Chap. II. that Ig where 7 18 a 
positive integer, and we should expect a generalization of this 
law to hold when 7” is a negative integer. Thus we should 

da da-3 aor 
expect =— = —2a-3; -~= —3y-4; ——-= —4a—5; and so on. 

Be at dee da 

We shall find that this is the case, and we shall begin by 
working out a few easy instances. 


Example1l. To jind the differential of x~*. 


Let y¥=—>: 


se Oe) 


ae? (a oz)? 


* — a? ~ 2x. 8u — (dx)? 


—-02(a + 8x)? 
_ 2a. Su + (8x)? 


aa + 8x)? 
sys Aa +. Bax 
"80 (a + 8x)? 
62 
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63 
If we now proceed to the limit defined by 8% becoming indefinitely 
small, we obtain 
dys 
du a? . 
ee 
8 
= — 24-5, 
N. B.—This is in conformity with our @ priori expectation, viz. 
dx” 
EN, ae 
aa nx 


_Example 2. (i) To find in terms of x, and x, the gradient of the 
line joining the points (a, y) and (a4, y,) on the curve y =a~4, 


1 
We have yY=—> 
at 
7 I 
te as: 
vy 
y iowa! 
ee ging ae Sa 
ape | Nien 
4 4 
__v* — #4 
ade 


_(& — a, )(? +02, + 0H," +2,°) 


4 4 
hat 
Yy-Y «s+, +H? +24,% 
yA EE oo . 
Ly -% wn, 


Hence the gvadient of the line joining the points (%, y) and («, y;) 
on the curve y=x~* is 


v3 +2074, +0047 +23 
ti (Ory ig te 
Ai ice 


(ii) To deduce the gradient of the tangent at the pont (x, y) on the 
UNVeY =a. 


Putting x,—a in the above result, we obtain that the gradient 
of the tangent at the point (x, y) is 


Hence, an = —47-5, -where y=a2—% 
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0 

2. General proof that al = ~nx-"-1, where n is a positive 
integer. ' 

We shall now give the general proof that our @ priori expecta- 

—1 
a being equal to —na-"— is fulfilled. 

(i) To find in terms of x and x, the gradient of the line jonang 
the points (x, y) and (a4, y,) on the curve y=a-", where n ws a 
positive integer. 


tion of 


We have y= - 
1 
iis 4” 
H  Neat x: sas 
One eee 
ae a: 
rae 
@—a)(e* +2" es, ta a. ay") 
nue 
Y,-y oA al tg, a eet tet 
en are ; 


Hence the gradient of the line joining the points (x, y) and 
(x1, y,) on the curve y=2- is 
grt + af, + aa + e- a oe 
7 aoe,” ‘ 
(ii) To deduce the gradient of the tangent at the point (a, y) 
on the curve y=a~. 
Putting x, =z in the above result, we obtain that the gradient 


n—1 


of the tangent at the point (a, y) is — me bc. —ng-@+), 


Hence, Che —nx-@+)), where y=a-” 


da 
‘ ; oma 
Example 1. Differentiate =a tay 
ee 
We have y= 8a 7+ Ta ; 
dy 4 6 21 
ee — Oo yp—4 — ——=. 
ee 6a-°— 21x mat ot 
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Example 2. Find the least value which can be obtained by adding 
a number to its recripocal. 


We obtain the following table of values where y=x + : 


1 a 1 1 1 
ras a 10 5 4 


¥ || 3035 | 20d5 | 10Y5 | 53 4t 


gee: 


| 33 | 22 2 


x 2 3 4 5 10 20 30 | 40 
Y 25 3h 4y 5 | 10y'5 | 202 | 303i | 4025 


We thus see that the sum of a positive number and its reciprocal 
begins by being very large, then diminishes to the neighbourhood 
of 2, and finally increases again. In fact the graph has the following 
form : ao 


yY T I tt imal A 
rT seeee! 
$0 ! PEt x H : 
9 | if : = 
8 } 
Et HE 
7 ror | oH 
PEE ! Et 
6 il 
5 ae 
Gy H Ht 
Sal 1 ial 

3 HE : 
74} 1 t 5 

Toft 
{ | site ia 

EEE 

1 2 3 4 5 6 7 28 
Fic. 36. 
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To find accurately where the function y= he has its minimum 


value, we have to find where dy vanishes (7.e. where the tangent to 
the curve is parallel to az). 


Now, since Y= Ce oa, 
. dy er 
. dz ee ae 


dy vanishes when x= +1 or -1. 
dx 


As we are discussing only positive values of x we ignore x= —1, 
and retain only v=1. Hence the sum of a number and its reciprocal 
is least when the number is 1 and the sum is 2. 


Examole 8. A man wants to enclose an acre of land with a recé- 
angular fence. How can he do tt most economically ? 


#840 ya. 


x yd. x yd. 


4840 


Fia. 37. 
Let one side of the field be x yards. 


*, the other side is = a 


as yds. 
Hence the total length / of fence Bt ering is given by 
4840\ ~ 
[LON (ap ee i 
x 


Plotting / against x we get a graph of the form (Fig 38). 
The graph shows that the “ turning-value ” is a minimum. 


dl 4840 
eR tie : 
Now vs (1 2 ) 
Hence = vanishes when x? =4840, 
1.€. % =/4840, 


t.¢. the field must be square, and the side must be of length 693 yards 
(very approximately). 
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ART, 2] 


ARS. 
He aS 
iH Se Too & 
RS) SEESEHE0 
S =e BREESE EGE 
a SES HEHE 
ss sraueer 
Si 
oS el 
° SS HEE 
= SUScse 
Sy aS H 
} iS) li 
LH 8g fala Ils 
ie He Hi 
~— 
HH ° as ro Hl 
ee His 
S32 ete 
S Z f 
als mS) Hy nie 
28 Sell a Lae 
js S cH Cd LL 
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Fic. 39. 


- NT = -PNeot b= -yx( 


We have 
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Example 5. Prove that y=x-* satisfies the differential equation 


2 WY 4 3y =0. 
For ty -3a-4, 
iggy as a 4 3 
ae a t By =a x( 3a—*) +3 xa- 


=0. 
ne 
3. Differentiation of y=x”, where m and n are positive 
integers. 
(i) To find in terms of « and y the gradient of the line jouning 
v2 
the points (x, y) and (a1, yy) on the curve y=a", where m and 
n are positive integers. 


m 
We have y =”, 
J. y%@=a™ and y,"=9,™. 
3 yy” = y” =a" —”, 
(yr -Yy) (yi? Fe yyy + yy By? +... ty™) 
= (x, — 2%) (ay + 2a + B92 +... + 1). 
Uy a a ee ree 
ea OUGHT Wye’ AUK olen) Revo gia (fete eon AL fete 
Hence the gradient of the line joining the points (a, y) and 


nm 


(xz, y) on the curve y=" is 
tii gts WME 0g ede me Oe ae 
Teme Mae eee) eee coe 
(ii) To dediice the gradient of the tangent at the point (x, y) on 


the curve y=", where m and n are positive integers. 


Putting z;=s and y,=y in the above result, we obtain that 
the gradient of the tangent at the point (z, y) is 


mart | Mm gmt m m1 


nyrt 2) €. 7” 2 eis: 
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ne 


. dy m =-1 = 
Otherwise = ne , Where y=. 


™m 
4, Differentiation of x”, where m and n are positive or 
negative integers. 


Let ETE ce RO OCR weer: (1) 
SOO GO > sin EADY Se (2) 
 dyeda® 
* de. dx 
Ce ae IV. Art. 1 
Ser ae ae (by Chap. IV. Art. 1). 
= a x ny = mae 


(.. m and n are positive or negative integers by Chap. II. 
Art. 6 and Chap. V. Art. 2). 
F dy _m gmt 
"de on yr 
m\n-1 
:. dy _ rac’ = oF. , by (1), 


m(n —1) 
Mygm-lsg  % 


N.B.—This is the same formula as when the index is a 
positive or negative integer. 
Example 1. Prove that y=3 +4x2 is a solution of the differential 


dy 
equation 4 y = 307 +8. 
Sy Shae ee! Oy 9. 
. y=3+4n7, oe 22 
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Hence GES =) - =(3 +4a2) x 2x72 —62-2 +8. 


Also R.H.S. =3 “ +8 =6a-2 +8. 


Hence R.H.S. =L.H.S. 
Example 2. A spherical elastic balloon is being filled with water at 


the rate of 5.c. per second. Find the rate at which the radius is 
increasing after 3 seconds. 


Let V c.c. be the volume and r cm. be the radius. 


V =n 
3 \3y4 
r=(q-) 
r =0-6203V8. 
dr _ ~2dV 
Tp = 0 2OOBV B pee ceeeeensnceetnnsnnetennee (1) 
Now WY 5 CiCa POLIS Co tesestersececaconsccccccseaces (2) 
Also VE= 15 Clee alter’ 3 (SCC. tescsseecteacaseeceese (3) 
dr 5 


ter =0-2068 x ger cm. per sec. (after 3 sec.) 
=0-17 cm. per sec. (after 3 sec.). 


5. Differentiation by substitution. 


We are frequently required to differentiate more complicated 
expressions than the above, and we use the “Method of 
Substitution.” 


A few examples will make the method of procedure piain. 
Example 1. Differentiate V1 +z. 


We have y=(1 +a)? 
Let g=—lere 
Then ty _dy — (by Chap. IV. Arte 1). sccccsssccssseee (1) 
dy dz 1 
N OD x TE eee ian Me 
ow de de Oe a eT eee (2) 
ee dz d(1+z) 


eae © Ea UMstscrscstcceccescssvacasevessacce (3) 
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Hence, by (1), (2) and (3), 


dy__1- 
dx T2Niz 
1h BE 
Wl+a 
Example 2. Differentiate V1 — x. 
Let y =(1 —22)2, 
Let Pat 
. dy dy _ dz 
Ni le a (by Chap? Va Art.1)2%.08. 
dy dz? 1 1 
Now : as ~ oe SOM aes Coe e eer eeecescces 
dz_ Al a) Ds 
ieee ae Sataes ssseseas cee reste 
: dy _ x 
oie. by (1), (2) and (3), dc Sy wees 
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ener, (1) 


lee (3) 


6. Usually, in practice, after we have obtained a certain 
degree of expertness, we do not actually make the substitution 
described in the last article. A few illustrations will make the 


practical method of procedure plain. 
Example 1. To differentiate 1 +2. 


" i 
oo RIE Tea 
=F(1 +2) 2 x 2x 
My 
“ST +0? 
Example 2. To differentiate (3x7 +4a°) 


3 
4 


3 


d(3x? +403) d(3x*+4a%)* d(3a? +424) 
beg wae dx ~ d(8x? +42%) ‘ dx 
=3 (3x? +403) 4 x (6x + 122%) 
O(a +20") 


~ 9(8a2 +402)4 
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Example 8. The hypotenuse of a right-angled triangle is 10 cm. 
in length. Find what must be the lengths of the sides, so that the 
perimeter of the triangle may be as large as possible. 


4 
x 2 
<p 2 oS 
& Vioo-x? cr. 8 


Fia. 40. 
Take the sides of the triangle as shown, and let P cm. denote the 
perimeter. “. P=10+"4+/100 —2. 


Hence, plotting P against x from x =0 to x =10, we get the graph 
as shown. 


Pos ney 
c wa i BSNRES BCE 
‘ He in i ei t 
24 
E 
234 mm 
[ im 
| 
22 
H H H 
| 
21 rH 
TI an 
20 (4H 
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The graph shows that the turning-value is a maximum. We 
ave : 


@ 100 — 223 


dx an ae 
a 


d(100 —2x2)? (100 - x2) 
d(100—a?) * me. 


(or putting z=100 — 2? if the student so desires) 
a 


=]>+ 


=1+4(100 —a2)-2 x( —27) 
= amore} 
/100 — 2? 


Hence = vanishes when x? =50, i.e. wnen x =5,/2=7-07. In this 


case the triangle is isosceles. 
The graph verifies our conclusion. 


EXAMPLES V. 

1. Differentiate a—%, be ue 9a-4, 4 3, ge, 3+4¢> 452-4, 
Ba +445a73, o-7+8, ve 3 

2. Differentiate x, 244, 3 45x, a, 203, Ta ?, as? ba as 
4a + 5a? +Ta7, 

3. If y=32%, find 2 when & = 27. 

at y= 3a? +4272, find 
decimals. 


when x =7 correct to two places of 


5. Prove that y=x + satisfies the differential equation 


Oe 
Cs +y =2a. 


¢ 6. Prove that y=? +a» satisfies the differential equation 


AY 


’. In any curve the length of the subtangent is given by the 
dy 


formula ¢ a aay 


(i) Find ¢ in terms of x in the case of the curve ry =4. 
(ii) Find ¢ in terms of y in the case of the curve ay =4. 
(iii) Find t when x =1 and y =4 in the case of the curve xy =4. 
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8. In any curve the length of the subnormal ® is given by the 
@. ; 
formula x =y x- £ 
ade 
(i) Find » in terms of x in the case of the curve ry =4 
(ii) Find » in terms of y in the case of the curve ty =4 
(iii) Find x» wher «=1 and y=4 in the case of the curve ry=4 
9. Find ¢ and n in terms of in the case of the curve ye? =1. 
< $ 25 
10. In the case of the curve y§=25, prove that oa aby. 


11. Differentiate by the method ef substitution (1 +22), (1 +a), 
(1 +a2)-§, (3 +4a)§, (8 +4eyi, (3 44ey-§, (Qe Be +7)¥ (Qe2-3e 4-778, 
(1 -a)§, (1-2), (1-29), (4 - 5a — 6x2)-2, (3 — Se —Se2) 8, 


12. Prove that y=V1+2 satisfies the differential equation 
dy 


‘a 


18. If y=V5 +2°%, find ou when x =2. 
€ 


14, Prove that y=(1 ~x2)8 satisfies the differential equation 
(1 at) % 4 32y=0: i 


dx 
15. If y=(37 +4 ~10x2)8, find = correct to two places of 
decimals when x =2. : 


16. Sketch the curve y=V1 +2%. 
If P be a point on the curve, PN perpendicular to x’x, and PG the 


normal at P (N and G lying on 2’x), prove that PN is the perpendi- 
cular bisector of OG. 


17. A man intends to buy sheet zine, of uniform width and length 
1760 yds., to make a closed water-duct a mile long, whose rectangular 
cross-section is 4 square feet. He wishes to find out the most 
economical width. 

If y feet be the width of the sheet zinc, and 2x feet the depth of 
the duct, express y in terms of x. Plot y against x to see the nature 
of the relative variations of y and 2. 


Use the Calculus to find the most economical dimensions for the 
cross-section. 


18. A man wishes to make a water-duct, open at the top, 3 mls. 
long, out of a strip of sheet zine of uniform width. The duct is to 
have a rectangular cross-section of area 6 sq. ft. 
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lt y feet be the width of the sheet-zinc, and w feet the depth of 
the duct. express y in terms of x. Plot y against x to see the nature 
of the relative variations of y and x. 

Use the Calculus to find the most economical dimensions for the 
cross-section. 


19. A man wishes to make a rectangular cistern with a square 
base and closed at the top, so as to hold 1000 cubic feet of water. 
He wishes to line the cistern with sheet lead. Find the most 
economical dimensions for the cistern. 


20. A man wishes to make a rectangular cistern with a square 
base and open at the top, so as to hold 1000 cubic feet of water. 
He wishes to line the cistern with sheet lead. Find the most 
economical! dimensions for the cistern and the cost of lining it with 
lead at 44d. per square foot. b 


21. An iron boiler consists of a right circular cylinder closed at 
both ends. It is constructed so as to contain 80 cubic feet of water. 
Find the most economical dimensions so that the cost of iron shall 
be as small as possible. 


22. A triangle is right-angled and its hypotenuse is always of 
length 10 inches. What is its maximum area ? 


23. The sum of the two sides of a right-angled triangle is 12 cm. 
What is the minimum length of the hypotenuse ? 


24. A photographic lens of 10 inches focal length forms an image 
of an object. What is the minimum possible distance between 
the object and image ? 

[Note.—If the object, e.g. candle flame, be placed x inches on 
one side of the lens, and the image be caught y inches on the other 
side of the lens, it is proved in the Theory of Light that x and y are 


connected by the formula tyne where f inches is the focal 


length of the lens. ] 
Bees sd. 
25. When is x” oe 1% a maximum, y being 1-4? Plot the values 
near the maximum value. (Bd. of Educ.) 


2G ty 20 oe state what value of x will make y less than 
any other. (Bd. of Educ.) 


27. In a certain vessel it happens to be true, within certain limits, 
that V =1200 h:5, where h is the vertical draught in feet and V is the 
displacement in cubic feet. The vessel is being loaded up, and 
hence draws more water. Find the relative rate at which the 
displacement and draught are ‘increasing when the vessel draws 
20 ft. of water. 
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98. If rope prove that 2 ee, 
i ravar 
29. The velocity of sound in air is 66-3,/¢ feet per second, where 
t is the absolute temperature Centigrade (that is, the ordinary 
temperature plus 273). Calculate the rate of rise in the velocity, 
per degree rise in the temperature, at 10° C. 


30. What functions have got ax, 3x4, b=", Jae, Otel tn 
Ba? +702 respectively as differential coefficients ? 
31. The electrical resistance of wires of the same length varies 
inversely as the square of the diameter. 
The resistance of 1000 yd. of Eureka wire whose diameter is 
0-024. inch is 1576 ohms. What is the rate of change of the resistance 
‘per 0-001 inch change in diameter at this diameter ? 


$2. A V-shaped cattle trough whose ends are equilateral triangles 
is to be made of iron of given thickness, and when full it is to contain 
3 cubic feet of water. What must its dimensions be so that the 
weight of the trough shall be the least possible ? 


88. The radius of a heated sphere is increasing at the rate of 
0-0002 cm. per minute. Find the rate of increase of the surface 
when the radius of the sphere is 10 cm. 


84. The radius of a heated sphere is increasing at the rate of 
0:0002 cm. per minute. Find the rate of increase of the volume 
when the radius of the sphere is 10 cm. 


85. Find the formula connecting the surface and the volume 
of a sphere. 

If the surface is increasing at the rate of a sq. em. per second, 
find the rate at which the volume is increasing. 


36. A vessel in the shape of an inverted cone, whose semi-vertical 
angle is 27°, is being filled with water at the rate of 3 c.c. per sec. 
Find the volume of water in the cone when the depth is increasing 
at the rate of 2 cm. per sec. 


37. A ship is sailing parallel with the shore and + mile from it 
at the rate of 10 miles per hour. Find the rate at which it is increas- 
ue its distance from a man on the shore, when it is half a mile from 

im. 

38. A man standing at one end of the Clifton Suspension Bridge 
watches a stone let fall from a point 200 feet away. Find the rate 
at which the stone is moving away from him after 2 seconds. 

39. A man 6 feet high is standing at night 4 feet away from a 
mast, up which is being raised at the rate of 3 feet per sec. a lighted 
lantern. Find the rate at which the shadow of his head approaches 
the man when it is distant 4 feet from him. 
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40. Find the inclinations in degrees and minutes to the axis of x 
of the tangents to the curve xy =16 at the points (8, 2) and (-2, —8). 
Ilustrate with a rough graph. 

41. The tangent at a point P on the curve y=5a* meets the 
axis of x at T, and PN is the perpendicular from P on the axis of a. 
If O is the origin, show that ON is divided at T in a constant ratio. 
Illustrate with a rough graph. 
ies ig 
95 +9 =1 meets 
the axis of x in T, and PN is the perpendicular from P on the axis of x. 
Prove that ON. OT =25, O being the origin. Illustrate with a 
rough graph. 

43. Find the area of the rectangle of maximum area which can 


42. The tangent at any point P to the ellipse 


be inscribed in the ellipse whose equation is - cae =1, the sides of 
the rectangle being parallel to the axes. 169 

44. A straight line is drawn parallel to the axis of y in the curve 
y? =25x, and its distance from the axis is 48 mm. Find the area 
of the rectangle of maximum area which has two vertices on the 
curve and two on the straight line. 


45. Find also the rectangle of maximum perimeter in similar 
circumstances to that of Question 44. 

46. Brine of density 1:43 grams per c.c. flows at the rate of 
2 cub. ft. per min. into a tank originally containing 10 cub. ft. of 
pure water. Find the rate of increase of density of the liquid in the 
tank after 5 minutes. 

47. Two electric light bulbs of 32 and 16 candle-power respec- 
tively are placed 10 feet apart on a table. If the intensity of 
illumination varies inversely as the square of the distance, which 
point on the table between them is best lighted ? 

48. A man is walking at the rate of 4 miles per hour towards a 
camera in which is a lens of 6 in. focus. When he is distant 50 feet 
from the camera, what must be the rate at which the ground glass 
is being “ racked” out, to keep him in proper focus ? 

49. In the curve zy =c* prove that the tangent at any point has 
that portion of it intercepted between the axes bisected by the 
point of contact. 

50. What function is such that its derived function is always 
identical with the reciprocal of the function ? 

51. A man rows up-stream a certain distance and back again to 
the starting point. Prove that the time taken will be a minimum 
if there is no current. : 


CHAPTER VI. 


DIFFERENTIAL EQUATIONS AND INDEFINITE 
INTEGRALS. 


1. Differential Equations. 


In dealing with the differential calculus a perfectly new type 
of equation appears. It presents itself in the attempt to solve 
various problems that appear in practical life and scientific 
investigations. 


lustration 1. Hxperiment shows that a body, falling in a 
vacuum, under the influence of gravity acquires a velocity pro- 
portional to the tume of fall. To find the distance fallen in a 
given time. 

Put into algebraic form, our experimental result is v=32:2¢, 
that is, in the language of the Calculus, 


© 32. 2¢ 


(where s feet is the distance fallen, and ¢ is measured in 
seconds). 

This equation is called a “ differential equation,” and we 
are required to express s in terms of ¢. 


Mustration 2. If we study the pressure to which the surface 
of a body is subjected as it descends in the sea, we find that we 
obtain a differential equation of the form 


(where p is the pressure in known units of measurement, x is the 
depth, and w is a known value). 


Here again we have obtained a differential equation in 
and x, and we have to express p in terms of z. 


78 
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Illustration 8. If we study the pressure to which the surface 
of a body is subjected as it ascends in the air, we find that we 
obtain a differential equation of the form 

dp 

ieee 
(where p is the pressure in known units of measurement, « is the 
height, and K has a known constant value determined by experi- 
ment\. 

Here we have obtained a differential equation in p and x of 
a totally different type from the last. 


[illustration 4. In finding the area A of a parabola we have 
to solve a differential equation of the form 


Those acquainted with Electricity, Sound, Heat, etc., will 
find innumerable other differential equations arising, that 
have to be solved. 

N.B.—Such expressions as 27, 1 + 5, 7? + 2a -—9, (a? + 3x + 2) 
etc., are called functions of x, and we find it convenient to use 
f(z) to denote briefly and concisely the words “function of x.” 


Be 
2, 


2. Examples of differential equations. 
The differential equation 


asks the question : “ What function (or functions) of x are such 
that their differential coefficients are f(a) *” 
Consider the particular case 
dy 
= = 32", 
de 
What function (or functions) of x are such that their dafferentrat 


coefficients are each 3x" % 


Plainly an =ot", 
& — 22 
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i (a? — 7) =82%, 
d Ses 2 7 
aa (O +) =30%, 


and in general 4 (23 + C) =32%, 


where C is an arbitrary constant. 


Hence y=2?+C is a very general solution to the above 
differential equation. 


Again consider the differential equation 
dy 
dx 


What function (or functions) of x are such that thew differential 
coefficients are each x4 ? 


= x. 


Plainly te (§2°) =a, 
i (22° +19) =a4, 
£ (a8 (425 — 33) =24, 
Ree w=, 
and in general ao (47° + C) = 


where C is an arbitrary constant. 

Hence y=140°+C is a very general solution to the above 
differential equation. 

3. To find the general solution to a simple differential 


equation of the type oY f(x). 


Let y=F(x) and y=G(z) 
be two possible solutions of the above differential equation. 
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ER) =f(2) 


£ Gla) =fle). 
Hence subtracting, we zone 
d d 
d 
ie dz { F(x) = G(x) } ==()), 


But the only function whose differential coefficient is always 
zero is & constant. 
ca) Ca@)=C. 
Hence two functions of x having always the same differentral 
coefficient, must differ by a constant. 


4, Rule for finding the most general function whose differential 
coefficient 1s given. 

Find by inspection the most simple solution (i.e. the most 
simple function you can think of), whose differential coefficient 
is the given function, and add on an arbitrary constant. 

An example will make the process clear. Knowledge of 
Differentiation enables us to find the simplest functions having 
given differential coefficients 


Example. Find the general solution of the differential equation 


dy +xe+1. 
ax 


Inspection shows us that 
e @) 
dx \ 3 
d (5 
dz 


2 


3) 


i -# (x), 


ty 
L=z 
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Hence we may write the given differential equation as 
dy_4 (# ,,), 
da da\3 72°") 
5p AE 
Hence one value for y is gta t® 


3 2 
The general solution is therefore y =F +5 +2 +0. 


5. Determination of the constant C. 


We can determine the value of C in the case of a given 
problem from the data of the problem. 
A few examples will make this clear. 


Example 1. Solve completely the differential equation 


dy +z“+1, 
da 


given that y=3 when «=1. 
By the example of last article the general solution is 


Y=5 +5 Edt Co Ba ceccravesestavuccccscearetearede (4) 
Substitute in (1), e=1 and y=3. 

* 3=4h423414C 

PINOT EE Mi. Laval toes teavercheutecesemaee (2) 


Hence, by (1) and (2), 


is the required solution. 


_ Example 2. The velocity of a body let fall from rest in a vacuum 
is given by v = 321 (approz.), (t being measured in seconds and v in feet 
per second). Find the distance fallen in t seconds. 


Let s feet be the distance fallen. 
Hence, as usual, v =32/ may be written 


ds 
- =32t. 
dad Ding 
a = (16 ), by inspection. 
Spm OL GEE eee sstacocntatane vrcsessereseies eS (i) 
Now, when ¢=0, s is also=0. Substitute in (1). 
DEO) can attains s cgescespssncsuosvevarseuevce (2) 


*, by (1) and (2), s=164. 
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Example 3. Jt is known that under certain influences a body moves 
with a velocity v=16 —7t, where t is measured in seconds and v in feet 
per sec. Find the distance traversed from a fixed point after t seconds, 
given that the body is 5 feet from the point at the end of the third 
second of the motion. 


As before, v=16 -7¢ may be written 


ds 
di =16 — 7b. 
ds_d as 3 : 
as Ea 10 4t?), by inspection. 
pam Si Opt ll Ghent ecscascccessvcescsusenvencesasncctteecheaen (1) 


Now, when t=3,s=5. Substitute in (1). 
“. 5=C +48 - 83. 
C= 11s 
“. s=-1144+16¢-32. 
6. Notation. 


Suppose that f(x) and ¢(x) are two functions of x connected 


by the relation db(x 
fla) =e 


Here f(z) is expressed in terms of (2). 
It is found convenient to have some method of expressing 


(x) explicitly in terms of f(x), and we therefore write 
wa) =| fla) de. 


The symbol “{” is called the symbol of “integration.” 
It is really an elongated “S,”. the first letter of the word 
“sum,” and arises from the fact that the process of “ integra- 
tion ” first presented itself in trying to calculate an area by 
finding the limit of the sum of a number of very small areas. 


f(x) dx asks the question: “ What function of x has f(x) as 


its differential coefficient?” Hence “integration” must be 
regarded in the first instance as the reverse of “ differentiation.” 
We therefore have the following table : 


ks 2 Sp ae 
L Ga + fed 
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3 
(ae, fount 
ad (2 dt ee 
ials)=* fotdo= FE 
ue, d gti Be : 3 - grt 
In general, °, Heel — as ae [e Caan 


This last result should be committed to memory. 


[N.B.—The case fx-1dx is omitted here, and is discussed in 
Part IL. of this work under Logarithms. ] 


Example 1. Pind Jw +a? +0°) da. 


(w +x? +2°)dx means that we are looking for that function of a 
whose differential coefficient is « +27 +23. 
el [erat +02) de= [ade + [rrae+ [xr de 


=~ Ae pe, 


Macy 2 ie 
Example 2. Find | partes 
Je +a73) dx= [ota Jeet 
=35 +79 3 ( 


‘ee 1 
= 2a +247. 


by the general rule) 


7. Note on the value of | f(x) da. 


f(x) de means that we are looking for a function whose 
differential coefficient is f(z) 
Suppose that 4(z) is such a function. 


Lb 
ee =f(2). 
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But also a (x) + C} =f(a), where C is an arbitrary constant. 


Hence [feo dx=¢(x) + C, where oe =f (x). 

We thus see that | f(x) dx has Ne bat a single unique value 
but an infinity of values, obtained by adding arbitrary constants 
to any one known value of | f(z) dz. It is convenient, however, 
to use | f(x) dx to denote the simplest or most convenient value 


and to add on arbitrary constants where required. Thus the 


3 


8. Integration of a differential equation. 
Being given the differential equation 


dy 
=f(x 
f(x), 
we can now write its solution as 


y=C+| fle)de. 


general value of [oraz is cate 


Example 1. Solve the differential equation = =2, given that y=7 


when « =0. 


dy __9 
We have go 
Yy =C te [x ae 
lo 
PSO Me hacen (1) 
Also, since y=7 when x =0, we have from (1) 
ue ee (2) 


gio 
gt ie 10’ by (1) and (2). 
Example 2. Find the value of y when x =0, given that 
dy _ 1-25 —0-5x 
dx ; 


and that y=2°3 when a= -1. 
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en CY Onsen: 
de te 0-52, 


eee + [(1-2es -0-5a) de. 


Ma, +12[2de —0:5 | ada. 


1. Y =C 40-208 —0:2507. ...ccrccceseeresrreccerescooenes (1) 
Now y =2:3 when x= -1. 
Hence, substituting in (1), 
2:3=C +0-2 - 0-25. 


J. Y =2-35 +0-2x8 - 0-252, by (1) and (2). 
Hence the value of y when x =0 is y =2:-35. 
Example 8. A particle moves with uniform acceleration of 8:37 fi. 


per sec. per sec. Initially it starts 1-5 ft. from the origin with a velocity 
of 2:2 ft. per sec. Find its distance from the origin after t sec. 


Since the acceleration is uniform and equal to 8-37 ft. per sec. 
per sec., dv 


3 e838 
asks if 8-37dt. 
LEU AUHR cD be kevisctaesevesecsseteserserceseesteees (1) 
Nowainitiallys(@.e-n whet 0) sii 2 Di eeeeteuseres scevesortencsessccesasten (2) 
* 2-2=A, by (1) and (2). 
5 Oi B28 Tha reccchass -staerss condsceieocseesentes (3) 
The equation (3) may as usual be written 
ds 
done +8376. 
eek + [22dt+ [s-s7ed. 
*ig = Bat Di LAN CRIA ey ee (4) 
Now, lnatially, (2.2.when £=O) @ca0-D, .escccsstssevencesossarsdecevscctreeas (5) 


.. 1:5=B, by (4) and (5). 

“. $=1:5 42-26 +4-18502. 
Example 4. The pressure on the surface of a lake due to the atmo- 
sphere is known to be 14 lb. per sq. in. The pressure in the liquid x 


inches below the surface is known to be given by the law IP _ 9.036 
dx ee 


Find the pressure in the liquid at a depth of 10 feet. 
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By the law of the pressure 


dp _ 
dg 70036. 


. p=C + [0-036dz. 
He P= CO O3CU-veccsseences cenertacceseeeee reese L)) 
Now, at the surface of the lake (i.e. when a =0) p=14. wrsecceseeee (2) 
*. by (1) and (2), 14=C. 
cei OOS 2. Seccccsssectousteh cc scatsee cet (3) 
Hence the pressure at a depth of 10 feet (7.c. 120 in.) is given by 
p=14+4+0-036 x 120, 
i.e. p =18 3 lb. per sq. in. 
Example 5. A particle is moving according to the law v=3-1s? 
(where v ft. per sec. is its velocity and s ft. is its distance from the origin). 


Find the distance traversed after 5 sec., given that initially the particle 
1s 2 ft. from the origin. 


By the given law of the motion 
v=3-1s?. 
me aE 
. aa? 1s2. 
ag dt_1 4 
dso) 
z) fetta ~8 ds. 
bak p te(S HO GODS cpl plnvevsn err d 
.t=C4+ 8. .. (1) 


Now, initially (i.e. when t=O), s=2. .seessercsssseesessseresesescssen sens (2) 

» o=-042N2 

0=C+ 31° 
* C= —0-91 (APPrOx.). ...0r-cevcceeeseoeorrseness (3) 

2 
EM GE OHO axscseosinschlodetey ep eee 4 
. t=379 (4) 
2 =1-55 (t +0-91). 


as gs? =1-55 x 5-91, after 5 sec. 
*, s=84 ft. (very approx.). 
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EXAMPLES VI. 
1. Prove that y=? —7 is a solution of the differential equation 


dy 
ie = 20. 
2. Prove that y=? —7 is a solution of the differential equation 
dy 
da? iit 
8. Prove that y=2?+C is a solution of both the differential 
equations dy _ dy — 
Bs =2e and dx? a) 


for all numerical values of C. 


4, Prove that y=3a!—52?+1la*-42-is a solution of the 
differential equation 


dY 1008 — 1642 +226 —4, 


dx 
5. Find C so that the solution x =1, y=3 may satisfy the equation 
y=C-a? +2. 
6. Find C in order that y may have the value 4 when x=0 in 
the equation y = 3x4 —5a? +72 +0. 


?. Find C in order that y may have the value 1:2 when x =0-5 in 
the equation 


y =3x ere. 


8. Express the following as differential coefficients, 


[eoeed(2)) 


(i) a. (ii) 2. (iii) 3a’. (iv) 402, 

(v) 7x5. (vi) 30°. (vii) 22 +1. (viii) 30? +a. 
(ix) 4a? 432 (x) Q(w®+a+41). (xi) a (xii) a3, 
(xiii) 4a-? -5a-%. (xiv) 5a®-da-®, (xv) (w@ +3), 
(xvi) (3+4x)% (xvii) (5u-7)%. (xviii) (x +1). 
(xix) (w +3). (xx) (@-7)% (xxi) 2(a—7)-3, 

9. Find the following indefinite integrals : 

(i) [at de. (ii) [2° de. (iii) [ 8 de, 


(iv) [as den, ha / ade, (wi) fan de. 
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(vii) [a-* ae, (viii) [a8 dee. (ix) [zx* ae. 
(x) [ort de, (xi) fr“ * de, (xii) [(et +08 +28) dx, 
(xiii) | (ah? 424 4 95) dy, (xiv) [ (2 43x +4e2)de, 
(xv) (a +be4)ade. (xvi) [ (20%? + 3044 + 527-2) da. 
v (xvii) / (xviii | &e 
(xix) [247 (xx) [722 ae, 


10. Find in their most general forms the solutions of the differential 
sg 


Ge Y= 6x8. (i) $ =~ = 3x? — 5a® +1127. 
(ii) i =2u! + 30 5a! (iv) " $ah8 <0, 
dx dx 


11. Solve - =1+4, given that y=0 when z=1. 


12. Solve ‘ips =x? —5, given that y=1 when x =2. 


13. Given G = 321 and s=2 when ¢=0, find the relation between 
Ss and ¢. 


14. Given vs =3-1 +2-3t, find the relation between s and /, given 
that s=0 when ¢=0. 

15. Given OY oat 4) and y=1 when x=2, find the values of y 
when «=0, —1, 3. 


16. Fill in the gaps in the following table, given that 5 ay =3x+4 
and y= -3 when «=1: 


alo | 0% 13 | 24 |-18 |-07 


| 
| a Se 
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; ds 
17. Given a 


s=3 whent=l. [Hint: Write the equation in the form S =15"4.] 


=8s%, find the relation between s and #, given that 


18. A particle rolls down a smooth inclined plane according to 
the law v=14-2¢, where v is measured in feet per sec. and ¢ in sec. 
If it starts from rest at the top of the plane, find how far it will have 
rolled down after 2 sec. 


19. A particle is projected down the above inclined plane with an 
initial velocity so that the law of motion is known to be 
v=7:3 +1428, 
the units being feet and seconds. 
Find its distance down the plane after 2 seconds. 


20. It is found that for a certain beam 14 feet long, fixed into the 
wall at one end and loaded at the other end with a weight, the 


Fia. 42. 
deflection y inches at a distance x inches from the wall is given by 
2 
ay =0:0002(18-2). Find the law connecting y and x and the 


deflection at the extreme end. 


21. A flexible beam of wood ABC, 20 inches long, has a part 
AB, 2 inches long, inserted firmly in a wall so that AB is horizontal. 


5) 
Fia. 43. 


A weight W is hung on at C and it is known that the deflection y 
inches from the horizontal, at a distance x inches from B, obeys 
the law 

d*y 


gz 70 00218 - 2). 
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(i) Find = at any point a. 


(ii) Find the slope of the beam half-way along its length and 
at the end C, correct to the nearest minute. (Use your tables.) 

(iii) Find the formula connecting y and a. 

(iv) Find the deflection of the beam at its middle point and at its 
extremity C (correct to one place of decimals). 

22. In the figure to last question it is known that the law of 

2 

bending is a) =K(18 -x), where K is a constant depending on the 
material of the beam, thickness, etc., the beam being 20 inches long, 
and 2 inches being imbedded in the wall. 


(i) Find S at any point 2. 


(ii) Find the deflection y at any point «. 

(iii) Find K from (ii), being given that the deflection at C is 
3 inches. 

(iv) Find the deflection half-way along the beam. 

(v) Find the gradients half-way along the beam and at the end C 
(correct to minutes). 


28. The slope of a curve is given by WY 2 - 3, and it passes 


through the point (—1, -3). Find the equation to the curve, and 
sketch its graph roughly. 


24. Find the equation to the curve passing through the origin, 
pes Fd 
given by the differential equation oa =07 +1. 


25. The figure represents a flex- 
ible ruler which is fixed vertically 
in a vice and plucked aside 1 inch. 
The end P is then let go, and the 
ruler vibrates according to the law 

2 
os = -0-2«”(whichcan be expressed 


; d (v? 
in the form =| > ) = — 0-2), where 
da\ 2 


«x is measured in inches and ¢ in 
seconds. Find the speed with jae, Ge 

which P passes through the equili- 

brium position O. [N.B.—P may be considered for small displace- 
ments to describe a straight line. ] 
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26. Find the equations to the curves, (i) through the origin, 
(ii) through the point (1, 1), (iii) through the point (0, -4), given by 
the differential equation = =a. Sketch the three curves roughly 
on squared paper. oe 


27. Find the system of curves represented by the differential 
equation =2x?+, and find the equations to those curves of the 


system that pass through (i) the origin, (ii) the point (0, —4), 
(iii) the point (0, 0-7), (iv) the point (1, 1). Sketch the four curves 
on squared paper. 

28. If the law of motion of the end of the ruler in Qu. 25 is 
2. 
S = -0-08z, and if the ruler be plucked aside 2 inches, find the 
velocity of its extremity when half-way between its extreme and 
mean positions. 


: 
a = —0-08z can be expressed in the form o (4v?) = — 0-08n. | 
29. If the law of motion of the extremity of the ruler in Qu. 25 
2 
is Ee = —nx, and if the ruler be plucked aside two inches and have 
a velocity of + inch per second when passing through the mean 
position O, find n. 
30. It is known that the law of motion of a bullet penetrating a 
2 
sand-bank is mor —32R, where m pounds is the mass of the 
bullet, R lb. wt. is the resistance of the sand, x feet is the distance 
penetrated, and ¢ seconds is the time elapsed since the moment of 
first penetration. It is observed that a bullet of mass 3 oz. entering 
with a velocity of 2000 ft. per sec. penetrates a distance of 2} feet 
before coming to rest. Calculate R. [N.B.—It is assumed that 
the resistance offered to the passage of the bullet by the sand is 
sensibly constant during the motion. } 


81. Two nails A and B are driven into a polished table, and a 
flexible wire is stretched very tightly and tied at Aand B. A particle 
of mass m lb. is fastened to the mid-point P of the string, which is 
then pulled aside. If AB =2a feet, it is known that the law of vibra- 


so thee OM 
tion 1s m de? q %=0 where T lb. weight is the tension in the 


string. If the weight of the particle is 8 oz., the tension in the 
string 14 lb. weight, the distance between A and B one foot, find 
the velocity with which the particle passes through its mean position 
if it be pulled aside one inch to start with. 


EXAMPLES VI. 93 


82. If a weight of T lb. pull down the pointer of a spring balance 
through x feet and the total work done is U ft.-lb., then it is known 
that WY =T =k where k is a constant. lf the pointer indicates 
14 lb. when it has moved through 6 inches, what is the total work 
done in pulling the pointer (i) through 6 inches, (ii) through 8 inches, 
(iii) through 9 inches ? 


33. If P ergs is the potential of a point on the axis of a short 
magnet distant r cm. from the middle of the magnet and F dynes 
is the intensity of the field there, then it is known that ae =F -4 
where k is a constant depending upon the strength of the magnet. 
What is the potential of points 20, 30, 100 cm. from the middle 
point of a magnet whose k is 1000, the potential a great distance 
away being zero ? 


34. If P ergs is the potential of a point 7 cm. from the centre of 
a charged sphere and F dynes the intensity of the field there, then 
it is known that -9 =F =" where Q is a constant. If Qis 200 in 
the case of a sphere of radius 5 cm., what is the potential of points 
10 cm. and 50 cm. from its centre, and what is the potential at the 
surface of the sphere itself? [The potential a great distance away 
is zero. | 

35. If R ohms is the resistance of a silver wire at (° Centigrade, 
then it is known that 7 _ 0.00377 x Ry where Ry ohms is the 
resistance at the temperature of melting ice. What is the resistance 
at 150° C. of a silver wire which has a resistance of 5 ohms at the 
temperature of melting ice ? 


36. Using the notation of the preceding question, 


a = R,(0-000,887,8 +0-000,002,0741) 
in the case of mercury. If a certain column of mercury has a 
resistance of 7 ohms at 0° Centigrade, what is its resistance at 


300° Centigrade ? 


CHAPTER VII. 


FURTHER USES OF SQUARED PAPER. AREAS AND 
THEIR INTERPRETATIONS. , 


1. We shall now show how to calculate approximately the 
area of a figure drawn on squared paper. 

Suppose that we are required to find approximately the 
area of OAHV (Fig. 45). We can proceed in various ways. 
Thus, we might count the squares, making allowance for 
those squares through which the curve goes. This is, however, 
rather long and laborious. 

A convenient method is to take the ordinates parallel to 
the y-axis at suitable intervals, to regard the curve between 
two consecutive ordinates as a straight line, and hence to 
calculate the areas of the resulting trapezia. 

Hence we obtain : 

Area of OaaV =Oa x pP =1 x 1-61 =1-61 sq. in. 
Area of aBba =aB xqQ =1x2-07=2-07 sq. in. 
Area of Bych =ByxrR =1 x 2-85 =2-85 sq. in. 
Area of ydde =ydxsS =1x3-79=3-79 sq. in. 
Area of dced =dextT \=1x4-90=4-90 sq. in. 
Area of cAHe=cA x wU=1 x 6-44=6-44 sq. in. 

Hence total area =21-66 sq. ins. very approx. 

Again, it is plain that a more accurate value for the area 
can be found by taking the ordinates closer. Thus, let us 
find the area of Fig. 45 by taking ordinates at intervals 
of half an inch. As the mean ordinates are not marked, we 
must use the formula “area of trapezium=half the sum of 
the parallel sides multiplied by the perpendicular distance 
between them.” 

94 
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bia 
8 
EE 
7 
: H 
ae 
see! : 
5 io 
Le LI 
4 
4H 
: 
3 ; 14 
i 4eEE 
: 
e i HH 
= sens BeSEReuar eae! 
CMP Gite Oe Ss Sea Lao AG ee 


Fic. 45. Inches. 


Area of OpPV —SP ov +p?) =0-25(1:50+1-61) sq. in. 


Area of paaP = (pP +a) =0-25(1-61 + 1-80) sq. in. 
o (aa+qQ)  =0-25(1-80 +2-07) sq. in. 


Area of aqQa = 
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Area of g8BQ = 8 (gQ +Bb)  =0-25(2-07 + 2-48) sq. in. 
Area of BrRb =f (Bb+rR)  =0-25(2-43 +2-85) sq. in. 


Area of ryeR =‘ (rR+y 0) = 0-25(2-85 + 3-30) sq. in. 


=> 
Area of ysSe -F (ye+sS)  =0-25(3:304+3-79) sq. in 
Area of sddS = (ss +6d)  =0:25(38-79 +4-31) sq. in. 
Area of 6tTd gue =(0-25(4-31 + 4-90) sq. in. - 
Area of teeT = . “(tT + ee) =0-25(4-90 +5-62) sq. in. 


Area of euUe = a (ce+uU)  =0-25(5-62 +6-44) sq. in. 


Area of uwAHU = a (uU + AH) =0-25(6-44 +7-40) sq. in. 


Hence, adding ai areas and making obvious arithmetical 
simplifications, we obtain 21-79 sq. in. 

N.B.—The closer we take the ordinates, the better an 
approximation shall we obtain to the true area of the figure. 


Example 1. A man takes soundings of a river 30 feet wide at 
intervals of 3 feet across. Tabulate on squared paper, and hence find 
as approximately as you can the area of the cross-section of the river's 
channel.. (See Fig. 46.) 


pietanee from bank in feet | 0] 3) 6 9 


24) 27 |30 


o> 


De i ene | in feet 12| 7/4) 3 


a|3| 5 |7|9]u 


Treating the section as made uP of 10 trapezia, we see that its area 
=} x3(2+3) +4 x3(3 +5) +4 x3(54+7) +4 x3(749) 
+% x 3(9+ 10) +4 x 3(10 +12) +4 x 3(12 +8) 
+% x3(8 +7) +4 x3(7+4) +3 x3(4 +8) sq. ft. 
=${5+8+12+16+19 +22 +20+15+11+7} sq. ft. 

= 2x 135 sq. ft. =202°5 sq. ft. 


ART. 1] CALCULATION OF AREAS 97 


5 | Fees 
Gq ese fram 
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a | 
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HEHE 
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Fig. 46. 


Example 2. Trace as carefully as possible the graph of y=, 3 


from x=0 to x=10. Hence find as accurately as you can the area 
intercepted between the curve, the axis of x and the two ordinates corre- 
sponding tox =0 and x =10. 


aw, os cH 
5 : = its 
a) = : : 1 
im pedal H i 
= aa CH C1 | rH H iZ 
2 
co Hr } 
1 a 
| co a felele ata f 
0} 1 2S aE nS PG eT Se” (Oe On ee, 
Fia. 47. 
We construct the following table of coordinates : 
eae edie aap 
| 0) j175| 28 | 35| 4 [4-38 | 467] 49 | 50 9/525 |5-38 


and hence construct the above graph. 
M. Ww. G 


98 GRAPHICAL CALCULATION OF AREAS [cHap. vi. 


The required area is then 
=4 x1{(0 +1-75) +(1-75 +2-8) +(2°8 +3/5) + (3-5 +4) +(4 +438) 
+ (4:38 +4-67) + (4:67 +4:9) +(4:9 +5-09) +5 09 +5-25) 
+(5:25 +5-38)} sq. units 
= {1:75 +2:84+3:-5+4+44-38 +4-67 +4-9 +5-09.+4 5-25 + 2-69} 
sq. units 
= 39-03 sq. units. 


2. Practical application of areas. 


Application I. Given the velocity and time, to find the distance 
described. 


Suppose we have a train moving with a uniform speed of 


40 miles an hour on a straight bit of railway. Let us plot the 
velocity against the time. 


aeteteriit 
ty 


in 
i 


Bb > 
oOo 
| 


ow 
iS 3) 


Speed in Miles per hour. 


if 


0 1. 2.3-) aC bee Gi mere 8 Com. 10) cin ie ee 
Time sn hours. 
Fig. 48. ; 
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We obtain a line parallel to the horizontal axis and through 
the 40th division on the vertical axis. 

Let us consider the space lying between the horizontal axis 
and the line parallel to it through the 40th division. 

Now, in one hour, the distance described is 40 x1 miles, and 
may therefore be represented graphically by the area enclosed 
between t=0 and ¢=1. 

Also, in éwo hours, the distance traversed is 40 x2 miles, and 
may therefore be represented graphically by the area enclosed 
between ¢=0 and ¢=2. 

Again, in three hours, the distance traversed is 40 x3 miles, 
and may therefore be represented graphically by the area 
enclosed between ¢=0 and ¢=3. 

We therefore have the following general result : 


If a body be moving with uniform velocity of v feet per second 
along a straight line, and tf we plot v against t on squared paper, 
the area enclosed between 
the vertical axis, the verti- 


cal line representing the ® 
t” second of motion, & 
the horizontal amis and # 
the horizontal line repre- 5 
senting the velocity of 2 
v ft. per sec., represents 3 6 ation aay | 


graphically the distance 
described by the body wn Fic. 49. 
t seconds of motion. 

In the above diagram AH is the vertical ordinate repre- 
senting the ¢” second, and BH is the horizontal line represent- 
ing graphically a constant velocity of v ft. per sec. The shaded 
area OAHB therefore represents graphically the total distance 
described. 


Application Il. Body spinning with uniform velocity on an 
axis. 

Next consider the case of a body such as a wheel rotating 
with uniform velocity on an axis. Let the velocity of rotation 
be 60° per second. Then, if we plot the angular velocity w 
against the time ¢, we obtain a graph as shown (Fig. 50). 


ie 
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@ 


wo 
Oo 


a 
o 


an 
oa 


Speed of rotation 
(a degrees per second 


o 


1 2 3 4 5 6 7 8 9 10 t 
Time in Seconds. 
Fic. 50. 


We obtain a line parallel to the horizontal axis through 
the 60th division on the vertical axis. 

Let ns consider the space enclosed between o =0 and w =60. 

Now, in one second, the angle described is 60 x1 degrees, 
and may therefore be represented graphically by the area 
enclosed between ¢=0 and t=1. 

Also, in two seconds, the angle described is 60 x2 degrees, 
and may therefore be represented graphically by the area 
enclosed between 1=0 and ¢=2. 

Again, in three seconds, the angle described is 60 x 3 degrees, 
and may therefore be represented graphically by the area 
enclosed between ¢=0 and t=3. 

We therefore have the following general result : 


If a body be rotating with a uniform angular velocity of w 
degrees per second about an aale or pivot, and if we plot » against 


= 
2S 
‘s ty @ Degrees Pel SEL. 
Sa 
Pa 
xd 
S38 
Ry 
<©s 
s “a 
: t 
O C/E 11) SEC. A 
Hira. 51. 


t on squared paper, the area enclosed between the vertical axis, 
the vertical line representing the t” second of motion, the horizontal 
axis and the horizontal line representing the angular velocity 
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of « degrees per second, represents graphically the total angle 
described by the body in t seconds of motion. 

In the above diagram AH is the vertical ordinate repre- 
senting the / second of motion, while BH is the horizontal 
line representing graphically a constant angular velocity of 
o degrees persec. The shaded area OAHB therefore represents 
graphically the total angle described by the rotating wheel. 


Application II. There are many similar applications in 
Physics. 
Force, Distance and Work. 


When a boy pulls a box containing a stone along a rough 
pavement, he exerts a force by means of the string which is 
practically constant, and Physicists measure the energy which 
he has expended in pulling the box along by taking the product 
of the Force he exerts into the distance through which he has 
dragged the box. Physicists call this expenditure of energy 
the “ Work Done,” and they denote it by U. In fact, if 
F lb. weight be the constant force which the boy exerts and 
s feet be the distance through which he drags the box, then 


iHiexcs: 
the units of U being “ foot-pounds ” of ~vork done, because 
the distance is estimated in “ feet ” and the force in “‘ pounds.” 


If we therefore plot F against s, F being at present supposed 
constant, we obtain as graph a line parallel to the axis of g. 


Je) 


S 


Graph of F which 1s constent 


force 17 pounds 


OQistance in feet. 
Fie. 52. 


We therefore obtain a graph such as the above, and the 
shaded part OAHB represents the “work done,” U by a 
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constant force of F lb. dragging a body through a distance 
of s feet. 

The same problem occurs in the case of water being raised 
from an old-fashioned draw-well by means of a_ bucket, 
and so on. Many such instances will occur to the student, 
e.g. horses drawing a plough or lorry, engine drawing a train, 
and so on. 

The means of graphical representation is the same through- 
out. 


8, Let us consider now the cases when v, w and F are not 
uniform but vary. 

We shall deal first of all with the case of a body moving ina 
straight line with a velocity which is not uniform, and let us 
plot v against ¢ as before. 

Suppose we obtain some such graph as that represented 
below : 


Vel in ft. per sec. 


7ime in sec. 


Fic. 53, 


Then, judging @ priori, we should expect the distance traversed 
in ¢ sec. to be represented graphically on the above diagram 
by the area OAHB where OA represents ¢ seconds. 

Similarly, if we consider the case of an engine starting a train 
or a horse struggling to get a heavy railway truck into motion, 
a moment’s consideration will show that neither the engine 
nor the horse exert a uniform force in getting the train and 
the truck respectively into motion. If we therefore plot 
F (the force exerted) against s (the distance traversed) we shall 
get a graph of the following form (Fig. 54). 
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[Since the force is biggest at the moment of starting a train 
or a truck, we should obtain a graph sloping downwards as 
shown. | 


= 


force in / wt 


A $ 
Distance ip feet. 


Fig. 54. 
Just as before, judging & priori, we should expect the work 
done in moving the body through s feet to be represented 
on the above (s, F) graph by the area OAHB. 
General Case. The student will be able to satisfy himself 
that this is the case from the following considerations. Con- 
sider the (¢, v) diagram. 


> 


Vel 1 ft per sec 
® 


Time 11 Se. 
Fig. 55. 


In describing the interval of time represented by NN’, the 
body has at the beginning of the interval a velocity represented 
by NP, and at the end a velocity represented by N’P’. The 
total distance described is therefore greater than if the body 
had a velocity represented by NP and less than if the body 
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had a velocity represented by N’P’. We shall not be far 
“ out,” therefore, if we regard the space described as approxi- 
mately the same as would be described by a body moving with 
a velocity the average of the above two velocities, viz. 
NP +N’P’ 
5S) , 
provided that the interval of time represented by NN’ be 
small enough. 
Hence the space described by the body during the interval 
represented by NN’ is very approximately represented by the 


area NN’ x AE 


2 
NN’P’P in the figure (where the very short arc PP’ may be 
regarded as a straight line very approximately). It is therefore 
plain from this reasoning that the total distance described 
will be represented by the area OAHB, since the area of OAHB 
is the sum of the areas of the trapezia of which PNN’P’ is the 
type. 

More rigorous reasoning than the above would carry us 
beyond the limits of the present book. 


i.e. by the area of the trapezium 


Examplel. Jt is observed that the velocity of a body at the intervals 
of time noted is given by the following table : 


Time in sec. - 


Tone 


4[5|6/7| 8] 9 {10 


4°] 5°9 76 


Vel. in ft. per sec. | v 55 


| 3-0 | 36 


6-4 | 7-0 81 | 8:5 loa 


Plot these on squared paper, and hence find as accurately as you 
can the distance (in feet) traversed. (See Fig. 56.) 


_ The distance traversed is represented graphically by the area 
included between the curve, the axes and the ordinate a =10. 


.. Distance traversed 
=4x 1{(3+3-6) + (3-6 +4-1) + (4-1 +5-5) +(5-5 +5-9) 
+(5-9 +6-4) +(6-4+7-0) +(7-0 +7-6) +(7-6 +8-1) 
+(8-1+8-5) +(8-5 +9-1)} feet 
(3 +9-] 
eo 4+3:6441455+4+5:9+4644+70476+8-1 
+85} feet 
=62°8 feet. 
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9 Ho Po ia 
EEE Ht g 
nee 
GS 
8 | i Eel H cH 
B | co 
& eae i 
8 ° RS 
aS + H : 
ry Ee acces : 
0S 4 a 
8 Prt aoe Ht 
S HH TH 
CH D 
+H] t 
2 rH 
0 2 4 6 8 10. 


Time tn Seconds 
Fic. 56. 


Example 2. A force of F Ib. wt. moves a body a distance of s feet 
in its own direction. Plot F against s from the subjoined data, and 
hence find as accurately as you can the total work done (in foot-lb.) 
in moving the body through 10 feet. 


s Jolifze|sfa{sie]z7]e| 9 ]1 


F | 100] 105 | 115 130 |120| 110 | 95 | 83 | 72 | 71 | 70 


The work done is represented graphically by the area included 
between the curve, the axes and the ordinate x =10. 
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F ; | 
13 
i 
120 
® 100 : 
S 
N ot 
SS 4 | al 
8 80 oH - 
S 
8 
N | i 
AS te 
~ 60 
we 0 2 4 6 8 lo s 
s Distance in Feet. 
Fia. 57. 


*. Total work done 
=} x 14(100 +105) +(105 +115) + (115 +130) +(130 +120) 
+-(120 +110) +(110 +95) + (95 +83) + (83 +72) 
+(72 +71) +(71 +70)} ft.-lb. 
= {Oe 5105 +115 +130 +120 +110 +95 +83 +72 +n} fextos 
=986 ft.-lb. 


4. Notation for the approximate evaluation of the area. 


Suppose we wish to find the area of the figure bounded 
by the curve AB, the axis of a, and the ordinates AH 
and BK parallel to the axis of y. We have already seen 
in Article 1 that we proceed by taking points N,, Ny, Ng... 
conveniently near one another on the interval HK. We 
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can then find approximately the area required by using the 
fact that, 
Area of AHKB=Sum of areas of AHN,P,+P,N,N.P, 
+P,N.N,P,+...+P,N,KB (approx.). 


O HNNNNNNNK z 
Fic. 58. 


We can write this more briefly thus (see Fig. 59): 

Let us regard the arc P’P” as very approximately a straight 
line, since P’P” is a very short arc. Then P’N’N’P” is a 
representative small trapezium used in estimating approxi- 
mately the area AHKB. Let PN be the mid-ordinate of the 
trapezium P’N’N”P”, z.e. the ordinate lying half-way between 
P/N’ and P’N”. 


Fic. 59. 


Then the area of P’N’N’P”=PN x N’N" (very approximately). 
Hence, summing both sides, 
Area of AHKB 

=Sum of PN x N’N” from H to K 

= >(PN x N'N”) from H to K (more shortly written), 


where >(PN x N’N”) stands for the “ sum of ” such small areas 
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as PN x N’N” throughout .the interval from H to K, > being 
the Greek letter for S, the first letter of the word “ Sum.” 

If we denote as usual PN by y and N’‘N” by 62a, we can 
denote the approximate evaluation by the methods of Art. 1 
of the area AHKB by the formula =y.dz in the interval from 
H to K. 

Finally, if OH=h and OK=k, we can denote still more 
shortly the approximate evaluation of the area AHKB by the 
methods of Art. 1 by the symbol 


k 
Dy oz, 
h 


meaning that the approximation is carried out as x varies from 
the value h to the value k by conveniently selected increments 
denoted by 6éz. 


5. Notation for the accurate evaluation of the area. 

The student will now see that if the interval HK be further 
and further subdivided, the method described in Art. 3 will 
give a more and more accurate approximation to the value 
of the area. It will be plain, however, that it will be con- 
venient to have a symbol representing the accurate value of 
the area. We do so by using an elongated §, viz. J, to denote 
the “ Limit of the Sum.” We therefore have : 

Approximate value of area AHKB = ee 


h 


ie 
Accurate value of area AHKB =| y daz. 
h 


N.B.—dz is used instead of dz in the accurate value of the 


k 
area, because | y dx can no longer be regarded as obtained by 
. . . h . . k 
dividing up HK into small intervals. [yae is the value 
r 4 k hh 
to which the chain of operations } y dx tends to approximate 


h 
as the subdivisions 6x become more and more minute. Com- 


oy 


pare the relationship of 3x and e in the Differential Calculus. 
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6. Short method of evaluating an area approximately by 
dividing it up into trapezia. 

In working out the examples we considered each trapezium 
separately, as we wished to emphasize the principle rather than 
to exhibit rapid methods of calculation. The actual work 
can, however, be carried out more rapidly and conveniently 
as follows : 


Consider Fig. 58 on page 107. 

Det fg—AH, 7y,—=P Ny, 95=P,No, Ye = LN gee BK. 

Also let us suppose that all the subdivisions along the axis of 
x have been taken equal, so that HN, = N,N,=N,N, =etc. =c. 


Yot 41 Yt Yo Yat Yx 
9 9 ule airran as .¢ 


.. Approximate area = 6+ 


- (25% 
2 


+Y,4 Yat Yt +9n)e 


Hence, 2f an area be divided approximately into trapezia by 
equidistant ordinates, the approximate area is equal to the distance 
apart of the ordinates multuplied by the sum of the intermediate 
ordinates plus the mean of the first and last. 

This result will be found of great utility in practical graphical 
work. 


EXAMPLES VII. 


1. Plot the following points, and hence find as accurately as you 
can the area enclosed between the curve and the axis of x: 


e 6 | 7 | 8 


» [0 


2 | 3 | 4 


ar 


21 | ileal | 0:0 


y |o0|o9 | 15 37 |30 


21 | 3°2 | 39 


2. Plot the following points, and hence find as accurately as you 
can the area enclosed between the curve, the axis of x and the 


ordinates x =5 and «=12. 
| vA J>]e]7]s|9 ||] 2 


a8{4r|43|30| 32 


oh 
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3. A man wishes to find approximately the area of the cross-section 
of the channel of a river 30 feet wide, at a certain point in its course. 
He takes soundings at intervals of 3 feet, and obtains the following 
results : 


‘Distance from the bank, ) 0131619 12/15/18 are 27130 

| in feet - - J 

Depth of the Oe 2/519 1121161181/15113) 91513 
in feet - if 


Calculate approximately the area of the cross-section. 


4. A boy wishes to find the area of a piece of cardboard which he 
possesses. 

The cardboard has roughly the shape 
of Fig. 60, and is bounded by two par- . 
allel edges. He measures the distance 
between these two parallel edges and 
finds it to be 14 inches. He then rules 
6 lines at distances of 2 inches from 
one another, and on measuring them 
finds their lengths to be (including the 
edges), reading from left to right : 

jay, Yh stay, Ons Oi. 10a 

Wilts titi, Zhi Fic, 60. 

What is the area of the cardboard ? 


5. Draw the graphs of 


uv 0 | 10 20 30 | 40 50 | 60 70 | 80 | 90 100 


y 121] 13-2 140 15:0| 15-9 165 | 160 154] 143 12:1! 10-2 


| 
and 


| “ 0 | 10 20 30 | 40 50 | 60 ries 90 | 100 


y 121] 84 65 | 4:2 | 2:9 07 | 09 23 | 47 73 | 10°2 


aha end as accurately as you can the area enclosed between them. 


6. The following values of y and x being given, tabulate a 
. ; xv 
and y . 6x in each interval, and find A or the sum of such terms as 
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y. 8x. Of course, A is the approximate area of the curve whose 
ordinate is y. 


y/o] 01 | 02 | 03 | o-4 | os | 06 | o7 | os | 09 | 


x-| 0 |0-1736 |0-3420 |0:5000 | 0-6428 | 0-7660 |0-s660 '0-9397 |0-9848 | 1-0000 


(Bd. of Educ.) 


7. An area is divided into ten equal parts by eleven equidistant 
parallel lines 0-2 in. apart, the first and last touching the bounding 
curve; the lengths of these lines or ordinates or breadths are, in 
inches : 

0, 1:24, 2-37, 4:10, 5-28, 4-76, 4-60, 4:36, 2-45, 1-62, 0. 

Find the area in square inches. (Bd. of Educ.) 


8. The following values of y and x being given, tabulate 2 and 


y . 8x in each interval. Ii y. 82 be called SA, find the value of A 
when «=0-9 if A is 0 when « =0. 


| 00 | Ol | 0-2 08 | 0-4 | N5 | 06 | 07 | 0°8 | 0-9 | 


y | 1:428 1°820 


1561 11-691 


1-947 j2071 2193 | 2°314 | 2°431 | 2547 


To facilitate tabulation, it will be found convenient to change 
these rows into columns. (Adapted from Bd. of Educ.) 

9. x chains is the distance measured along a straight line AB from, 
the point A; the values of y are offsets or distances in chains 
measured at right angles to AB to the border of a field. Find 
approximately the area of the field. 


x | 0) | 1°50 | 3°00 | 500 | 7°50 | 9°00 


y | 053 | 0°47 | 0°40 | 0°42 | 0°46 | 0°52 
(Adapted from Bd. of Educ.) 


10. The following numbers give v the speed of a train in miles 
per hour at the time ¢ hours since leaving a railway station. In each 
interval of time, what is the distance passed over by the train ? 


24 |47 | 7-2 | 9°6 | 12°0| 14:3 | 169| 18-9 | 20°7 23-4 | 24:3] 24-9 
¢|0-0|o-4{0-8]12/16| 2-0 2-4| 28 | 3-2 36 | 4-0 | 44 4-8 |52 


At each of the times tabulated, what is x, the distance from the 
station ? Tabulate your answers. (Bd. of Educ.) 


22-2 


0 


v 
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10 . 
11. Evaluate i ydx as accurately as you can from the following 
0 


data, by drawing a graph on squared paper and estimating the area 
enclosed : 


10 


y | 3 | 3 37 |38 |39 


eile | 8 | 9 
[a7 | 


39 [40 | 40 37 33 [29 


8 
12. Evaluate by graphical methods I ydx as accurately as you 
can: ; : 


@ 2 5 | 6 7 
| 


wile 


3 | 4 


7 
9 | 6| 3) 


y | 0 | 2 | 4 | 7 | 10] u 


18. Evaluate by graphical methods | : (Yi —Y2) dx as accurately as 


wt) 
you can from the following data, drawing the graphs of both y; and y»: 


x | 0 | 1 2 | 3 | Zl epaeG | 7 
n | 30/39] 45 58 | 65 69 (74 | 
| 2 00 | 0-7 Jae a7 eA Os | 29 |3- 


14. A car whose mass is 2000 lb. starts from rest; the resistance 
to the motion is equal to 50 lb. wt. When it has travelled S feet, 
the force exerted by the engine is P lb. wt. where 


S | 0 


10 | 20 


30 | 40 | 50 | 60 


70 | 80 | 90 |100 


Ww | 644 | 634 | 622 


607 | 587] 565 


5387 


509 | 475 | 440 | 404 


Find, approximately, the velocity after the car has travelled 
100 feet, assuming that the acceleration due to gravity is 32 in 
foot-second units. (Math. Trip.) 


[Hint.—v? =0-032 [ PdS -160.] 


15. On the indicator-diagram of a gas engine the following are 
some readings of p pressure and v volume. Calculate the total 
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amount of “ work” done as the volume increases from 2:0 to 3-1, 


371 
given that “ work” done= i pd. 
20 


, | 20 | 21 22 | 23 | 24 | 25 


26 | 27 | 2°8 | 2°9 | 30 | 31 


| p | 845 |110| 176 215 226 


213 | 202 | 192 | 183 | 175 


231 | 234 


(Adapted from Bd. of Educ.) 


16. The velocity of a train which starts from rest is given by the 
following table, the time being reckoned in minutes from the start 
and the speed in miles per hour. 


¢, min. | 2] 4| 6 | 8 | 10] 12] 14] 16 | a8 | 20 


5 2 


v, mp.h. | 10 | 18 | 95 | 29 | 32 2 | at rest. 


20 | 11 


Estimate approximately the total distance run in the 20 minutes. 
(Math. Trip.) 


17. The specific heat of water s (in joules) at temperature ¢° being 
given by the following table : 


t|| o° | 10° | 20° | 30° | 40° 70° | 80° | 90° | 100° 


50° | 60° 


| x | 4-219] 4-195 41814174) 4173 


find the number of joules required to heat 1 gram of water from 
0° to 100°. (Math. Trip.) 


100 
{Hint.—Evaluate / s dt approximately. ] 
/0 


4-174| 4-178] 4184 £190) +197 4-205 


18. A car weighing 6 tons starts from rest under the action of a 
force given by the following table : 


o,2|4| 6 8 | 10] 12 


14 | 16 | 18 | 20 


¢ in seconds 


F in lb. wt. 708 | 620 | 495 365 300 | 280 | 270 


| 780 | 750 420 324 


If the resistances to motion are equivalent to a constant force of 
40 lb. per ton, draw the acceleration-time curve, and find the velocity 


of the car at the end of the time. (Qual. Papers, Mech. Sc. Trip.) 
; Hae ie : 
[Hint :—v =790 [oe — 240) dt.) 


M.W. a 
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19. A truck starting from rest and weighing 15 tons is drawn along 
the level against a constant resistance of 30 pounds per ton. The 
draw-bar pull is found to vary with the distance travelled according 
to the following table : 


Distance travelled in feet, s - - | 0 | 10 | 20 | 30 | 40 | 50 


Draw-bar pull in pounds weight, F | 763 | 679 


900 | 890] 868 | 822 


Find (i) the kinetic energy of the truck, (ii) the velocity of the 
truck, (ili) the work done by the force, when the truck has travelled 
the fist 50 feet. 


50 ; 
(Hint :—Kinetic energy of the truck = { i F ds — 450 x 50} ft.-lb. 
1 15 x 2240 . 


STO oo 
50 
Work done by the force = [ F ds ft.-lb. where v ft. per sec. is velocity 
of truck. ] oN 


20. The following results were obtained during a tensile test on 
a steel bar : 


v* ft.-lb. 


Peed an tees -| 1 | 2 | 3 | Pe aval: | 7 | 8 | 9 | 10 | 
| 


Elongation in ten- | 
thousandths of aa TE OI stay tk Nat | iis 


inch 


88 | 102 | 160 | 260 


Plot a curve passing smoothly through the points, and find the 
work done, in mils-tons, during the test. 


(Qual. Papers, Mech. Sc. Trip.) 


CHAPTER VIII. 


AREAS ENCLOSED BY GRAPHS, AND DEFINITE 
INTEGRALS. 


1. Differential equation giving area enclosed by curve. 
Consider the following diagram : 


y 
B 
Vv. 
A 
Oo H MN K < 
Fic. 61. 
Let AB be the graph of y=f(x) and let AH and BK be two 
ordinates such that Oe 
OK=b. 


We are required to find the area of the figure HKBA. 

Let P and Q be two points on the curve conveniently near 
to one another. Let PM and QN be each perpendicular to OX. 
Draw PU perpendicular to QN and QV perpendicular to PM. 

Let A denote the area of AHMP ; 

6A denote the area of PMNQ ; 
6x denote the length of MN. 
We assume for convenience of exposition that the curve is 


sloping upwards from A to B. 
115 
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Then plainly : 
Area of PMNU <area of PMNQ <area of VMNQ, 
1.€. PM x da< 6A <QN x6éz. 


Reece 
ey PM< 5 <QN. 


Now let PM remain stationary while QN moves up indefinitely 
close to PM (by the method of repeated bisection of the 
interval MN or otherwise). 

In the limit QN becomes indefinitely nearly equal to PM, 
; A: TRY Bie 
2.€. y, while <— approaches its limiting value ee 


Ox 


Hence, since ze lies between y (7.e. PM) and something very 


ry) 
nearly equal to y (viz. QN), we see that in the limit a Satie 


By means of this differential equation, the required evalua- 
tions of areas can be made. 

2. We give some examples. 

Example 1. Find the area enclosed between the curve y =2", the axis 
of x and an ordinate distant x from the origin. 

The curve and area to be dealt with are as follows: 


ae have to find the area ONP where 
We 

We have by the differential equation 
of Art. 1, 


dA 

da 
, dA 

sda ce 
: ede nog ; 
“ig aA Oy) eee inspection. 
. x 1 

. A=3 El Csceuntt So oe (i) 


Now, if PN move along towards Oy 
we see that 


A=0 when wz=0. ........ (2) 
Hence substituting in (1), we find that C =0. 


*, the area of ONP is = 
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Example 2. Find the area enclosed between the curve y=x?, the 
axis of x, an ordinate distant 1 from the origin, and an ordinate distant 
x from the’ origin. 

The curve and area to be dealt with are as follows: 


y P 
A 
6) H N x 
Fia. 63. 


We have to find the area AHNP where OH =1, ON=2 
We have by the differential equation of Art. 1: 


os 
de 
dA 2 
p : 
eh eae AG) by inspection 
epee 37) , ; 
x 
a A=z +0. eee een ccc ccna a sccccsssececsoecseees (1) 


Now, if PN move along till it approaches indefinitely close to 
AH, we see that the area enclosed between PN and AH vanishes. 


Hence Ne (ewe nae ree eee meeaeae, (2) 
Substituting from (2) in (1), we obtain C= -4. 
* A=s(a? =1). 


3. General method of calculating an area. 


Consider the diagram of Art. 1. 

Let the equation to the curve APQB be y=f(2). 
Let OH =h/ and OK =f. 

Let A be the area of AHMP. 
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A 
. — y =f(ax), by Art. (1). 


° A=C+| fla)de, by Chap. VIL., Art. 8. .........(1) 


Let ie dx = (x). 
gh Aven CE (Sy PAR teeters (2) 
When x=h, PM coincides with AH, and the area AHMP 


vanishes. 
a0 CR OU ey. (2a. hecre ce eae 


When x=k, PM coincides with BK and the area of AHKB is 
obtained. 


., Area of AHKB=C + (hk), by (2). ......c:c-2.:: (4) 
Hence, by (3) and (4), 
Area of AHKB=¢(k) — d(h). 


We agreed to denote the area of AHKB by \, f(x) dx in 
Chap. VII., Art. 5. h 


Hence we have the general resuli : 


eee AHKB=| fla) dz=o(k) —4(h) 
where (x) ues dx as defined in Chap. VI., Art. 6. 


Definition. x) dz is called an “ indefinite integral.” 


x) dx is called a “ definite integral.” 


b 
Notation. ¢(k) —¢(h) is very conveniently written 


Eo 


and we shall use this notation throughout. 


Example 1. Hvaluate [ ‘ade. 


Si 2 xe 
ince iE dx= 3” 
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4 xe 4 
2 oat 
[erae=[F] 
48" 18 
-(f 2) a 


Example 2. Hvaluate [ a — 2?) dx. 
0 


ART. 3] 


We have fa —2*)dz=x = 


ts [a —2*)dx= E ~ oa 
=(1-})-(0-§) 


\ 


3° 
4. We shall now give some examples of the practical applica- 
tions of Integration. ; 


vy, n we 
20 


15 1 


Kio. 64, 
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~ Example 1. Find the area cut off from the oe y® =16x by a 
double ordinate whose abscissa 1s x =7. 


We have to find [ 2y dx (because x ranges from 0 to 7) 
0 
7 — ———— 
=) 2V16adx (°° y= 162) 
Lie 
= 8/ x? dx 
0 
377 
[i] 
0 


=18(73 = 0°) =98°8. 


Example 2. Pind the area intercepted between the parabola y? =16x 
and the line y =a. 


H cH neil a Cot 
| I I a 


H 


tal i di Trlecshatc 
ace HHH H 
| 
HH peHbsecavowazey 
ia TT ia 4 
Ios! HH im paeed 
ate rT iL fat! Bl 
ie} cI cl 
ia 1m [ipa si) aa| gal 
wt | c | + PAE 


Fia. 65. 
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The figure explains itself. 
Plainly R=(16, 16). 
16 
Hence the area = i) PQdzx (*. x ranges from 0 to H) 


16 1 
=| (402 —x)dax 


—| 8 pee h 
E 2 Io 
=§ x64 —-8 x16=422. 


Example 3. Find the area enclosed between the parabolas y? =x 


and x? =y. 
The figure is as follows : 


Fia., 66. 


We obtain, on solving the equations y? =a and «*=y in the usual 


way, that PREC Vip Vy aaecces sevsescueseuceresoetecvtapenceae (1) 


1 
Hence the area required = [ PQ dx 
0 
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Example 4. The subjoined figure represents the cross-section of a 
trough of length 6 feet. If OE =1 foot and HK =14 feet, find the depth 
of water in the trough when it is half full (assuming that the curve HOK 
is a parabola). 


Fia. 67 


Let D ft. be the depth of water in the trough, when it is half full. 
Choose axes as shown on the figure, and assume that the equation 
to the parabola is y? =4ax. 


‘; EK =? ft. and OK=1 ft. we take y=? and x=1 and insert 
in (1). 


. Ques 
. Pe =4a. 


Now the area of HPOQK = [pxe dx 


0 


NGS Qe luepecrcancestetsavssearsestacccaae cececctel 
Also the area when half full =3 ) ee dx 
0 


ED aq ntt see hun seen ee (3) 
Hence we have ta solve D? =, 


ie. D=0-63. 
Hence the water is 0-63 foot deep. 
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Example 5. Draw the graph of y=5a-x?-—4 and find the area 
enclosed by the portion of the curve above the axis of x. 


BE@EREEEESe 


hw! _| 

RO 

DEDNESESS 
BEB 


BREESE 
RIBRMMIDISIS De 
[| gel | te 
JOS 
BEBE 
Oe 
Hee 


4 2 
Area required = [ (5a -2? —4)dx = Sane —4¢ 
= (40 — 214 - 16) - (23 -3 -4) 
=4°5, 
Example 6. A quantity of gas expands so as to satisfy the law 


pv' —8000. Find the work done in expanding from v=2 to v=12, 
p being measured in pounds per square foot and v in cubic feet. 


N.B.—The work done by a gas when expanding is il pdv. 
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Work done in ft.-lb. nN he 
2 
= + ["80000-%dy = SVP] ome | 


O13 
so007 1 1 
“0-13 (se 1208 
= 11690 ft.-Ib. 


Example 7. A body projected from the earth vertically upwards 
with an initial velocity of 100 ft. per sec. is known to have its velocity 
given by the law v=100 -32t where t is measured in seconds. Find 
the distance ascended in 2 seconds. 


N.B.—Distance traversed is given by | v dt.’ 


Distance traversed = *(100 — 32t) dt 
0 


ES [ 1001 2 160" | 
0 


= 136 feet. 


EXAMPLES VIII. 


1. If A sq. in. is the area contained between the curve y =272%, 
the axis of x and the straight line parailel to the axis of y and 2 in. 
from it, prove that 2a 

Hence find A when w7=2. 

Draw a rough graph of the curve. 


2. Draw a rough graph of the curve y? = 92. 
Prove that if A sq. cm. be cut off from it by a straight line parallel 


to axis of y and x cm. from it, then _ =6x?, 
Hence find A when #=4. a 


8. Draw a rough graph of y=2a -z%. If Asq. cm. are intercepted 
between the curve, the axis of x and a parallel to the axis of y 
distant x cm. from it, prove that oe = 2a ~ a Hence find the 


area intercepted between the axis of x and the protion of the curve 
above the axis of 2. 


4. Roughly graph ya®=7. A sq. cm. is the area intercepted 


ree the axis of x, the curve and any two ordinates. Prove 
AT 
that Fee Hence find the area intercepted between the ordi- 


nates distant 1 in. and 3 in. from the origin. 
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5. Find the value of : 
(i) an, (ii) [oae; (iii) [ea (iv) [°(1 +02) des 
Jo , 1 ‘ me le ar webct ra pais 
274 fbi ee ea 
(v) ‘a (Ll+a% +2?) dx ; (vi) [ xzdu; (vii) ie (a4 +a:8) de; 


een : Bea 
(viii) fe. (1 +s/x)?da; (ix) [ xt? dx ; (x) ie da ; 


17 

(xi) [ a2? dec, 

J23 
6. Sketch the graph of y=a, and hence find the areas included 
between the curve, the axis of « and the following ordinates : 
@) 2=0 and 7=5. (Gay) aiesill eyavel at 
(iii) #=2 and x=12. (iv) *=1-3 and z=6:2. 
Tabulate your results. 
7. Sketch the graph of y =a", and hence find the areas included 
between the curve, the axis of x and the following ordinates : 
(i) 7=O and z=11. (ii) «=1 and +=7. 
(Gir —2 and oS, (iv) =3-7 and x=10°5. 
Tabulate your results. 

8. Find the area enclosed between the graph of y=x? +”+1, the 
axis of x and the ordinates « =1, x =6. 

9. Find the area enclosed between the gravh of y =a? +a°%, the 
axis of x and the ordinates x =5 and «=165. 

10. Sketch the graph of y =x(4 —«), and hence find the area of the 
space enclosed between the axis of x and the portion of the graph 
lying above the axis of z. 

11. Sketch the graph of y=z(10-2), and hence find the area 
of the space enclosed between Ow and the portion of the curve lying 
above Ox. 

12. Sketch the graph of y=(x —1)(10 —2), and hence find the area 
of the space enclosed between Ox and the portion of the curve lying 
above Oz. 

13. Sketch the graph of y =(x —2)(14 —~), and hence find the area 
of the space enclosed between Ox and the portion of the curve lying 
above the axis of «. ; 

14. In the case of the parabola y =x’, if P be a point on the curve 
and PM, PN the perpendiculars from P on Ox and Oy respectively, 
prove that the area enclosed between PM, the axis of » and the 
curve is equal to two-thirds the area of the rectangle OMPN. 
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15. In the case of the curve y=«”, if P be a point on the curve 
and PM, PN the perpendiculars from P on Ow and Oy respectively, 
prove that the area enclosed» 
between PM, the axis of 2, 
and the curve is equal to 


ae of the area of the rect- Nj 
n+1 


= 
angle OMPN. —— 
16. In the figure P is a | 
Ei 
71 
“ill 


point on the curve y=2x". 
Prove that the curve divides 
the rectangle OMPN into M a 
two portions whose areas ¢ 

are in the ratio 2: 1. Be 208. 


17. In the above figure to the preceding question, prove that if the 
curve be =x”, the areas are in the ratio of n: 1. 


18. Prove that the line y =x cuts the curve y =x? in the point (1, 1), 
and hence find the area enclosed between the line and the curve. 


19. Prove that the line y =x cuts the curve y =z" in the point (1, 1), 
and hence find the area enclosed between the line and the curve. 


20. Prove that the curves y=a2™ and y=” intersect in the 


point (1, 1), and hence find the area intercepted between the two 
curves. 


21. Find the area enclosed between the curves y=a” and y” =a. 


22. If the velocity of a body be given by the law v=10+3z, 
calculate the distance traversed in the interval t=1 to ¢=6. 


23. If the velocity of a body be given by v=12 —3t, find when 
motion ceases, and hence calculate the total distance traversed from. 
the beginning of the motion till the body comes to rest. 


24. The work done by a gas in expanding is given by the formula 
p dv where p is its pressure in pounds per sq. ft. and v is its volume 


in cu. feet. Express as a definite integral the work done by a 
gas in expanding (i) from 3 cu. ft. to 9 cu. ft., (ii) from v, cu. ft. to 
v, cu. ft. [¥.B.—This definite integral can be evaluated when the 
law connecting p and v is known. } 


25. The arch of a bridge is parabolic in form. It is 5 feet wide 
at the base and 5 feet high. Hind the volume of water that passes 
through per second in a flood when the water is rushing at the rate 
of 10 feet per second. 
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26. A long trough whose cross-section is parabolic is 14 feet wide 
at the mouth and 2 feet deep. Find what depth of water there is 
in it when it is half-full. 


27. Show that the area enclosed between 
the concentric circles of the diagram is 
less than the area of the rectangle whose 
length is the circumference BQM and 
breadth AB; and greater than the area 
of the rectangle whose length is APL and 
breadth AB. Hence show that if OA =r, 
AB=6r and the area of the portion 
between the two circles is 5A. 


Qrr< ae 2n(r +r). 


Ric. 70. 


28. Deduce from the result of the preceding question that the 
area of a circle of radius r is given by the differential equation 


dA 
FPS = 2rr, 


and hence show that A =zr?. 
29. Draw the graph of y=1-2 from x=0 to #=1, and find 
the area of the space intercepted between the curve and the axes. 


80. Find the area between the curve y=" and the axis of : 
from c=1 to x=2°3. 


81. Simpson's Rule. 


Let PQR be a portion of the arc of the curve y =a + bax +cx?, 
(i) Prove that y, =a — bh + ch? (by inserting the coordinates of P). 
(ii) Prove that y,=a (by inserting the coordinates of Q). 
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(iii) Prove that ys =a +bh +ch? (by inserting the coordinates of R). 


—¥s— 41 
(iv) Prove that b= oh” 


(v) Prove that c =7(% 5 a va): 
(vi) Prove that the area of PHKR is 2ah + 3ch*. 


(vii) Prove that the area of PHKR is Us +Y3 +4Y>)- 


[N.B.—This gives a convenient practical method of finding the 
approximate area enclosed by any given curve. We measure the 
extreme and mean ordinates, the distance between the extreme 
ordinates, and apply the above formula. ] 


(viii) By dividing the curve into a series of ares which may be 
considered as approximately parabolic in shape, prove the following 
general Simpson’s Rule : 

Divide the area under consideration into an even number of 
strips of equal width. The area is approximately ‘one-third the width 
of w strip multiplied by the sum of the first and last ordinates plus 
twice the sum of the remaining odd ordinates plus four times the sum 
of the even ordinates.” 


(NV. B.—This rule is of very wide use in the applications of practical 
mathematics. | 


32. The work done in stretching an ordinary elastic string is 
/ Tdzx foot-pounds, where T Ib. wt. is the tension of the string 


and x feet is the extension beyond its natural length. It is found 
experimentally that in the case of the given string T=1-3x. Find 
the work done in stretching the string 6 inches beyond its natural 
length. 


33. A certain quantity of gas at pressure p pounds weight and 
volume v cubic feet is encased in a cylinder with a movable piston 
so that no heat is allowed to enter or escape. It is then found 
experimentally that the (p, v) equation of the gas is pu!*=27. 
Find the work done by the gas in expanding from 2 to 3 cubic feet, 


given that the formula for the work done is | p dv foot-pounds. 


34. The pointer of a spring balance descends on the scale a distance 
proportional to the weight hung from the hook. If 5 Ib. pulls the 
pointer through 1 inch, (i) what is the total work done in moving 
the pointer through 6 inches from the zero position ; (ii) what is the 


energy stored up in the spring when a weight of 40 lb. is attached 
to the hook ? 
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35. A force of 20 tons compresses the spring buffer of a railway 
stop through 1 inch, and the force is always proportional to the 
compression produced. Find the work done by a train which 
compresses a pair of such stops through six inches. 


36. The force of repulsion in dynes between two electric charges 
is given by multiplying together the number of units in the charges 
and dividing by the square of the number of centimetres distance 
between the charges. Ifa unit charge be brought from a very great 
distance to 10 cm. distance from a charge of 500 units, how many 
ergs of work are done? Note.—This is called the “ potential” of the 
500 units at a point 10 cm. away. 


37. If a quantity of electricity. is distributed uniformly over a 
sphere, its repulsive effect on the unit charge is the same as if it 
were concentrated at the centre of the sphere. If 700 units are 
upon a sphere of radius 10 cm., what is the potential of a point 
30 cm. from the centre of the sphere, and what is the potential Ce a 
point on the sphere itself ? 


38. If Q units of electricity are upon a conductor whose capacity 
is C (a constant), and the potential of the conductor be V ergs, then 
it is known that Q=CV. Now to carry up an additional quantity 
dQ of electricity requires an expenditure of V dQ ergs of work. What 
is the work required to be done to charge the conductor (initially 
uncharged) with 1000 units of electricity ? 


89. The attraction of the earth upon a body outside it is a 


where M is a constant and x the distance of the body from the 
earth’s centre. The attraction of the earth upon a 1 |b. mass at its 
surface (i.e. at 4000 miles from its centre) is the weight of 1 lb. 
What is the attraction on a 1 lb. mass at (i) 1000 miles from the 
surface, (ii) at 2000 miles from the surface, (iii) at w miles from the 
surface ? 


40. Calculate the work done in mile-pounds by the earth’s attrac- 
tion on a 1 |b. mass as it is drawn from 1100 miles from the surface 
to 1000 miles from the surface. 


CHAPTER IX. 
VOLUMES. 


1. Approximate evaluation of a volume. 


We shall begin this chapter by showing how to evaluate 
approximately by practical methods volumes that occur in 
every-day life. 

Examplel. A tree trunk 12 feet long is sawn wp into blocks each 
6 inches thick. The areas of the cross-sections of the blocks are found 
by measuring their diameters and using the formula mr*?. The areas 
thus estimated and calculated are given by the following diagram : 


ioe 
32 35.3945 51 62 


Area 


‘on in square fee 
oss Section t 
of Cr 9 21 23 25 8) 


3 1414 16 16 167 


NumberZ, wee f 
of Block Z.* ieee ht ¥ 


Fic. 72. 


Calculate as accurately as you can the volume of the wood. 


In applying an approximate process to the evaluation of the 
volume of a rough block bounded 
by two parallel faces of areas A 
and A’ sq. ft. respectively, it will 
obviously be sufficient if the block 
be not too thick to take the average 
of the areas of the two faces and 
multiply it by the thickness ¢ feet, 
thus obtaining 

A+A’ , 
Fia. 73 Ea: 
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Applying this process to the above, we find that 


the approx. volume of the first block is : = x : cu. ft. =0-5 cu. ft. 
* oS 3 second ,, é x cu. ft. =0-5 cu. ft. 
Say ran itbinds oy, cs cust 20:5 cunt 
» 2 PLOUrLI Ns, J 5 2 x5 cu . ft. =0-55 cu. ft. 
Zz 4, » fifth ss 5 ot ft. =0-63 cu. ft. 
and so on. 


Proceeding in this way and calculating block by block, we obtain 
the desired approximation to the volume. 

This method, though simple to understand, is rather long and 
laborious to apply. and the calculation can be shortened and simpli- 
fied as follows, provided the thicknesses t ft. of all the blocks are the 
same (which often happens in practical processes). 

Let ,A, denote the area of the cross-section lying between the 
first and second blocks, and so on. Hence the volume 


wArtiAs , rAstoAs ,, oh to oy ft. 
2 2 2 
_(ArtiAs , AsteAs , osA\oa = 
( : x 5 ygieg 3 tcu. ft. 
a(S ae eee + ooAeg cu. ft. 


We thus obtain the following rule, which is of general application 
when the thicknesses of the blocks are all the same. 


Practical Rule. Take the average of the areas of the two end-sections 
and add this average to the sum of all the areas of the intermediate 
cross-sections. Multiply the result thus obtained by the common 
thickness of the blocks. The result gives very approximately (if the 
common thickness of the blocks be quite small) the volume required. 


Apply this rule to the case of the above log; we obtain as the 


average of the two end sections aoa 7.e 36 sq. ft. 
Hence, adding this result to the areas of the intermediate section, 
we obtain 54-2. 


Hence the approximate volume is 54:2 x 4 cu. ft., 2.e. 27-1 cu. ft. 
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Example 2. The cross-section of a tree (A sq. inches) at distance 
x inches from one end is as follows : 


au | 10 | 30 


50 | 70 | 90 | 110 | 130 | 150 


A | 120 | 123 | 129 | 129 158 


131 | 135 | 142 


What is the volume of the sound wood of the tree in cubic inches, its 
total length being 160 inches, but the first 10 inches being decayed at 
either end ? 

As the thickness of each block into which we may imagine the 
tree divided is the same, viz. 20 inches, we may apply the rule of 


Example 1. 120 +158 


Average area of the two end sections a5 


Hence, adding 139 to the sum of the intermediate sections, we 
obtain 928 sq. in. 
.. Volume =928 x 20 cu. in. =18560 cu. in. 
Example 3. A is the area in square yards of the cross-section of a 


railway cutting at the distance x yards along the railway from a certain 
point : 


=139) squans 


| =| 0 


20 | 60 | 90 | 120 | 150, 


| A | 110 | 120 | 143 | 125 | 112 | 95 


What is the volume in cubic yards, which must be removed from 


C= Oto wou: (Bd. of Educ.) 
Here again the thicknesses are the same, and hence we may apply 
the quick rule of Example 1. BN 
Volume 
= (205499 5 120 +143 + 125 + 12) . 30 cu. yd. 


=18075 cu. yd. 


Example 4. To find approximately by the X 
practical method the volume of a hemisphere of 
radius 4 cm. 


Let OX be the radius about which the hemi- 
sphere is symmetrical. 


Divide OX into (say) 8 equal parts, each of K 
length half a cm. Fic. 74. 


‘ ne cross-sections through each of these points perpendicular 
o OX. 
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Then, calculating the areas of these cross-sections, we obtain the 
following chart, where A sq. cm. is the area of the cross-section 
distant x cm. from 0. 


oe -|o | 08 [1 | ve [2 | 2s [3 | 3s 4 


A sq. cm. | 167 | 15°75a 157 


13757 127 | 9°75ar 


Tor | 3-759 jo 


Thus the volume of the hemisphere 
= {16 +0 | 15-75 +15 +13-75 +12 49- Vere 
ike + OS UD ia 3G 
={85r x4} c.c. =42-57 c.c. 

Now we know by other methods that 

Volume of the hemisphere =27 x 4° c.c. =42-67z c.c. 
Thus the approximative result is very fairly accurate. 


2. Volume as a definite integral. 


Fie. 75. 


We have seen that if we wish to find approximately the 
volume of a body we divide it by convenient cross-sections, each 
perpendicular to a chosen axis X and of convenient thicknesses. 
Then, if we take a typical section such as that lying between 
PQ and P’Q’ above, the volume required is got by the formula 

(A. 62), 
where > denotes ‘‘ the sum of ” ; 
A is the arithmetic mean of the areas of the sections 
PQ and P’Q’ ; 
Sx denotes the thickness of the portion bounded by the 
cross-sections PQ and P’Q’. 

Hence, if we require, not an approximate value of the volume, 

but its actual accurate value, we replace (A . dx) by the Definite 


1 / 
Integral | A dx, where Lis the length of the body whose volume 
0 
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we require. A few examples will make the method of pro- 
cedure plain. 


Example 1. Find the volume of a cone of semi-vertical angle 45° 
and of height 12 cm. 


Fic. 76. 


Let OH be the axis of the cone. 
Let ON =z cm. and let A sq. cm. be the area of the section PNQ. 
Let V cu. cm. be the volume of the cone. 


Se =|" Ade o0.= |” (7. PN?) dz o.0.= |" m2 de C.c. 
: 0 » (Ge PN=ON=2} 


12 23 12 
=n/ PES EAN KO =n|% | c.c.= 1809-5 c.e. 
0 3 Jo 


Example 2. ind the volume of a sphere. 

Take a radius OA and consider 
sections of the sphere perpendicular 
to this radius. Let A be the area 
of the section PNP’. Then, V denot- 
ing the volume of the sphere and a 
its radius, 


V=2 [" Ade (x=ON) 
J0 


= [“ ce. PNY) de 
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Example 3. Find the volume of a sphere of radius 4 cm., intercepted 
between two parallel sections whose perpendicular distances from the 
centre are 1 cm. and 2 cm. respectively (the sections being on the same 
side of the centre of the sphere). 

(For diagram, see the figure to last example.) 


Then v= if *t. PN?. dx (where « -ON) 


: 2 
=n/, (16 — 2) dx 


ee 2 
=n 162-5 | 


=TX 4. 
= 43-0 cu. cm. 


Example 4. Water is poured to a depth of D feet into a hemispherical 
pot of radius a ft. Find the volume of water contained. 


Fia. 78 


D 
As usual Wee i m™. PN®. dx 
D 
=n| fa? — (a — x)*} de 
D 
=n (2aa —x*) dx 


aE eb 
=n| ac? a 
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Example 5. A circular stack of solid brickwork stands 12 feet high, 
gradually. tapering from the base (whose diameter is 4 feet) to the top 
(whose diameter is 2 feet). Calculate the volume of 

TPE ft brickwork it contains. 


Let the above represent a section through the 
axis of symmetry HK of the figure. 

Then plainly ot aes (as is easily seen 
if we draw a line through P parallel to HK 
and consider similar triangles). 


Hence Ui 2 oleate weseceateeecscetecettes (1) 


Tz 
Now the area of the cross-section of the stack 


by a plane through PQ parallel to the ground 
is Ty”. 


12 
Hence the volume = [ m(2 — sha)? dx 
we 12 
a ay! ee Ua 
=n| 4 6" + 730 | 
=a x28 cu. ft. 
3. To find the volume contained by a surface of revolution. 
A 
P 
B 
OH N K x 


Fie. 80. 


Let the above curve, which lies in the plane of the paper, rotate 
about Ox as axis, and so produce a surface of revolution. Then 
the area of the section generated by the ordinate PN is wy?. 
Hence the volume contained by the surface of revolution thus 


ie 
generated is r| y?d«z where OH=h and OK =k, 
h 
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1. A rough wooden block with parallel faces is 6 inches thick and 
has one face 2 sq. ft. and the other face 3 sq. ft. in area. Calculate 
approximately the volume. 


2. A tree trunk 10 feet long has one end 2 sq. ft. in area and the 
other end 44 sq. ft. in area. The trunk tapers fairly regularly from 
its thick to its thin end. It is sawn into blocks each a foot long. 
The areas of the 9 sections made by the saw are approximately 
2, 2, 24, 24, 24, 3, 3, 4, 44 square feet. Calculate approximately 
the volume of the trunk. 


8. A man saws a circular log 4 ft. long into 5 portions of random 
length. His son out of curiosity measures the lengths of these 
5 portions and also the diameters of the various cross-sections. The 
results he obtains are exhibited on the diagram ° 


’ 
j 5 ' 
' : : 
tere see PE d-reen ee Be mene ee 4-2 4 e- 
. 
: 
. 


lft. Sft.21n, /ft bin. / ft 7in. Vt Yin, 
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From these measurements he calculates approximately the 
volume. What approximate result will he obtain ? 


4. The following are the areas of cross-section of a body at right 
angles to its straight axis : 


136 120 


A square inches” - 


az inches from one end -| 0) | 22 | 4] | 70 | 84 | 102 130 |145 


Plot A against x on squared paper, and estimate approximately 


from your diagram the whole volume from x=0 to x=145. 
(Bd. of Educ.) 


5. In Qu. 4, if at 2 =50 a cross-sectional slice of small thickness dx 
has the volume 8», find 5" (Bd. of Educ.) 
137 
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6. There is a natural reservoir with irregular sides. When filled 
with water to the vertical height h feet above the lowest point, the 
following is the area A of the water surface in thousands of square 
feet : 


h | 9 | 5 | 20 | 20] 30 | 42 | 50 | 6s 75 


A | 0 | 220 505 


322 | 435 


560 | 586 | 617 | 624 


Plot A against h on squared paper, and hence find A when h 
is 36. (Bd. of Educ.) 


7, Find the volume of water which would raise the surface from 
h =354 to h=364 in Qu. 6. (Bd. of Educ.) 


g. If V cu. ft. be the volume of water in the reservoir of Qu. 6, 
show that 5V =A 3h very approximately, and hence deduce that 


9g. A spring in the bottom of the reservoir of Qu. 6 emits water 
at the rate of 10 cu. ft. a2 minute. Find the rate at which the 
depth of water in the reservoir is increasing when the water is 
10 ft. deep. 


10. A cone of revolution has a semi-vertical angle of 45°. Find 
the volume included between two parallel planes perpendicular to 
the axis and distant 3 cm. and 7 cm. respectively from the vertex 


r7 
(using the formula vol. = i Adz). 


11. Prove that in general the volume of a right-circular cone is 
1 (area of base) x (perpendicular height). 


12. A cone of revolution has a semi-vertical angle a. Prove that 
the volume of the cone included between two parallel planes perpendi- 
cular to the axis and distant a cm. and b em. respectively from the 


eae 
vertex iS 3 (a8 — b’)tan?a cu. em. 


13. Five cubic feet of water is run into a tank in the shape of a 


cone of revolution of semi-vertical angle 30°. Find the depth of 
water in the tank. 


_ 14. An ordinary bucket is 1 ft. 4 inches deep. The diameter of 
its bottom is 12 inches and the diameter of its mouth is 16 inches. 
Calculate its volume. 
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15. At a dairy-farm the milk plates are 3 feet across the top, 
24 feet across the bottom and 4 inches 
deep. Find the volume of milk they can 
hold. 


16. Find the volumes of the two parts 
of a sphere of radius 3 cm. into which it 
is divided by a plane whose perpendicular 
distance from the centre is 1 cm. 


17. Find the volume of the frustum Fia. 82, 
of a sphere of radius 3 ft. included 
between two parallel planes whose perpendicular distances from the 
centre are 1 ft. and 2 ft. respectively. 


aia GThES 


18. Water is poured into an upturned hemispherical pot of radius 
2 ft. to a depth of 14 feet. Find by integration the volume of 
the water. 


19. A cubic foot of water at ordinary temperatures weighs 62:3 lb. 
Find the weight of water in a hemispherical pot of radius 3 ft., the 
water being two feet deep. 


20. An upturned hemispherical pot of radius 4 feet is filled with 
water to a depth x ft. Calculate the volume V in terms of x. Plot 
V against x on squared paper, and hence find the depths of water 
in the pot when (1) 20 cu. ft., (2) 30 cu. ft., (3) 45 cu. ft. of water 
have been emptied into the pot. 


21. The parabola y? =8z is turned about its axis, thus generating 
a surface of revolution. Calculate the volume enclosed between this 
surface and a plane perpendicular to the axis and at distance 5 from 
the vertex. 


22. A reel is formed by the revolution of the curve x? =25(y —6) 
about the axis of x, and its two circular ends are each 5 from the 
origin. Find the volume of the reel. 


28. A basin is formed by the revolution of the curve «*=64y 
about the axis of y. If the depth of the basin is 8 inches, how many 
cubic inches will it hold ? 


24. A boring instrument is formed by the revolution of the curve 
x® =200y about the axis of x7. What is the volume of the hole cut out 
when the instrument has penetrated 10 inches ? 


CHAPTER X. 


APPLICATION OF THE CALCULUS TO CENTRES OF 
GRAVITY, MOMENTS OF INERTIA AND CENTRES 
OF PRESSURE. 


PART I. CENTRES OF GRAVITY. 


1. It is proved in treatises on Statics that if a system of 
particles of masses m,,M., Ms, ..., m,, be placed at the points 
(X1, ¥1), (Xa, Vs); (Xs, V3), ---> (Xn Yn) respectively in the plane 
of the axes, the position of the Centre of Gravity (x, y) is given 
by the formulae : 

— _ MyL_ + Moot ... + Maly 
‘. M1 +Mot ... +My 
a Yat Moot «++ +MnYn 


M+ Mot... +My, 
or, as it may be otherwise written, 
= =mx _ my 
Sm — =m 
Example. A rectangular table, ABCD, has weights 4 1b., 9 1b.. 7 Ib. 
and 11 Ib. respectively placed wpon its four corners, A, B,C, D: AB 
being 8 ft.and AD 4 ft. Find the position of their Centre of Gravity. 
Let us calculate the distance of the centre of gravity G from AB. 
(4+9+7+11).GH 
=4x0+9x047x44+11 x4. 
>; GH=& =2-32. 
Next let us calculate the distance 
of G from AD. 
(44+9+7+11).GK 
=4x0+9x8+7x84+11x0. 
~, GR=188 =4:13. 
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Approximate Calculation of the Centre of Gravity of a con- 
tinuous body. 

If we have to deal with a continuous body of matter instead 
of separate particles, we regard the whole body as broken up 
into small masses 8m, and we can then find approximately 
the position of the Centre of Gravity by using the modification 
of the above formula, namely : 


. 245m _ sy dm 
*= Sim” I 38m’ 
where 2dm is obviously the total mass of the body. 
6 
{ iE 
5 : 
HHH 
| H =e 
4 
He : a. i 
‘ ELEC 
2 = 
H | z 
| ct 
= 
aated 2 3 4 5 6 z. 
Fic. 84, 


Example. o calculate approximately the position of the centre 
of gravity of the above figure. 
Take two convenient axes Ox and Oy as shown. 
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Divide the figure into convenient sections by the lines AA’, BB’, 
CC’, ... IL’, parallel to Ow. 

Mark with a pencil the approximate positions (as estimated by 
the eye) of the Centres of Gravity of these various sections, and 
count the number of squares in a section (or otherwise estimate the 
area). Then apply the formulae as before to obtain the distance of 
the centre of gravity of the figure from Ox. Apply a similar pro- 
cedure to Oy. 


Name of section - -|| PAA’ | ABB’A’| BCC’B’ | CDD’C’ | DEH’D’ 


Area of section - -|| 41 183 233 245 244 


Distance of centre ey 
gravity of section y ss ee : - 
from Ox as esti-[ 13°5 175 22°5 27°5 32°5 
mated by the eye 


gravity of section 


Distance of centre a 
i 


fini Ognas esti: 225 29 31 32°5 33°5 
mated by the eye 
\ ee 
Name of section - - || EFF’E’ | FGG’P’ |GHH’G" HIl’H’| IQT’ 


Area of section - - 235 216 178 102 12 


Distance of centre of 
gravity of section , 
from Oz as esti- 375 
mated by the eye 


42°5 47°5 52°5 56 


Distance of centre of 
gravity of section 
from Oy as esti- 
mated by the eye 


34 35 35'5 36 


we) 
for) 


Thus 
y ={41 x 13-5 +183 x 17-5 +233 x 22-5 +245 x 27-5 +244 x 39-5 
+235 x 37-5 +216 x 42-5 +178 x 47-5 +102 x 52-5 +12 x 56} 
+ {41 +183 +233 +245 +244 +235 +216 +178 +102 + 12} 
=58140 — 33 small divisions =3-3 inches. 
@={41 x 22-5 +183 x 29 +233 x 3i +245 x 32-5 +244 x 33-5 +235 x34 
+216 x 35 +178 x 35-5 +102 x 36 +12 x 36}+ 1689 
= 45°82 — 33 small divisions =3°3 inches. 
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Application of the Calculus to Centres of Gravity. 

Finally the last set of formulae become in the limit when 
we are seeking to estimate the accurate position of the Centre 
of Gravity in the case of a continuous body : 


where [am =the total mass of the body. 


Example 1. To find the position of the centre of gravity of an 
isosceles triangle of altitude 10 cm. and base 6 cm. 


Consider a small area bounded by the two lines c 
PQ and P’Q’ each parallel to the base AB and 
very close to one another. Then the area of 
PQQ’P’ is PQ x NN’ very approximately. 

Let HN =a and NN’=62. 

: PQ CN 

Then, since AB GH? 


PQOTIO—2" 
(oer lo 
“. PQ=3(10 -2), 
and area PQQ’P’ =2 (10 —x) dx sq. cm. very approximately. ‘ 
Hence, applying the formula and noticing that the c.g. must lie 
on CH by reason of symmetry, we obtain 


[\x x 3(10 2) de 
GH =z =— 


Fia. 85. 


a =3i cm., 
[ 3(10 — x) dx 
JO 


where G is the c.c. 


Example 2. 70 find the c.a. of a solid hemisphere of radius a. 


Let PQ and P’Q’ represent two sections of the hemisphere very 
close eae and each parallel to the central section HK. Let AO 


be the axis of symmetry. 
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Let the perpendicular distance of the section PQ from the centre 
be x. 

Then the area of the section PQ is x(a? —x?), and the volume 
intercepted between the two sections PQ and P’Q’ is very approxi- 
mately (a? —«?) dx where dx is the distance 
apart of the two sections. 

Now, from symmetry, the c.c. evidently 
lies on the axis of symmetry OA, and if x be 
the distance from O of the c.c., we have 
from the formula 


® aN Tr 
ob een i Ges 
“n(a2 — x2) da 
0 


a 
ra 


Fic. 86. 


2. Guldinus and Pappus’ Theorem. 

If a plane area revolve about an axis lying in its plane but not 
intersecting it, the volume contained by the surface described is 
equal to the generating area multiplied by the distance traversed 
by the centre of gravity of the area during the revolution. 


Fic. 87. 


Let X’X be the axis and A the generating area. Consider a 
small area 3A situated at P and let PN =y be the perpendicular 
from P to X’X. 

Then the volume described by 8A during the revolution is 
2ry x OA. 


Hence the total volume = |2rydA =27|y dA =27yA, 


where ¥ is the perpendicular distance of the centre of gravity 
of A from X’X. 
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_Example. To find the volume of a “tore” or “ anchor-ring ”’ 
eee He body generated by a circle revolving about a line lying in its 
plane). 


A N B 
Fia. 88. 


Let the radius of the circle be a, and let the perpendicular distance 
of the centre O from the line about which the circle revolves be ec. 

Then the area of the circle is na? and the distance traversed by the 
o.a. of the generating circle during the revolution is 2zc. 

Hence the volume of the anchor-ring =7a? x 2nc = 27? a2e. 

[NV.B.—A child’s teething-ring is a familiar example of a tore.] . 


PART Il MOMENTS OF INERTIA. 


3. The following definition of the “‘ moment of inertia ”’ of a 
system of particles of masses m,, m,, mg,..., My, about an 
assigned straight Jine is given in treatises on Dynamics: 
The mass of each particle is multiplied hy the square of the 
perpendicular distance of the particle from the given straight 
line, and the sum of the products thus got is taken. The result 
obtained in this way is called the ‘“‘ Moment of Inertia” of 
the system of particles about the given straight line. 

If I denote the Moment of Inertia of the system of particles 
about the given straight line we shall have, 

Lamy et mgt 2 t+ mgs? + 0. $M gly’, 
where ‘“‘7” is the perpendicular distance of the particle “ m 
from the given straight line. 

If the system of particles be replaced by a single particle whose 
mass is their combined mass, and if this single particle be placed 
at a distance k from the assigned straight line so that the 
moment of inertia of the single particle about the given line is 
equal to the moment of inertia of the original system of particles 
about that line, k is called the ‘“‘ Radius of Gyration ” of the 
assigned system of particles. 

M.W. 


”? 


K 
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We shall then have, 

(my +Mo+... +My) =1B (my? t+ more? +... + Mp n?)- 

If the system of particles be rotating about the given straight 
line with an angular velocity », the Kinetic Energy of the 
system is equal to $1w?. 

If we are dealing with the case of a continuous body instead 
of a system of separate particles, the above formulae become : 


fe dm 
[= |r dm. R= x 


[am 


Example 1. Find the Moment-of Inertia of masses 5, 7, 8, 3, 9 grm. 
distant 2, 4, 5, 6, 9 em. from the axis of rotation. 
L=5.2? +7.42+8.52+3.62+9.9? c.a.s. units 
=20 +112 +200 +108 + 729 c.a.s. units 
=1169 c.a.s. units. 


Kxample 2. To find the moment of inertia of a thin bar of iron 
of mass M grm. and length 1 cm., about an acis of rotation LM perpen- 
dicular to the bar and passing through an end O of the bar. 


M 
x” em. 3x cm. 
K Pp Pp 
L 


Let OA be the bar, whose length is 7 cm. and whose mass is M grm., 
O being the end through which passes the axis of rotation. 
Let OP =a2 cm.; PP’ =dx% cm. 


Then the mass of PP’ is : dx gram. 
*, m.L of PP’ about LM =o x a (approx.) ; 


*. M.I. of the whole bar =37 dx xx? (approx.) ; 


or, accurately, m.1. of the whole bar about LM 


‘M MP e 
={ 7 v?dx = 13 =M; C.G.Ss. units. 


Corollary. The M.1. of the rod about a line through its centre 


2 
perpendicular to its length is M fs C.G.S. wntts. 
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Example 3. Calculate approximately by graphical methods the 
moment of inertia of the subjoined figure about the axis X’X. 


| f 
H Coo cH 
+ EE a 
T { T 
i 
[ — 
if C1 { 
| Le 
ret FEB a 
x’ X 
Fic. 89. 
Name of section - APAGSVA BBA, | BOC BAC D DIC! 
Area of section - 59 175 212 214 
Distance of centre of gravity of | ie ; 
section from X’X Jf 9 13 175 22°5 
Name of section - - - -|| DEE’D’ | EFF’R’ FQI’ 
Area of section - 199 164 73 
Distance of centre of gravity on 27-5 33 36-5 


section from X’X 
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Moment of Inertia : 
=59 x (9)? +175 x (13)? +212 x (17-5)? +214 x (22-5)? 
+199 x (27:5)? +164 x (33)? +73(36-5)? 
=633960 units. 


Example 4. To find the ut. of a rectangular lamina about one 
of its sides. 


D PQ c 


Fia. 90. 


Let ABCD be the rectangle AB =a cm., AD=b cm. and the mass 
of the lamina M grams. 


Suppose we require m.1. about AD. 
Let Oz bisect AD at right angles. 


Let OM=a2 cm., MN=8e cm., and let PP’, QQ’ pass through 
M and N respectively and be parallel to AD. 


Then the mass of PP’Q’Q is b da x = grams. 
*, ML of PP’Q’Q about the axis AD is a bon xa? 


*, MI. of whole rectangular lamina about AD ~ > = OW MPG 


‘a 2 
or, accurately, the m.1. of the lamina about AD = [ Mode <M 5. 


Example 5. To find the Radius of Gyration k of a circular disc 
of radius a cm. whose mass is M grams about an axis of rotation passing 
through the centre of the disc and perpendicular to its plane. 


Let OA=a cm., OP=r cm., PQ=8r cm. Then the area of the 
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annulus contained between the circles whose radii are OP and 0Q 
respectively is Znxrér (approx.) 
sq. cm., and its mass is 
M 
xa’ 2rr ar 
_ 2M 
war dr gram. (approx.). 
Hence the m.1. of the circular 
disc about an axis through O 
perpendicular to its plane is 


a 7d 2 
[ r2 x ae de he c.G.s. units. 
0 a 2 
a 2 
Hence k? =”, i.e. k=. The 
2? /2 


radius of gyration is therefore 


Fia. 91. 


Le 
Jz 

Example 6. To find the Radius of Gyration k of a sphere, radius 
acm. and mass M grams, about one of its diameters as axis of rotation. 


Draw two planes PQ and P’Q’ 
perpendicular to the diameter AOA’ 
cutting it at Mand N. Let 


OM =a cm., MN =d8z cm., PM=y cm. 
Then the volume of the slice PQQ’P’ 
=Ty* 8x ¢.c. very approx. 
.”. the mass of the slice PQQ’P’” 
M 
a Ty? dx grams very approx. 


“, mul. of the slice PQQ’P’ about 
Fic. 92. AOA’, by Example 5 above, 


M . yp its 
aoe . TY? Ox . 9° very approx., C.G.s. units. 


ut. of the sphere about AOA’ 
" 3M 


(a? -2?)?de (°° 2 +y?=a%) 
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4, Rapid methods of calculating moments of inertia. 

In the practical cases that present themselves, it is usually 
easy to calculate by the above methods the moment of inertia 
and radius of gyration, if the axis of rotation passes through 
the centre of gravity of the body. If, however, the axis of 
rotation does not pass through the centre of gravity, the 
following theorem enables us to calculate the required moment 
of inertia easily and quickly : 

The moment of inertia of a body about any axis is equal to the 
moment of inertia of the body about a parallel axis through the 
centre of gravity plus the moment of inertia of the body supposed 
concentrated at its centre of gravity about the original axis. 


Fig. 93. 


Let the given axis be chosen as the axis of z, and let the 
plane zOy be drawn passing through the centre of gravity 
and perpendicular to Oz. Let the axis of x be chosen to pass 
through the centre of gravity G. 


Let OG=c. 


Let axes GY and GZ parallel respectively to Oy and Oz 
be taken. 


Then the moment of inertia of the body about Oz is 
[e+ dm (*. «+y? is equal to the square on the perpen- 


dicular distance from dm to Oz if dm be supposed placed at 


BHC PONG (0, -Y)).) axc4o%. scl ee (1) 
Now, if we refer to GY and GZ as axes, we obtain 
e=X+ °) 
f= Ye MMP sin ena Re ta case (2) 


z=Z | 
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Hence, by (1) and (2), the required moment of inertia becomes 


Kes +c)2+Y*} m= {dm +2e{Xdm+ |x? + V2) din ....(3) 
Now c*|dm is the moment of inertia about Oz of a particle 


whose mass is the same as that of the body concentrated at the 
YS TY TRENCH Hex eT ha Beal omg cent ein SARE 4 Tet ie (4) 


Xdm=0 because the plane X=0 in the second system of 


coordinates passes through the centre of gravity G, thus giving 
Gequalito,zeroi (see Chap.X: Artigl)), .. ...cacts.ssecestiteaetvsmeadl (5) 


(X2+ Y?) dm is the moment of inertia of the given body 
about GZ. 


Hence the moment of inertia of the body about Oz is equal.to 
the moment of inertia of the body about GZ plus the moment 
of inertia about Oz of the body supposed concentrated at the centre 
of gravity G. 

A few examples will exhibit the practical utility of this 
theorem. It is assumed that in the case of the chief bodies 
used in engineering and mechanical work, the moments of 
inertia about the principal axes through the centres of gravity 
have been calculated and tabulated once for all. 


Example 1. Given that the moment of inertia of a thin bar of iron 
of mass M grm. and length l cm. about an axis of rotation through the 


2 
centre of gravity and perpendicular to the bar is aoe To deduce the 


moment of inertia about a parallel axis through the end of the rod. 


}_____S|_ 
a b 
Fic. 94, 


Let a, b be axes perpendicular to the rod through its end and 
middle respectively. 


2 
The moment of inertia of the rod about b=M ie 
‘ 12 
The moment of inertia of M situated at G about a=M rip 


Hence, adding, the moment of inertia of the rod about a=M 5° 
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Example 2. Given that the moment of inertia of a circular lamina 


2 
about a diameter is al to find the moment of inertia about a tangent 
4 to its circumference. 
Pp r Q Let PQ be an axis touching the circle 
at T. 
Let AB be the diameter parallel 
a 5 to PQ. 


Then the moment of inertia about 
2 
AB is My: and the moment of inertia 


of M at G about PQ is Ma?. 
Hence, adding, the moment of inertia of the lamina about PQ 


: 5a? 
is M. Ags 


Fia. 95. 


Example 3. A big spherical ball is hinged to a beam and hangs 
suspended above a shop door. Find its radius of gyration as it swings 
about in the wind. 

The moment of inertia of the ball about a diameter is M. —— 

The moment of inertia of M concentrated at the centre about the 
hinge is Ma?. 

Hence, adding, the moment of inertia of the ball about the hinge 
is M. ue . 

Hence the radius of gyration of the ball about the hinge is a/t. 


5. A useful theorem on the moments of inertia of a lamina. 


Let two perpendicular axes lying in the lamina intersect 
at O 


Then the moment of inertia of the lamina about 2’z 


= \v OL OP RRREEEED. PRO EPP DAEs (1) 
Also the moment of inertia of the lamina about y’y 
= 2 OI BEDE RAL eee (2) 


Finally the moment of inertia of the lamina about an axis 
through O perpendicular to its plane is 


iG Hi) MERE «inne ssusvctecs oeuanecervee (3) 
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But Ge +y?)dm= [2 dm + [v dm. 


Hence the moment of inertia of a lamina about an axis perpen- 
dicular to its plane is equal to the sum of the moments of inertia 
about two perpendicular axes lying in the lamina and such that 
the original axis passes through their point of intersection. 


Example 1. 710 find the u.t1. of a circular hoop about its diameter. 

Let I denote the required moment of inertia of a circular hoop 
of radius a and mass M about its diameter. Plainly the m.i. of 
the hoop about an axis through its centre at right angles to its plane 
is Ma*. Hence, by the foregoing theorem, if we take two diameters 


2 
perpendicular to one another, we obtain I +1 =Ma?, i.e l=M > 


Example 2. A rectangular lamina ABCD, whose sides are 7 cm. and 
4 cm. respectively, hangs in a vertical plane and swings freely about 
a horizontal pivot driven through A. Calculate the moment of inertia 
about the pivot if the mass of the lamina be 120 grams. 
We have: 
Mb? 42 


M.I. of the lamina about AB is ae =120 x q 0.6.8. units. 
2 2 
M.I. of the lamina about AD is = =120 xe ©.G.S. units. 


Hence the moment of inertia about the pivot which is perpen- 
dicular to its plane =129( 4? +7?) =40 x 65 =2600 c.a.s_ units. 


PART III. CENTRES OF PRESSURE. 


6. It is proved in treatises on Hydrostatics that non-viscous 
fluids exert on flat surfaces with which they are in contact an 
intensity of pressure which is at every point perpendicular to 
that surface. We may find the position of the “Centre of 
Pressure ” (2, 7) by taking two convenient rectangular axes lying 
in the flat surface and using the formula 


|v dA oy AG 
E = ? y => 2 
|p dA \p dA 
where p is the intensity of the fluid-pressure at any particular 
point of the flat surface and 3A is the element of its Area. 
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Example 1. A rectangular box, whose lid is 10 cm. by 8 cm., is 
filled with a gas whose pressure throughout is 1000 grams wt. per 
sq. cm. Calculate the turning-moment due to gas-pressure on the hinges 
of the lid. 


F 
10cm Cc 


A H ocm. by B 


2 


Fia. 96. 


Let the above diagram ABCD represent the lid of the box, the 
hinges being at H, and H, respectively and the fastener at F. Let 
PQQ’P’ be a small rectangular area of width 8x cm., whose sides 
are parallel to the sides of the box. Let AP=BQ=a cm. 

Then the pressure on PQQ’P’ is 1000 x10x$a grm. wt. and 
the “ twisting-effect ’ or ““moment”’ about the line of hinges AB 
is measured by 1000x10 x axa grm.-cm. 

Thus the total turning-effect of the pressure cf the gas on the lid 
about AB is (very approximately) 


8 
> 1000 x 10 x 8x x2, 
0 
8 
ze. accurately [ 1000 x 10 x dx x@ grm.-cm., 


8 
1.€ 10,000 [ xdx grm.-cm., 
v.e. 320,000 grm.-cm. 


Corollary. The tctal pressure of the gas on the lid 
=1000 x 10x 8 grm. wt.= 80,000 grm. wt. 
Hence the distance of the C.P. from the line of the hinges 


320,000 a) 
= San 000 (mm. =4 cm. (which is otherwise evident). 
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Example 2. Find the position of the centre of pressure of a triangular 
plate ABC subjected to a gaseous pressure of p Ib. wt. ae Sq. ins on 
one side and « vacuum on the other, given that 
CA=CB=5 ft. and AB=6 ft. B O A 

Let BO=OA, then CO is perpendicular to BA, 
and by symmetry it is clear that the centre of 


pressure lies on CO. 


Divide the triangle into strips parallel to AB, P Q 
and consider that one of width $a ft. which is Q 
distant x ft. from AB. Let & ft. be the distance 
of the centre of pressure from AB. 
Then, by the formulae for calculating the centre 
of pressure, 


Seeger 
| Fle ihe 
0 


4 ; 
| oxpxb Pda [ x(4 — 2x) da 
/0 


J [ (4 —x) dx 


(cancelling the constant pressure p) Fic. 97. 


=11 ft. 


Example 8. ABCD represents a “hatch” to run off the surplus 


water from a mill-dam. 


It is 4 ft. wide and 6 ft. deep. To find the 


position of the centre of pressure, given that the water is level with AB. 


Fic. 98. 


Then the intensity of pressure at any 


*B point x feet deep on the inside of the 


hatch is due to the effect of the atmos- 
pheric pressure plus the pressure due to 
the depth of the water. Also, the in- 
tensity of the pressure at any point on 
the outside of the hatch is due to the 
atmosphere only. Hence the effect of 
the atmospheric pressure on the hatch 
from within cancels that from without. 
Hence the effective intensity of pressure 
p |b. wt. per sq. ft. at a point x feet 
deep is due to the depth of the water 
only, i.e. p=62-3x lb. wt. per sq. ft. 
(since a cubic foot of water weighs 62°3 lb. 
very approximately). 
Hence, applying the formula, 


6 6 6 
ap x4dx i 62-3a x x da [ x* dx 
0 


= =4 ft. 


s 


0 
=, =e ; 
. d 
[\pxAax [ 62:30d0 fe hy 
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Example 4. 'o find the centre of pressure on the vertical triangular 
ends of an open vessel full of water. 
As before, the atmospheric pressures from 
8 within and without cancel. 
Also the element of area to be dealt with 
is plainly PQ dz. 


Bee x PQ dx [ 2-2) do 
Hence =°_ = 
[ p xPQdx [ xh — 2), dir 


(where HC =h) 


= hice, the centre of pressure is half- 
way down the median. 


EXAMPLES X. 
CenTRES OF GRAVITY. 


1. Find the C.G. of a triangular lamina whose sides are 7 cm., 
7 cm., 4 cm. 

2. Find the C.G. of a lamina in the form of a trapezium whose 
parallel sides are 9 cm. and 15 cm. respectively and at a distance 
8 cm. apart, the whole figure being symmetrical about the line 
joining the mid-points of the parallel sides. 


3. ABCD is a quadrilateral in which AB is parallel to DC and 
AD perpendicular to AB. Find the posi- 
tion of its C.G. given that AD=4 cm. D Cc 
DC =7 cm., AB=10 cm. 


4, Find the C.G. of the portion of 

the area of the parabola y? =40z cut off 

by the line x =10. A B 
5. Find the C.G. of the area enclosed Fic. 100. 

by the curve y? =82% and the line x =2. 


. 6. Find the C.G. of the area enclosed by x?=7y? and the straight 
ine y=7. 

_%,. Find the C.G. of a pyramid standing on a square base whose 
side is 5 inches, the perpendicular from the apex of the pyramid 


on the base, passing through the intersection of the diagonals of the 
square and being 8 in. long. 


8. A pyramid stands on a rectangular base 12 in. by 5 in. and its 
apex is on the perpendicular to the base through the intersection 
of AT diagonals of the base, and is 20 in. above the base. Find 
its C.G. 
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9. Find the C.G. of a regular tetrahedron each of whose edges 
is 9 inches long. 

10. Find the C.G. of a hollow cone h feet high and semivertical 
angle a. 

11. Find the C.G. of the canvas of a tent which is of the shape 
of a cone 7 ft. high and semivertical angle of 45° standing on a 
cylinder 14 ft. high and cross-section a circle of 7 ft. radius. 

12. Find the C.G. of the smaller portion of a solid sphere of 
radius 10 cm. cut off by a plane distant 4 cm. from its centre. 

18. Find the C.G. of the smaller portion of a solid sphere of 
radius a cm. cut off by a plane distant 6 cm. from its centre. 

14, Find the C.G. of the solid figure formed by the revolution 
of y? =4ax about the axis of x and by the revolution of x =b. 

15. Find the C.G. of the solid figure formed by the revolution 

2 
about the axis of x of that half of the ellipse ae 
the right of the axis of y. bs 


16. Find the C.G. of the solid figure. formed by the revolution 


2 2 
about the axis of y of that half of the ellipse oth 
above the axis of x. ¢ 

17. A round bar of iron 6 ft. long gradually tapers from a cross- 
section of $ inch to a point. Find the position of its C.G. 

18. An ordinary bucket is 12 inches across the bottom and 16 
inches across the top, while the slant side is 14 inches. Find the 
C.G. of the water contained in the bucket when full. 

19. If the thickness of the material used in the bucket is 4 inch, 
find the C.G. of the empty bucket. 


y? 
+ ian 1 which lies to 


=1 which lies 


Moments or INERTIA. 


20. A piece of wire whose mass is 0:42 gram per cm. length is 
bent into the form of a rectangle 30 cm. long and 20 cm. wide. Find 
the M. of I. of the wire rectangle (i) about the shorter side, (ii) about 


the longer side. 


21. A bar of iron whose cross-section is negligible in comparison 
with its length is 4 ft. long and weighs 10 lb. It rotates about a 
vertical axis passing through one end, to which it is inclined at 40°. 
Find the M.I. of the iron bar about the axis of rotation. 


22, A piece of wire whose mass is 0-4 gram per cm. length is bent 
into the shape of an equilateral triangle whose side is 10 cm. Find 
the M.I. of the wire triangle about one of its sides. 
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23. Find the M.I. of a trap-door 2 feet square and weighing 15 Ib. 
(about the line of its hinges). 

24. The lid of a desk is 2 ft. wide, 1 ft. 6 in. deep, and weighs 7 lb. 
Find its moment of inertia (about the line of its hinges). 

25. ABCD and EFGH are the two wooden arms of a figure used 
for scaring birds from seeds. The wind causes them to revolve 
about ADEH as axis of rotation. If each arm weighs 6 oz. and 
measures 8 in. by 2 in., find the M. of I. of the arms. 


Cc 
E 
A D H 
F G 
Fic. 101. Fia. 102. 


26 ABCD represents the solid part of the paddle of a paddle- 
wheel of a boat. It is connected by solid iron rods AX, DY with 
XY an iron axle, about the axis of which the paddles rotate. 

AB=2 ft., AX=4 ft, AD=BC=6 ft. ABCD weighs 35 lb., 
AX and YD each weighs 5 lb. and the axle XY 50 |b. 

If there are ten paddles on the wheel, find (1) the M. of I. of the 
wheel, (2) its radius of gyration, (3) the kinetic energy of the wheel 
when making 2 revolutions per minute. 


27. A wheel is formed of wire weighing 2 grams per cm. length 
for its rim and 0-4 gram per em. length for each of its 12 spokes. 
If the radius of the wheel is 9 cm., find (1) its M. of I. about its axis 
of rotation, (2) its radius of gyration, (3) its kinetic energy when the 
wheel is making one revolution per sec. 


28. In a laboratory experiment, to determine the acceleration 
due to gravity, a circular brass disc 10 cm. in diameter and 2 mm. 
thick has an axis soldered to its centre at right angles to its plane 
by which it rolls down two metre scales inclined to the horizontal. 
If the brass weigh 8-1 grams per cu. em., find (1) the M.I. of the 
disc about its axis of rotation, (2) the radius of gyration of the disc 
(3) the kinetic energy of the dise when making n revolutions per sec. 
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29. A circular disc of lead is 8 cm. in diameter and 1 cm. thick, 
and it rolls down an inclined plane. Lead weighs 11-35 grams per 
cu. cm. Find the M.I. of the disc (1) about an axis through its 
centre perpendicular to its circular face, (2) about the parallel to this 
line on the inclined plane, about which it is instantaneously rotating 
at any moment. 

30. A circular furnace door of iron has a diameter of 15 inches 
and weighs 50 lb. It is hinged in such a way that it turns about 
an axis which is a tangent to the circle. Find (1) its M.I. about 
this axis, (2) its radius of gyration, (3) its kinetic energy when moving 
at the rate of 50° per sec. 

31. Find the M. of I. of a rectangular magnet 10 cm. long, 1:5 cm. 
wide, 0-5 em. thick about a vertical axis through its C.G., one 
of its largest rectangular faces being horizontal. The mass of 
the magnet is 56 grams. 

32. In an experiment carried out with the magnet in Question 31, 
a rectangular piece of brass is used 6 cm. long, 1 cm. wide, 0:4 cm. 
thick and weighing 19-36 grams. One of the largest faces of the 
brass is laid symmetrically upon the magnet so that the C. of G. of 
the brass lies vertically above the C.G. of the magnet. What is 
the M.I. of the system about the same axis as in Question 31 ? 

83. Find the M.I. of a solid circular cylinder, length 27 cm. and 
a cm. radius of cross-section, whose mass is M grams about its axis 
of figure. 

34. Find the M.I. of the cylinder in Question 23 about any diameter 
of the circle at one of its ends. 

35. Find the M.I. of a magnetised knitting needle 24 cm. long, 
whose cross-section is a circle with radius 1] mm., about an axis 
perpendicular to the needle through its C. of G., the mass of the 
needle being 5:76 grams. 

36. Find the M.I. of a circular cylindrical magnet 10 cm. long and 
diameter of cross-section 1 cm., weighing 236 grams, about an axis 
through its C. of G. and perpendicular to its axis of figure. 

37. Find the M.I. of a hollow cylindrical magnet 14 cm. long, the 
external and internal diameters of cross-section being 1-2 cm. and 
1 cm. respectively and its mass 38-72 grams, about an axis through 
its C.G. and perpendicular to its axis of figure. 

38. What is the M.I. of a cone of height 4 cm. and semivertical 
angle a and mass M grams about its axis of figure ? 

39. A frustum of a cone is contained between two circles of radii 
a and b em. (a>b), and the distance between the circular ends is k em. 
The mass of the frustum is M grams. Find the M. of I. about the 
axis of figure. 


100 CENTRES OF GRAVITY [CHAP. X. 


40. Asphere 10 cm. diameter and weighing 542 grams is attached 
to the end of a fine wire 1 metre long and suspended to form a 
pendulum. What is (1) M.I. of the sphere about the axis of rotation ; 
(2) the radius of gyration ? 


41. A sphere 1 ft. in diarneter and mass 2 lb. rolls down an 
inclined plane. What is the M.I. of the sphere about the straight 
line round which it is instantaneously rotating at any moment ? 


42. The flywheel of a Brennan gyroscope is a steel cylinder 
6 inches in diameter and weighing 10 lb. When running at full 
speed it makes 100 revolutions per sec. Find (1) its radius of 
gyration, (2) its kinetic energy at full speed. 


43. A steel ring or annulus of rectangular cross-section is formed 
by cutting out from the centre ot a disc of thickness d cm. and 
radius 7, cm. a disc of the same thickness and 
radius r, cm. (see figure). If M grams be the 
_ mass of the ring, prove that the M. of I. of the 
disc about an axis through its centre and perpen- VY \ 
dicular to its plane is vine +r") C.G.S. units. fom 

44. The simplest rigid pendulum for accurate 
experiment is now considered to be a ring or 
annulus such as described in the preceding 
question (provided that r,?=3r,”), the ring 
resting anywhere on its inner circumference on a knife edge. 

Find the radius of gyration of such a pendulum, the external radius 
being 20 cm. 


Fia, 103. 


CENTRES OF PRESSURE. 


45. A rectangular area 5 ft. wide is immersed vertically in a liquid, 
the upper edge being parallel to the surface and at a depth of 11 ft., 
while the lower edge is at a depth of 20 ft. Disregarding atmos- 
pheric pressure, what is the depth of the centre of pressure ? 


46. The same rectangular area as in Question 45 is immersed in 
a liquid with its upper edge in the surface and its plane making an 
angle of 60° with the vertical. Find the depth of the centre of 
pressure, due to the effect of the liquid only. 


47. A rectangular area 8 ft. wide is immersed so that its upper 
_edge is parallel to the surface and at a depth of 3 feet, while its lower 
edge is at a depth of 10 feet and its plane makes an angle of 60° 
with the vertical. What is the depth of its centre of liquid pressure ? 

48. A triangle, with base 20 inches and each of its other sides 
30 inches, is immersed vertically in a liquid, its vertex being just in 
the surface. Find the depth of its centre of liquid pressure. 
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49. The triangle of the preceding question is immersed vertically, 
but with its base just in the surface and vertex downwards. Find 
the depth of its centre of liquid pressure. 


50. A triangle, base 40 inches and each of its other sides 50 inches, 
is immersed in a liquid with its vertex in the surface, its base parallel 
to the surface, and its plane making angles of (i) 32°, (ii) 47°, (iii) 59°, 
(iv) 64°, (v) 87° with the vertical. Find the vertical depths of the 
centres of l'quid pressure in each case. 


51. A triangle, base 1 metre and each of its other sides 1:3 metres, 
is immersed with its base in the surface of a liquid and its vertex 
downwards, its plane making angles of (i) 28°, (ii) 34°, (ili) 45°, 
(iv) 53°, (v) 66°, (vi) 72°, (vii) 84° with the vertical. Find the 
vertical depths of the centres of liquid pressure in each case. 


52. A heavy iron door is in the shape of a square with a 
3-foot side. It is hinged on its upper edge, and hanging 
vertically closes the outfall of a small canal into the sea. its lower 
edge being level with the bottom of the canal. It is kept closed 
by a horizontal force of half a ton weight applied to its bottom 
edge. What is the depth of the water in the canal when it is just on 
the point of opening, and what is the position of the centre of 
pressure on the door ? 


58. What must be the horizontal force applied 1} ft. from the 
hinges of a rectangular iron door which just closes the outlet of a 
drain into the sea when the depth of water in the drain is 7 ft. ? The 
horizontal side of the door is 4 ft. and the vertical 3 ft. Find also 
the centre of pressure on the door. 


54. A lock gate is 9 ft. wide and the depth of water on one side 
of it is 15 ft. and on the other side 8 ft. Find the resultant 
thrust on the gate and the point where its line of action meets the 

ate. 

[V.B.—The effect of the atmospheric pressure must be taken into 
account in this question. ] 


M.W. L 
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1. If y is known to be a quadratic function of 2, and we have in 
addition the following scheme of values: 


y | 1 | 6 | 35 
| 
x | iL | 2°5 | ab 
express y in terms of «, and find the corresponding values of a : 


(Army Adapted.) 
2. A man 5 ft. 8 in. in height walks towards an electric are street 
light at the rate of 4 miles per hour. The light is 25 ft. above the 
level of the street. Find the rate in ft. per sec. at which his shadow 
diminishes in length. (Army.) 
3. By drawing the graph of the curve 5y =z? — x, estimate roughly 
the position of points on it at which the tangent makes an angle of 
45° with the axis of x Then, by means of the calculus, find the 
points accurately. (Army Adapted.) 
4. Find the maximum and minimum values of y= fo : 
illustrate your 1esults by drawing a rough graph of the function. 
(M.T.) 
5. A window is in the form of a rectangle surmounted by a semi- 
circle. If the perimeter is 30 ft., find the dimensions of the window 
so that the greatest possible amount of light may be admitted. 
(Downing.) 
6. A body moves in a straight line, and its distances from a given 
point in the line at various times are given in the following table : 
| 


be 


Time in seconds. - | 0) | il 5 


2 | 3 | 4 


6 | 7 | 8 


Distance in feet - | ON Bi [al 2 


48 | 7 | 208 jaa ) 192 


Draw a graph showing the connection between distance and time. 
Derive a velocity-time curve, and find the velocity at the end 
of 3, 4, 74 seconds. 
What do you infer as to the acceleration of the body ? 
(Army Adapted.) 
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7. Draw, in the same figure, the graphs of the equations 
(1) v=8 +32%, 
(2) s =8t +1602, 


measuring ¢ along a horizontal and v and s along a vertical axis. 
Find two points on the axis of t, unit distance apart; draw ordinates 
to the first locus, and calculate the area of the trapezium so formed. 
Show that the measure of this area is equal to the difference between 
the ordinates when they are drawn from the same points to the 
second locus. (Army.) 


8. A straight line KL is 12 cm. long. At the ends of this straight 
line and on the same side of it are erected perpendiculars KA 6 cm. 
long and LB 3cm. long. The position of a point P in KL is specified 
by its distance, z, from K. Express AP? + PB? in terms of a, and 
hence determine the position of P when AP? + PB? is a minimum. 

(Army Adapted.) 


9. A circular cylinder of a given capacity, closed at each end, is to 
be made of thin sheet metal of a uniform thickness. Find the ratio 
ot the diameter to the length of the cylinder such that the weight of 


the vessel shall be a minimum. (Q.P.M.S.T.) 
10. Describe, and illustrate by a figure, the noticeable features of 
the curve y =(« - 60)(x - 61)(x — 62). 


Find by the calculus the inclination to the axis of x of the tangent 
to the curve at the point where x =61. 


11. Equal squares are cut from the four corners of a rectangular 
sheet of cardboard measuring 30 inches by 14 inches, and the sides 
and ends are turned up so as tc form an open rectangular box. Find 
the cubical contents of the box when the squares cut out have sides 
of w inches length. By aid of the calculus determine the value of 


which corresponds to the largest box and the volume of this box. 
(Army Adapted.) 


12. The amount ot water in a tank at the end of ¢ seconds from 
opening a tap is given in the following table : 


Tnee¢ seconds - | 0 | 5 }10| 15 |20 30 40 |50| BB | 60 | 70 
Gallons of water) |) ¢4 Ae 423136125116] 9 |6251 414 
in tank | 


Plot these quantities, and deduce from the curve the rate at which 


water was leaving the tank at the end of 15 seconds and 55 seconds. 
(Army.) 
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13. A point moves along the line Ow so that its distance from O 
at time ¢ seconds is (¢® — 12¢) feet. Find an expression for its velocity 
at this time, and sketch graphs showing the distance and velocity as 
functions of the time, fromt= -4 tot= +4. (Army.) 

14. The figure represents a triangular field, right angled at A, 
divided into two equal portions by a straight fence running from 
a point P in the side AC to a point A 
Qin the side AB. The lengths in 
metres are as follows: AB=a, 

INC =O; INPaa, iOj=n, let—op 
Express y in terms of x and z. 
Write down a relation between 
x, z, a, 6, and use it to show that 


By aid of the calculus find the see ees 


value of x which makes y as small as possible. (Army Adapted. 
15. Draw a part of the graph of the function y=23 — 2x? +a -1, 
plotting points for which x= —-1, 0, 4, 1, 3, 2, and by aid of the 
calculus find accurately for what values of a the function is a 
maximum and a minimum. (Army Adapted.) 
16. A circular cylinder with plane ends is inscribed in a sphere. 
Show that, when the volume of the cylinder is a maximum, it bears 
to the volume of the sphere the ratio of 1: ,/3. (Q.P.M.S.T.) 
17. Find the equations to the tangent and normal to the curve 
xv 
4a 
Find also the points in which these lines cut the axes. 
(Q.P.M.S.T.) 
18. In the figure, ABC represents a flower-bed in the form of an 
isosceles right-angled triangle whose sides AB, AC are each 12 ft. 


y =a +7— at the point for which # =3a. 


B G Fic. 105. E 


long. Parallels DE, FG are drawn at equal distances x feet from 
AC, AB respectively, to divide ABC into four areas, those shaded 
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being each y square feet. Express the length of BD and GH in 
terms of x, and hence express y as a function of x. 
By aid of the calculus find how « must be chosen so as to make 


y as large as possible. (Army Adapted.) 

19. Find the values of A and B in the identity 

28 Bes" ,8 

4 (wv —-4)u aw —4 x dy 
If oes aye tabulate the values of y and eS for the following 
values of ~: —o, -2, -1, 0, 1, 2, 3. 4, 5, o. Plot the graph 
Cine pear : De’ paying particular attention to its form when « 
approaches the values 0 and 4. (Army.) 


20. O is a fixed point on a straight line, and P a point moving on 
the straight line, so that at time t seconds OP = — 4t +5 centimetres. 
Find an expression for, the ratio of the distance P moves in the 
interval between ¢ and t+ ig55 to the interval jg45. Is this 
expression distinguishable from the velocity at any time ¢ for the 
purpose of a drawing in which 1 cm. represents a velocity of 1 cm. 
per sec. ? 

Suppose that at every position of P a perpendicular PQ to OP is 
drawn representing the velocity of P on the scale mentioned above. 
Draw the path of Q, and mark with the numbers 0, 1, 2, 3, 4, 5 the 
positions of Q at times 0, 1, 2, 3, 4, 5 seconds. When is P at rest, 
when is it moving in the positive direction and when in the negative ? 

(Army.) 

Repeat these calculations, using the methods of the Calculus. 

21. A rectangular sheet of cardboard ABCD (see figure) is taken. 
Portions are cut out at the four corners, 
leaving only the part shaded in the figure, 
and this portion is folded so as to form a 
rectangular box with a lid. If AB=a, 
BC =, and z is the length of a side of each 
of the two squares cut out at the two 
bottom corners, prove that the volume of 
the box is $a(a—-2x)(b-2x). If a=6 in., 
b=12 in., find approximately the value of 
x for which this volume is a maximum, and 
find this maximum volume in cubic inches. 

(Army.) 

22. Find, by any method, the coordinates 
of the points in which the straight line Fic. 106. 

y =2a -8 intersects the parabola y7=5%. 

Obtain the equations of the tangents at their points of intersection ; 
and the coordinates of the point in which the tangents intersect. 
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23. The figure represents two straight roads crossing each other 
at right angles, A and B heing places on the roads, distant a miles 
and 6 miles respectively from the crossing. 
Two motor cars start simultaneously from 
A and B towards the crossing with constant 
speeds w miles per hr. and v miles per hr. 
respectively. Show that their distance apart 
after ¢ hours will be 

d= /{(w? + v®)i2 — 2(auw +bv)t + (a? +6?)} miles. 

Taking w=16, v=12, a=3, b =4, and using 
the calculus, find at what time the cars are 
closest together and what this shortest 
distance is. (Army Adapted.) 


24. The following table gives observations Fre. 107 
of the Centigrade temperature of some water Bed 
in a vessel. The temperature taken at intervals of 5 minutes was: 
80°, 67°, 56°, 47°, 40°, 35°, 31°. Plot the temperatures with the 
times and join by a smooth curve. 

Estimate, as nearly as you can, the rate at which the temperature 
was falling at the moment when the temperature was 60°, and 
when it was 50°, and when it was 40°. 

Taking the room temperature at 20°, compare these three results, 
and state whether the rate of cooling was proportional to the excess 
of temperature above that of the room. (Army.) 


25. The figure represents a rhombus made up of four rods each 
of length a cm. jointed together at their extremities, 


Fre, 108. 


If the length of one diagonal is « em., prove that the length of the 
other is \/4a2 — x? cm., and that the area of the rhombus is hada? — 2? 
sq.cm.. Taking a=8 and using the calculus, find for what value 
of x the area is greatest, and calculate the length of the other diagonal 
in this case. From your result, what conclusion would you form 
as tc the shape of the rhombus when its area is greatest ? 


(Army Adapted.) 
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26. A point R is taken on the side AB of a triangle ABC of area z, 
so that AR=x.AB, where x>}. RQ is drawn parallel to BC to 
meet AC at Q. RH parallel to AC to meet BU at H, and QK parallel 
to AB to meet BC at K. Prove that the areas of ARQ and BRH 
are xz and (1 —2)z respectively (notice that they are similar to 
ABC), and find in similar form the area of CQK; use these. results 
to find the area of QRHK. 

By aid of the calculus find the value ot x which makes the trapezium 
QRHK greatest. (Army Adapted.) 


27. Find the value of = at any point (x, y) of the curve x +y2 =at 


and write down the equation to the tangent to the curve at the 
point. Ifthe tangent cut the axes Oz, Oy, in P and Q respectively, 
show that OP + OQ is constant and equal to a. 

Take “a” equal to 4 inches, and draw a number of straight lines 
cutting the axes and having the sum of their intercepts equal to this. 
Show that the curve may then be sketched to touch these lines. 

(Q.P.M.S.'T.) 

28. Find the coordinates of the points of intersection, and the 

angle at which they cut, of the curves 
227 +5y2=1:3 and w*%+y?—1-3y+0-11=0. (Army.) 

29. A measuring cylinder, open at the top, is constructed of thin 
metal to have a capacity of 1 litre. The radius of the circular base 
being r cm., the height h of the cylinder in cm., and the area S of the 
metal in sq. cm. are given by h=318-3/r?, S =3-1427? + 2000/r.. By 
aid of the calculus find the values of r and / which make S a minimum, 
and also the minimum value of S. (Army Adapted.) 


80. Prove that the part of the tangent to the curve x> +y' =a) 
intercepted between the coordinate axes is of constant length. 
(Downing.) 
81. A straight lever, whose length is « feet and which weighs 1 lb. 
per foot, is held horizontally, with one end resting on a fulcrum. A 
weight of 32 lb. hangs from the lever at a point distant 3 inches 
from the fulcrum, and is supported by a vertical force P lb. at the 
other end of the lever. 
Express P in terms of x, and by aid of the calculus find for what 
value of a the force P is least. (Army Adapted.) 


32. Trace the curve of y?=a(x -1)(2-a); and show that the 

d i 
tangents at the points on the curve given by v=1 + 73 are parallel to 
the axis of x. ~ (M.T.) 


33. A ship A steams due east from a certain port P at 20 knots, 
setting out at the moment when another ship B, which is steaming 
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at 15 knots towards P, is 40 nautical miles due south of P. Finda 
formula for the distance between the ships A and B at time ¢ hours 
after A has left P. Determine the value of ¢ for which the distance 
AB is least, and what this least distance is. A knot is a rate of 
1 nautical mile per hour. 

You may assume that when a function of ¢ has a turning value for 
a certain value of t, the square of the function will also have a turning 
value for the same value of ¢. (Army.) 

34. Find the slope of the tangent to the hyperbola 2? -y?=4 at 
the point (8, 3). Hence write down the equation of the tangent 
at the point. If this tangent meets the lines y=x and y= —2& at 
Q and R respectively, find the coordinates of Q and R and the area 
of the triangle QOR. (Army Adapted.) 

35. Draw the curves y=x? and y=xz* from «= —1 to w=—1" 
Tor each of these curves : 

(1) Write down the slope of the tangent at the point whose 
abscissa is 7, stating the numerical value at the point (1, 1), and 
finding the actual angle which the tangent at this point makes with 
the axis of x Verify by rough measurement of the angle in the 
figure. 

(2) Calculate the slope. of the chord of each curve joining the 
points given by v=1-0 and v=1+1. 

(3) Calculate the slope of the chord joming «=0-9 and x=1-1. 

(4) Find by how much per cent. the slope of each chord calculated 
under (2) and (3) differs from the slope of the corresponding tangent 
rAnags ale (Army.) 

36. If the sum of the lengths of the hypotenuse and another side 
of a right-angled triangle is given, show that the area of the triangle 


is a maximum when the angle between these sides is 60°. (M.T.) 
37. Find the maximum and minimum values of 2v3 — 3x2 —10, and 
draw a graph. (Downing.) 


38. Semicircles are described on AB, AC, CB. Given that the 
radius of AKB is r cms., and that of ALC xz cm., show that the area 
of the unshaded portion of the figure is ma(7 — x) sq. cm. 

With 9 as the value of 7, calculate 
the area of the unshaded portion for 
the following values of x: 0, 1, 
2,.... Tabulate your results and 
draw a graph to show the variation 
in the area, showing x full size, 
and representing area on the scale {A 
of 1 small division of your book KS 
for t sq. cm. What is the position 
of C when the area of the part 


Fic, 109. 
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between the circles is a minimum? a maximum? Compare the 
maximum area with that of the semicircle AKB. 

Regarding C as a point moving from A to B, find at what rate 
the area of the unshaded part is increasing when x is 3 cm., if x is 
increasing at the rate of 1 cm. per sec. (Army.) 


89. Determine the slope of the curve y?(x —3)=2zx at the point 
(6, 2), and find the length of the normal at that point intercepted 
between the curve and the axis of x. (Q.P.M.S.T.) 


40. Find the cylinder of given superficial area (the ends being 
included) whose volume is greatest. 


41. Give the equations to the tangents to the curves #2 4-y?=4 
and 5x2+y?=5 at the points where they intersect ; and show that 
the angle at which they intersect is 37° 46’ to the nearest minute. 

(Q.P.M.S.T.) 


42. A circular plate is expanding by heat. When the radius 
passes through the value 3 feet, it is increasing at the rate of 0-001 
inch per sec. Jind the rate of increase of the area at this moment. 

(Oxf. and Camb. Joint Board.) 

43. A rectangular plate has its sides 10 inches and 5 inches respec- 
tively. If equal squares are cut out at the four corners, and if the 
sides are then turned up so as to form an open box, show that the 

. 125 : 2% 
volume of the greatest box so formed is 373 cu. in. (Trinity. ) 

44, A cylinder with plane ends has a given volume. Show that its 
total surface is a minimum when the length of the cylinder is equal 
to the diameter of an end. 

What are the dimensions of such a cylinder if its volume is 10 
cu. ft. ? (Q.P.M.S.T.) 


45. The sides of the base of a biscuit tin are in the ratio 2:1. 
Find the ratio of the height to the smaller side if the tin is to have 
a given content for a minimum expenditure of material. [Neglect the 
flanges which hold the Jid on the tin.] 

(Oxf. and Camb. Joint Board.) 


46. If s is the distance described in time ¢ by a particle moving 
: 3 : : rien ds A ds - 
in a straight Jine, give the meanings o dp ond ap: 

Tf t=as? +2bs +c, where a, b. c are constants and a is positive, 
show that the particle undergoes a retardation which at any instant 
is proportional to the cube of its velocity. 

(Oxf. and Camb. Joint Board.) 

47. If a uniform beam of length 2a is supported at its two extre- 
mities A and B and has a weight attached to a point C in its length, 
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where CB =a, it can be shown that the bending moment at any 
point of the rod between A and C is measured by (2 +n)ax —2x*, 
where x is the distance of the point from A and 1 is the ratio of the 
attached weight to the weight of the rod, and that at any point 
between C and B by (2+3n)aa -— 2, where x is the distance of the 
point from B. 

Show that the bending moment at any point of the rod is greatest 
at Cif n>1, but is greatest at some point between C and the middle 
point of ABifn<l. (Oxf. and Camb. Joint Board.) 

48. Plot the curve y So 
values of y considered as a function of a. 

(Oxf. and Camb. Joint Board.) 

49. A man orders a plumber to make a cistern with a circular 
base to hold 1000 cu. ft. of water. It is to be open at the top. 
It has to be lined inside with sheet lead at 44d. per sq. ft. Find the 
least that the cost of lining will be. 


and find the maxima and minima 


50. A closed tank to contain 120 cu. ft. of water is to be made of 
iron plates riveted together in the shape of a circular cylinder termi- 
nated by one hemispherical and one plane end. Find its dimensions 
so that the number of plates used may be a minimum. 


MISCELLANEOUS EXAMPLES II. 
CHars. VI.—X. 


51. A load of 1200 lb. is hauled up a mine by a rope, and a spring 
balance is inserted between the load and the rope so that the lifting 
tension can be observed. This tension is T lb., when the distance 
from the bottom of the mine is x ft., and the observed values are 
as follows: 

| 0 | 100 | 200 | 300 | 400 


2 


500 | 600 


700 | 800 


Ae 


2400 | 2250 | 2030 | 1780 | 1500 | 1200 | 900 | 680 | 580 
| | 


' Plot a graph of force and distance, and find the whole work done 
in the 800 feet. 

Show that up to 500 feet the load is being accelerated, and that 
afterwards it is slowing down. Also find its greatest velocity and 
its velocity when x =800. (Army.) 


52. Draw the two parabolas y?=4%, #%=4y, and find the area 
common to them. (Oxf. and Camb. Joint Board.) 
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58. Hf a hollow vessel of the shape formed by the revolution of 
y’ =x* about the x-axis is placed under a tap from which water is 
flowing at 12 cu. in. per sec., at what rate is the level of the 
water rising in it when the depth is 1 inch, 2 inches, and 3 inches 
respectively ¢ 

54. Find the volume of the slice of a sphere, of radius unity, cut 
off by a plane at a distance c from the centre. . 

Calculate or estimate, as nearly as you can, the value of ¢ for 
the plane which cuts off a volume equal to a quarter of the whole 
volume of the sphere. (Q.P.MLS.T.) 

55. Prove that the area of the portion of a parabola cut off by a 
line at right angles to the axis, is two-thirds of the rectangle formed 
by this line, by two lines parallel to the axis through the ends of this 
line, and by the tangent at the vertex. 

Find the position of the centre of gravity of the above portion of the 
parabola. (Q.P.M.S.T.) 

56. A small tank in the shape of a triangular prism (see figure) is 
full of water. The end ABEF is vertical and the top ABCD is 


Fic. 110. 


horizontal. Determine by direct integration, without using formulae, 
the resultant thrust on the base DCEF and the point where the 
resultant thrust acts. AD—=BC=96 cm., DC=AB=FE=20 ecm,, 
AF=BE =28 cm. (Army.) 
57. A uniform rod AB, length 1 metre, weight 2 kilograms, has 
a piece CBD of like material, length 20 cm., soldered to it at right 
angles at B. Find by integration the second moment (or moment 
of inertia) of the two rods about an axis through A, parallel to CBD. 
The unit in which the answer is given should be distinctly stated. 
(Army.) 
58. Draw that portion of the graph of the equation 4y=8x —at 
for which x and y are both positive; first calculating the gradient 
of the tangent at the points where x has the values 0, 1, 2 and the 
coordinates of the point where the tangent is parallel to the «-axis, 
Calculate the area enclosed between the curve and the a-axis. 
(Army Adapted.) 
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59. A tram car is travelling at 14 m.p.h. when the brake is applied, 
and the subsequent relation between the velocity and the time is 
given by the following table : 


Time =? 0 1 | 2 | 3 4 5 | seconds. 
Velocity =v 14 | 10°64 | 8°37 | 69 | 582] 5 m.p.h. 
Time =z 6 7 | 8 | 9 10 | seconds. 
Velocity=v || 436 | 3°84 | 3°41 | 3°05 | 2°75 m.p.h.’ | 


Plot a velocity-time curve, and deduce the distance the tram car 
has covered during these 10 seconds. (Q.P.M.S.T.) 


60. Draw the curve y=(1-«)(x-5). Find the angle which the 
tangent makes with the axis of x at the points where the curve cuts 
that axis, and verify that this angle is shown roughly correct in 
your figure. Find by integration the area of the portion of the 
curve which lies on the positive side of the axis of x. 

Find also the maximum ordinate. 


2 


BS at a given point of the curve. (Army.) 


Find the value of 


61. Calculate by means of the integral calculus the area above 
the axis of x of the curve y =8x — x -7. 


62. Steam at a pressure of 120 lb. per sq. in. is admitted to a 
cylinder, cross-sectional area 300 sq. in., stroke 30 in. Halfway 
down the stroke steam is cut off so that no more is admitted to the 
cylinder, and for the remainder of the stroke the relation between 
the pressure p and the volume occupied by the steam is that p.14 
is constant. 

Find an expression for the thrust of the steam upon the piston 
during the first ha’? of the stroke, and an expression for the thrust at 
any point of the second half. 

Find the value of the second expression when the piston has 
travelled 20, 25 and 30 inches. 

Find by integration the total work done by the steam during 
one stroke. (Army Adapted.) 


63. Sketch the curve a*7" =(a* —~%*)3, and find the volume of the 
solid which is formed by the revolution of this curve about the 


axis of x. (Q.P.M.S.T.) 
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64. A uniform solid is bounded by the surface obtained by revolv- 
ing the curve oy? =ax? +2bx +¢ 


about the axis of x A slice is cut from the solid by two plane 
sections perpendicular to the axis, at a distance h apart. If A and 
B be the areas of the two plane faces of the slice, show that the 
distance of the centroid of V from the face A is equal to 


h (B-A)P? 
2 12Vo) 

65. A drain of rectangular section is closed by a square door 
which measures 2 feet in the edge, is hinged about the upper hori- 
zontal edge, and is inclined at 45° to the horizontal when closing 
the drain. What must be the weight of the door if it is designed 
to open when the water has risen halfway up it? <A cu. ft. of water 
weighs 62:3 lb. (Army.) 


66. Prove that the moment of inertia of a uniform rod about an 
axis intersecting the rod and at right angles to it is M(4a? + 62) where 
2a is the length of the rod, M its mass and 6 the distance of the axis 
from the middle point. (Q.P.M.S.T.) 


67. One end of a steel bar was held rigidly in a clamp, and a 
twisting moment was applied to the other end and increased until 
the bar broke. Readings of the twisting moment and of the angle 
through which the bar twisted were taken at frequent intervals as 
follows : 


(M.T.) 


gis 

Twisting moment, || 4 | 9999 | 3000 | 4000 | 5000 | 5500 | 6000 | 6200 
Ib. -inches J| 

|Angle, degrees - | 0 | 5 | 50 | 180 | 480. | 900 | 1600 | 1900 


The bar broke when the twisting moment reached 6200 |b.-inches. 

Plot a graph showing the relation between the twisting moment 
and the angle of twist. 

The total work done in breaking the bar is calculated by taking 
the product of the mean twisting moment and the total angle of 
twist in radians. Obtain the necessary information from the graph, 
and calculate this tota! work. (Army.) 


68. Sketch the curve y=2(x -1)(w-2) for values of x between 
-1 and 3. Prove that [ ae —1)(x - 2) dx =0, and interpret this 


result with respect to the ‘curve you have already drawn. 
Find also the values of x which give the maximum and minimum 


values of y. ; (Army.) 
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69. It is found that the rate at which a man can dig a trench is 
constant for a quarter of an hour, and thereafter varies inversely 
as the square root of the number of hours he has been at work. At 
the end of 2 hours’ work he is excavating at the rate of 22-5 cu. ft. 
per hour. Determine his rate of work at the end of the first quarter 
of an hour and at the end of each hour of a 4-hour spell of work. 
Find also his rate of work at the end of e hours. Plot a rough graph 
to show his rate of working at each instant of the spell, and by 
integration determine the number of cu. ft. of material he will 
excavate and his average rate of work. (Army Adapted.) 


70. Find the position of the centre of gravity of a solid hemisphere 
which has a radius of 5 inches. 


71. An equilateral triangle, each side 4” in length, is cut from 
sheet metal weighing 5 lb. per sq. ft. Find the moment of inertia 
of the triangle about one side, measured in “|b.-ft.2” units. 

; (QEE VEST) 


72. A rectangular plate used in connexion with a weir is entirely 
immersed, its upper and lower edges are horizontal, and are immersed 
at xem. and y cm. respectively from the surface of the water. Deter- 
mine an expression in terms of w and y only for the depth of the centre 
of pressure; and given that the length of the horizontal sides is 
a em. and the length of the other 2 sides 6 cm., find an expression 
for the total thrust of the water on this plate. (Army.) 


_73. The specific heat of water s (in joules) at temperature ¢° being 
given by the following tabie : 


= || o .| tor | 20 | 30° | 40” | 50° | 
s= || 4219 | 4195 | ais | 474 | 473 | 4174 
= IeiaG0° || ee eOenilan ete dlaaca: 100° 
a= | ans | ange | 2is0 | 4197 4205 


show that, to heat 1 gram of water from 0° to 100° requires 418-5 
joules, approximately. 


[The specific heat of a substance at temperature ¢° is where 


Q is the quantity of heat required to heat 1 gram of the substance 
from some fixed temperature to ?¢°.| (M.T.) 
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74. A car whose mass is 2000 lb. starts from rest; the resistance 
to the motion is equal to 50 lb. weight. When it has travelled 
S feet the force exerted by the engine is P lb. weight where 


Ss] ° [x 


20 | 30 | 40 | 50 


60 | 70 | 80 | 90 | 100 


P | 644 | 634 | 622 | 607 537 440 


587 | 565 


509 | 475 


404 


Find, approximately, the velocity after the car has travelled 
100 feet, assuming that the acceleration due to gravity is 32 in 
ft.-sec. units. (M.'T.) 


75. Draw the curve y=2(4-—27), and find the area included 
between the x-axis and the part of the curve lying between x =0 
and «=2. 


76. Trace roughly the portion of the curve y=8 —a? for which 
both x and y are positive. 
Find the equation of the tangent at the point whose coordinates 
are a, b. Calculate to two significant figures the values of a, b for 
which the tangent is equally inclined to the axes, and the values of 
the intercepts it makes upon the axes. 
Find by integration the area enclosed by the curve and the axes. 
(Army Adapted.) 
77. Obtain the equation to a curve in which the tangent of the 
slope at any point varies as ./a, and the slope is 45° when x=1; 
the curve is to pass through the point (1, —2). (Army.) 


; ye. Meee 
78. The ellipse whose equation is 3B +5 =1 revolves about the 


axis of x Find (i) the volume and (11) the position of the centre 
of gravity of that portion of the solid swept out which hes about the 
positive portion of the axis of x. 

79. A dock-gate is 50 ft. high and 30 ft. broad, and is supported 
against the water pressure by horizontal forces acting at the top 
and bottom perpendicular to the face of the gate. Determine the 
magnitude of these forces when the water stands 40 ft. and 25 ft. 
deep on the two sides respectively. (Q.P.M.S.T.) 


80. A heavy uniform square plate, whose side is one foot in 
length, is pivoted at one corner so that it can move in a vertical 
plane. The plate is displaced through an angle of 60° from its 
equilibrium position and then released. Find its greatest angular 
velocity in the subsequent motion. _ (Q.P.M.S.T.) 


81. A curve has to be drawn through the points (0, 0), (1, 4), 
(2, 1), (3, 5). Assuming the equation of the curve to be of the form 
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y =ax +bx? +cx +d, determine a, b, c, d, and find by integration the 
area of the curve between the extreme ordimiates and the axis of x. 
The area comes out to be equal to that of a rectangle on the same 
base and of altitude 2}. Draw a figure showing the curve and the 
rectangle, and show that the result could be inferred from the 
symmetry of the figure. (Army.) 


82. In finding the volume of earth in a cutting between two 
sections A and B, the following measurements were obtained : 


Disease Gena A | Area of ie cutting 
At A - 0 2000 sq. ft. 
8 yards. 3000 _—i,,, 
ee 3420, 
19 ,, 3960, 
2a: 3900Re.; 
AtEB: - 30 ” 3700 °° 


Find the volume of earth in the cutting and the average area of 
cross-section of the cutting. (Army.) 


88. The curve y?=« revolves about the axis of w forming a 
surface of revolution. Find the rate of increase of the volume cut 
off by a plan> perpendicular to the axis of x when 2 =3. 


84. By integration find an expression for the volume of the 
portion of a sphere cut off by a plane, and deduce an expression in 
terms of the height and diameter of base of the portion. 

Find the volume of a gasholder which consists of a cylinder 30 ft. 
in diameter and 20 ft. high surmounted by a spherical segment 
10 ft. high. (Army.) 


85. Observations of the speed of a car in miles per hour were taken 
at intervals of 12 seconds over a period of 2 minutes as follows: 


eee ee 
| Time in seconds 72 


0 |12] 24 |36) 4s | 60 


84 (96 | 108 ] 120 


Speed, mph. - | 5 | 3 25 | 3 


57] 103| 14| 105 || 2 | 0 


Plot the graph of speed and time, and from it estimate the whole 
distance run in the two minutes. 

Also estimate the mean value of the acceleration during the period 
between 30 seconds and 40 seconds. (Army. ) 
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86. The equation of a hyperbola is of the form y? =A + Ba +Cx*. 
Determine the constants A, B, C, if it is given that the curve passes 
through the points (0,0), (1,0), (2,2). (The x coordinate is 
written first.) Draw a rough sketch of the curve. 

If this curve revolves about the axis of x, find the volume generated 
by the portion between the limits x=1 and x =2. (Army.) 


87. The equation to the curve AB is y=(a+bz)-". Obtain an 
expression for the area ABCD, the coordinates of A being x,y, and 
those of B being x.y.. 


Fie. 111. 


Taking a=0, reduce your expression to its simplest form, and 
determine the number of sq. inches in the figure if y,=7-5 inches, 
Y2=1-0 inch, x,=12 inches, and n=14. (Army). 

88. A uniform solid is bounded by the surface obtained by revolv- 
ing the curve y? =aa? + 2bu +e 
about the axis of x. A slice is cut from the solid by two plane 
sections perpendicular to the axis, at a distance h apart; prove that 
the volume of the slice is V, where 

V=3(A+B)h -4 rah’, 
Aand B being the areas of the two plane faces of the slice. (M.T.) 


89. Find for what values of a» the function 
x? —9u? +24% +2 


is (i) increasing, (ii) diminishing, respectively. : ’ ; 
Sketch the graph of the function, and determine by integration 

the area bounded by the curve, the x-axis, and the ordinates at the 
oints where the function is a maximum and a minimum. 

. (Q.P.M.S.T.) 


M.W. M 
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90. A gas is compressed in a cylinder by the movement of the 
piston. The relation between F the force on the piston and D the 
distance from the inside face of the piston to the inside end of 
the cylinder is given by the equation F . D'*#=constant. When 
D=18 inches, F is 110 lb. 

By integration find the work done (in ft.-lb.) during the com- 
pression of the gas as D decreases from 18 inches to 3 inches. 

(Army Adapted.) 


91. How many foot-lb. of work are spent in filling a water tank 
of the following internal dimensions, length 20 feet, breadth 10 ft., 
depth 8 ft., if the bottom of the tank is 20 feet above the level of the 
water in the well from which the supply is drawn. (Army.) 


92. A uniform rod, of length 2 ft., can turn about a horizontal 
axis through one end. The other end is raised to the same height 
as the axis and then released ; find the angular velocity when the rod 
has fallen to the vertical. (Q.P.M.S.T.) 


98. (i) Find the centre of pressure of a rectangular plate immersed 
in water with one edge in the surface. 

(ii) A horizontal rectangular trough 4 feet deep and 3 feet wide 
is closed at one end by a door hinged at the upper edge. What 
horizontal force is required at the lower edge of the door to prevent 
it from opening when the trough contains water to a depth of 


18 inches ? (Q.P.M.S.T.) 
94, Find the volume of the solid formed by the revolution about 
the axis of x of the curve y?=%(a -2). (Q.P.M.S.T.) 


95. The curve y =4e? is rotated about the axis of w. Find the 
volume enclosed by the surface of revolution between the sections 
att —o andes —s. 

The same curve is rotated about the axis of y. Find the volume 
enclosed by the surface of revolution generated by the same portion 
of the curve. (Q.P.M.S.T.) 


96. A cone of semivertical angle 25° is hollow and is placed vertex 
downwards under a tap from which water is flowing into it at the 


rate of 12 cu. in. per sec. At what rate is the level of water rising 
in the cone when the depth is 20 inches ? 


_ 97. An equilateral triangle whose sides are of length a is divided 
into two portions of equal area by a line parallel to one side. If the 
whole triangle be rotated about that side, find the volumes of the 
solids traced out by the two portions of the triangle. (Q.P.M.S.T.) 

98. The portion of the paraboloid of revolution which is formed 
by the revolution of y?—8x about the x-axis and cut off by a plane 
perpendicular to the axis and distant 2 cm. from the vertex, is made 


VI.-X.] MISCELLANEOUS EXAMPLES II. 179 


in iron and immersed in a vessel in the shape of a right circular 
cylinder of radius 6 cm. cross-section containing water to a depth 
of4cm. Through what height does the water rise in consequence of 
the immersion ? 


99. A portion is cut off from a sphere of radius a by a plane at a 
distance 5 from the centre. Show that the volume of this portion 


is 3; of the volume of the sphere. (Q.P.M.S.'T.) 

100. The figure shows a portion of the rectangular hyperbola 
x? —y=a* cut off by a chord KL, parallel to OY at a distance 2a 
from OY.. Show that the volume 
of the solid cap formed by the 
revolution of KAL about OX is 
equal to the volume of a sphere of 
radius a. 

Show also that if the figure be 
rotated about the axis OY, the solid 
generated by the revolution of 
the figure MKALN has half the 
volume of the cylinder generated 
by the revolution of the rectangle 
MKLN. (Q.P.M.S.T.) 


101. The curved surface of a 
symmetrical cask with flat ends is Pie. 
formed by the rotation of an arc of a parabola about a line perpendi- 
cular to its axis. Show that, if a is the radius of each end, 6 the 
radius of the maximum section, and c the height, the volume is 

7sTc(3a® +4ab +857). (Trinity.) 

102. A cube with an edge of 2 feet is held under water with one 
edge on the surface of the water and a face through that edge making 
an angle of 30° with the water surface. Find the total pressure on 
each face of the cube. (Q.P.M.S.T.) 

103. A heavy uniform circular disc, of diameter 9 inches, is 
pivoted on a horizontal axis, perpendicular to the disc, through a 
point on the circumference. It is displaced through 135° from the 
position of equilibrium and released ; find the angular velocity and 
the kinetic energy (in ft.-lb. units) when the centre is at the lowest 
point of its path. (Q.P.MS.T.) 

104. If the velocity » of a moving point is expressed in terms of 
the time ¢, how would you apply the calculus to find the space 
described s, and the acceleration ? ’ 

Having given the relation v=al* + 2bt +c, find expressions for the 
space described and the acceleration at any time ¢. 


MW. M2 
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The units being the second and the centimetre, a being equal to 
-1, 6 to 16, c to 8, and the value of s when ¢ is zero being 22, find the 
space described, i.e. distance from the starting point and the accelera- 
tion at time 30 seconds. (Army.) 


105. One cubic foot of air at a temperature of 500° C. absolute is 
expanded isothermally from a pressure of 120 lb. per sq. in. to twice 
the initial volume. It is then expanded adiabatically to three times 
the initiat volume. Find the pressure at the end of each stage, 
and calculate graphically or otherwise the work done and the heat 
units taken in during each stage, taking the mechanical equivalent 
of one thermal unit as 1400 ft.-lbs. and the equation for adiabatic 
expansion of air as p x v'4= constant. 


CHAPTER XI. 


DIFFERENTIATION AND INTEGRATION OF 
TRIGONOMETRICAL FUNCTIONS. 


1. We proceed to deal with the Differentiation and Integra- 
tion of the Trigonometrical Functions. 


To find the gradient at the origin of the curve es 
where x is measured in radians, 
Let ON =82. “A 
.. PN =sin de. 


Hence the gradient of the 


PN .. sin 6x 
li Riise =. 1:6: po 
ine O is ON’ 1.€ Se 
We have to find the limit- 
sin 1 Op 


ing value of as da tends Fig. 113, 


towards the limit zero by repeated bisection of ON or 
otherwise. 

Take a circle of radius a, so that the two radii OR and OS 
are inclined to one another at 
an angle of 6x radians. Plainly 
the ratio of the area of the tri- 
angle ORS to the area of the 
sector ROSU tends to become 
more and more equal to unity 
as OS tends to move closer and 
closer to OR by repeated bisec- 
tion of the angle SOR or other- 
WAGE tote cededan «revels omeemen tee (2) 


Now, the area of the triangle 
Fia, 114. ROS = 4a? sin 6x 


M.W N 
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and the area of the sector ROSU = }$a7éz. 
_ area of the triangle ROS _ sin bar thi sealer) (3) 
* area of the sector ROSU) && 
sin 6x 


Hence a tends towards the limit unity as dé” tends 
WH 


towards zero, since the left-hand side of (3) has been shown 
above to tend towards the limit unity by (2). .............6005 (4) 

Hence by (1) and (4) we see that the gradient of the tangent 
at the origin to the curve y= sin x is unity, a being measured in 


radians. 
. [0x 
sin i 
Corollary. Plainly ae tends towards the limit unity as 


2 


da tends towards zero. 


This is plain from the conception of 8x tending towards the 
limit zero by the method of “repeated bisection.” 


2. Notation, 
We write the fact that ae tends towards the limit unity 


as dx tends towards zero in the form 


Darmatyeieg 218 Shes ayer gL eyes ean 
bx bx 
3. To find the differential coefficient of sin x where x is 
measured in radians, 


As usual, let 
y =sin @. 
y + dy =sin (x + 62). 
.. dy=sin (a + dx) — sin x, 


{8 32 combine \ wine 
y COS | & + 5 okay 
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183 
sin be 
PIES coe (2+) x siftets cece eI (1) 
2 
bx 
Now Ltsz-s.0 COS (« + ) =COs & 
. ox 
sin > 
and Ltsz-s0 =1. 
ox 
2 


Hence, proceeding to the limit in the case of (1) when dx 
becomes evanescent by means of “repeated bisection” or 


otherwise, we see that 
eae cos « x I, 
oC 
eae 
1.6. 7 = COB a. 
Corollary I, | cosxzdx=sina (s in raaians). 


Corollary II. 
where x 1s measured in degrees. 


Let x degrees =z radians. 
ie senm 2 
“" 180° 
d si d 
— = dq Sin 2 (2 in radians) 
dz dsinz 
da’ dz 
Tv 
= 180 cos Zz 


dsnx 7 : 
dz 7180 °%* (« in degrees). 


To find the differential coefficient of sina 
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180 
Corollary ITI. | cos @da=—— sin x (a in degrees). 


Wits =0:01745. (Mnemonic: 1745 is date of Second 


Jacobite Rebellion.) 


4. Aliter. 

The following method of looking at the problem of differ- 
entiating sin # according to the units used may help to shed 
further light on the question. 

Let P,, P,, P;, etc., be points on the curve whose abscissae 
AYe 1, Ly, #3, etc. Let Q,, Q,, Q,, etce., be points on the curve 


Fie. 115. 


near to P,, P,, P,, etc., whose abscissae are vw, +h, x, +h, x, +h, 
etc., respectively. Then the gradients of the chords P,Q,, 
P,Q,, P,Q, ete., are respectively, 


sin (#,+h)—sinw sin(*,+h)—sina, sin (#,+h)—sin a, 
? > 


) CU; 
1.6. 
2 cos (« de 5) sin B 2 cos («, ae 5 | sin ; cos (x, a *) sin : 
ae NE Sg , ete. 
h h h 
Hence 
radient of chord P,Q, _ gradient of chord P,Q, _ gradient of chord P,Q, 
Ton eo. % ca 
COs («, dk 5) cos (x, Se 5) cos (2, ate :) 
2 sin he 
9») 


4 


since each — ag ge 


,etc,, 
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Hence, proceeding to the limit when Q1 Q, Q3, ete., move up 
to coincidence with P,, P,, P,, etc., respectively, we see that 

gradient oftangentatz, gradient of tangent at x, 

COs, we ROT NS Oe Noosa.) 

_ gradient of tangent at «, 

mi COS 5 : 


etc., 


whatever units for x are used, wherewith to trace the graph 

of y=sin z. 

gradient of tangent at » 
COs x& 

we find it for some particular point on the curve where it is 

easy to calculate, for example the origin. When x is measured 

in radians, this constant value is + 1, as shown above in § 1, and 


To find this constant value for 


’ 


when # is measured in degrees it is oy 
Thus: 
dient of si tx dsinea ; ro 
ee ee ee +1 (# measured in radians) 
COS & dix 
T . 
— —— (x measured in degrees). 


dsin x © 
Example 1. Calculate aS when D3. 


We have d sin % _ COS &. 
da 
5 d sin x% h Meu 
Sina rete (w enz=5). 


Example 2. Differentiate y=sin (5”+7)”. 
dy dsin(5a+7)° 
de dix 
dsin(5z+7)  d(5“a+7) 
=“dba+7) * dex 
=0°01745 x cos (54+7)° x5 
=0°0873 cos (54+7)”. 


Example 3. The range R ft. of a gun projecting a bullet with velocity 
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V f.s. and elevated at an angle 6° from the horizontal (avr resistance being 
neglected) is given approximately by the formula 
V? sin 26° 
eB) 


The gun fires with a muzzle velocity of 1000 f.s., and ws set at an 
elevation ef 30°. Calculate the rate at which the range vs increasing 
(1) per extra “ft. per sec. of muzzle velocity,” (2) per extra degree of 
elevation. 


dR : 
In the first case we want 77 ft. (per ft. per sec. of increase of muzzle 
velocity). 
dR ; 
In the second case we want 7 ft.. (per degree increase in the 
elevation of the gun): 


dR Vsin26° 1000sin 60° 1000x0'8660 433 _ 54 


ine IG 16 16 igs) 


Now 


.. the range increases 54 feet for every “ft. per sec.” increase of the 
muzzle velocity. 


jo dR V*%cos20_ 1000? x4 
pain, foe Gael 100 = 216 


1000 x 17°45 17450 


x 0°01'745 


.. the range is increasing at the rate of 5:45 feet for every ;§5th 
degree increase in the elevation, when the gun is set at 30°, 


Example 4. Differentiate y=sin® a (a tn radvans). 


dy dsin’a 

dz da 
_dsini a dsing 
~ dsing dx 


=3 sin? x x cos & 
=3 sin? x cos x. 


Example 5. The arms of a “ Flip-Flap” are 30 yards long. They 
ascend with a uniform angular velocity from the horizontal to the vertical 
in 10 minutes. Find the rate at which the people in the cage are 
ascending in a vertical direction when the arm is half way wp. 
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[N.B.—If y yards be the height of a body above the ground 
t minutes after the start of the motion, its vertical velocity is - yards 
per minute, even though the body be not going directly upwards.] 
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If y yards be the height he i (2.é. the cage) above the ground in 
¢ minutes, we require to find @ a / yards per minute. From the figure 


y =30 sin 4, 
do a 
Also am 9 radians per min. 
aes dy dé 
* dt ~ de” dt 


= 30 cos 6 x a yards per min. 


— ox ne Me yards per min. (when half way up) 
_8J/2xm 


4 ” ” ” 


=3'33 yards per min. (when half way up.) 


5. To differentiate cos x where x is measured in radians. 


We have y = COS &. 
.. y¥ + dy = cos (#7 + dx). 
.. OY = COS (x + dx) — CoS x, 


. dy=—2sin («+ %) sin 
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sin ox 
i ae ~sin (4%) x = : 
Wy, 
: éx : 
Now Os onny S20 | Base an sin & 
. Ox 
sin o 
and Lts,>o—y— =], 
ao 


Hence, proceeding to the limit, as 6 becomes indefinitely 
small we see that 


oye —sin a x Ll. 
dx 
dy —sin a. 


Corollary I, If x be measured in degrees, 


d cos & 


T . . 
eS ee —— 0: s . 
a 1800” 01745 sin x 
Corollary II. i singdr=—cosx% (a#in radians) 
_ 180 


T 


cosa (a in degrees), 


6. To differentiate tan x where x is measured in radians, 
We have y = tan x. 
.. yt oy=tan (x+ dz). 
v. dy=tan (x + dx) —tan az 
_Sin (v+dx) sing 
cos (w+dx) cosa 
_ Sin (# + 6x) cos ~~ cos (a + dx) sin # 
COS w COs (x + dx) 
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_ Sin (%+dx—- 2%) 
cos 2 cos (a + 82) 
Bl sin 6x > 
~ 08 & cos (# + 82) 
, Oy 1 sin da 
"" dx cos x cos (a + 62) AOR 


Hence, proceeding to the limit, as dx becomes indefinitely 
small we see that 


Corollary I. If # be measured in degrees, 


dtanx 7 a yeavae 2 
ear aw =0°01745 sec? x, 


Corollary II. | sec? xdx=tanx (x in radians) 


180 fan x (x in degrees). 


7. To differentiate cosec x where x is measured in radians. 
We have y = cosec a. 
.. y + by =cosec (x + da). 
.. dy =cosec (a# + dx”) — cosec # 
1 


~ sin (c+ 8x) sina 
_ sin (@+ 6x) — sin & 
sin x sin (a + dx) 


cos (e+ a sin bs 
sin x sin (a + 6x) 


bx . oa 
cos (« ae = sin 9 


sin sin (a+ da) a 
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Hence, proceeding to the limit, as da becomes indefinitely 
small we see that 


7 dy _ me aad x Th. 
dx sin? a 
1.€. we —cosec x cot x (in another form). 
E 


Corollary. If x be measured in degrees, 


ee _— cosec x cot x = —0°01745 cosec x cot x. 
ae 


180 
8. To differentiate sec x, where x is measured in radians. 
We have ¥ = SEC 
“. yt dy=sec (x + dx). 
.. dy=sec (x + dx) — sec a 


“ 1 1 
cos (a7 +8x) cosx 


_ cos & — cos (« + 82) 
cos # cos (% + da) 

: dx\ . dx 

sin (« + =) sin > 

cos « cos (w+ 6x) ; 


. ba _ ox 
dy sin (« + af sin > 


=2 


cos # cos (x + dx) a 


Hence, proceeding to the limit, as 8% becomes indefinitely 
small we see that 


, dy sing ” 
dz cos*a 
dy 


og ee x tan « (in another form), 
a 
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Corollary. If « be measured in degrees, 
dsecx 7 


cae ahh sec x tan x= 0:01745 sec x tan x. 


9. To differentiate cot x, where x is measured in radians. 
We have y = cot &. 
. ¥ + dy = cot (x + da). 
.. dy = cot (x + dx) — cot x 
_cos(x+oxr) cosa 
sin (#+6x) sing 
_ sin cos (w+ 6x”) — cos x sin (x + 6x) 
ie sin # sin (x + dx) 


Sh sin 6a 

sin a sin (x + da) 
Oy 1 sin 0x 
“$e sina sin(a+éz) oa ‘ 


Hence, proceeding to the limit, as dx becomes indefinitely 
small we see that 


, ay il 
°* da -sin?a 
1.€, Ll — cosec? x. 
dx 


Corollary I. If x be measured in degrees, 


e me =- 750 cosec? «= — 0'01745 cosec? x. 
Corollary II. | cosec? «dxz=-—cot« ( in radians) 
180 


= ——— cot. (a in degrees), 
Tv 


Example 1. Trace the graph of y=3 tan x° +4 cot x° from 0° to 360°, 
and find its turning values. 


dy = 2 wp? 2 pp? 
We have de 180° sec? 7 — 4 cosec? a”). 


ae ene 
Hence ei vanishes when 


3 sec? x= 4 cosec? a, 
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ie. tang=+ sa V1333 


=+1°154, 
-, n= 49° 6’, 130° 54’, 229° 6’, 310° 54’. 


im a ‘ | 
|_| i 
at oH & ree He 
Ho cot EEEEEEEE cI Let 
+ | I i cH 
: 
T 1 
Va ' Olt O- OL. 
AO a 6 t20r7 1g0 L240 Ht 360 
T oe : 
: Seeneaee HH : 
ne 4 { 
i HH i || 
- 4 t cH | 
D 
Hy | 
Fia@. 117. 


The graph shows that the values of x correspond to a minimum, 
maximum, Minimum, maximum respectively. 


Example 2. XY ‘sa slider moving freely on the rod AB. PQ is 
another slider such that the fixed pin K moves im the slot of PQ. If 
XY has got a velocity of 40 ft. per sec. towards H when the inclination of 
YP to YB 72s 30°, calculate the angular velocity of YP, the distance EH 
being 2 ft. 


A x MY Xft. H B 
Fia. 118. 
Let Wi oats 


 YH=HE cote. 
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<3 f= 2 Cone. 
dx T de 
ae di= 2 * [go * (~ cosec? 8) =. 


da T 5 he) 
ae She 350 cosec* oF 
do 90 sin? @ dx 


eee aE 
_ dé 90 sin? 30° 
R= A x (— 40) 


_ , 900 q q 
= +37416 egrees per secon 
=286'5 degrees per second. 


Example 3. Find the rhombus of least perimeter that can be 
curcumscribed to a circle. 


The figure explains itself. 
Plainly AP=OPcot@ (@ in radians) 
and PB=OP tan @. 
.. AB=OP(cot 6+ tan 4), 
Hence, if » denote the perimeter and a 
denote the radius, 
.. p=4a(cot 0+ tan 6). . 
If we graph p against @ we find that the 
graph possesses a turning-point as @ varies 
from 0 to 5? which are the lower and 


Fie. 119. 


upper limits to the possible variations of 
@ as defined by the above figure. Also the graph shows that this 


turning-point is a minimum, 


d 
Now, * = 4a(—cosec? 6+ sec? 6). 


Hence p acquires its minimum value when ~—cosec? 6+sec? @=0, 


1.¢e. when tan? é@=1, 
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f wv 
2.¢e when O= i, 


7.e. When the rhombus is a square. 
Example 4. Oz and Oy are two smooth rods fixed at right angles to 


one another. PQ is a rod 10cm. long which moves so that P is on Ox 
and Qis on Oy. Find the ratio of the velocity of P to the velocity of Q. 


of 
Q 
70cm 
y 
@ 
oO 2 P x 
Fig. 120. 
We have *=10cos@ (@in radians) 
and y=10 sin 0. 
dx ae 
eee 106i 8 
di 10 sin 7 
dy do 
d 4 =] peat 
an ar 0 cos 6 a 
dx 
dy = —tan 6 
dt 


Hence the ratio of their velocities in the position defined by @ is 
—tan 6. 


Example 5. If c=asec¢ and y=bcosec ¢, find aL in terms of 
lee 
(¢ being wn degrees). 


We have 
dy 
dy dd _0:01745 x (—bcosec ¢ cot ¢) b 
dz dz O01745x(asecg¢tang) a cott ds, 


dg 
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Example 6. A man stands two miles from a railway and watches 
with a telescope a train going at 60 miles an hour. How fast ts his 
telescope moving angularly ? 


4P 
tt] 
i 
vw miles 
ZB 
O 2 miles N 
Fig. 121. 


Let O be the position of the man, and ON perpendicular to the 
railway. Let P be the train. 


Then c=2 tan 0, 
dx T 2 700 
= = es Ox 
di? ™ Ten a 
d8 90 oogag 
Tui mes “dt 
= 20 cos? ox 60 degrees per hour 
T 
=» cos? degrees per minute. 
= 
Hence, when the train is at N, cos? @=i aad ee degrees per 


minute (approx.). 

As the train proceeds, he has to turn his telescope more and more 
slowly. Thus, when 6=45°, his rate of turning is 14°3 degrees per 
minute. 

10. We shall now give some examples of integration in the 
case of the trigonometric functions. We remember that 


sinxdxz=—cosa (# in radians) 
yes sal cosa (xin degrees) 
Tv 
and [0s xdx=sinx (w in radians) 

= sinz (a in degrees). 

T . 
i sec? dx—tana (a in radians) 

180 


— ae tal & (@ in degrees). 
Tv 
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6 
Example 1. Evaluate i (3 sin + 4 cos x)dx. 
J ae 
if (3 sin x+4 cos x)da= E 3 cosx+4sin & 


=[ —3(0°8660 - 1) +4(0° 5000 — 0)] 
=[3(0'1340) + 2°0000] 
=2°4020. 


36° 
Example 2. Evaluate [ (5 cos ~7—7 sin x)da. 
0 


36° ; 180 : 36° 
(5 cosa@—7 sin x)de=——| 5 sin @+7 cos « 
We 


stew +50 [5(0'5878 — 0)+ 7(0'8090 ~ 1)] 


_180 +60 [2:9390 - 1:3370] 


180 
soles 


=91°77 


EXAMPLES XI. 


1. Differentiate 2 sin x, 4sin +3, sin (x+2), 7+sin (+5), sin 5a, 
sin (62+5), 4+sin (72+9), « being measured in radians throughout. 


2. If y=sin a, find oY when ¢=3 radians, 
3. If y=7+sin (82-1), find “ when x=0°5 radians. 


4. If y=4sin (4-32), find 3 # when %=2'5 radians, 


5. Differentiate sin 3x, 4 sin ecm 8—5sinw, 4sin 3a, 9—4sin 52, 
3 sin (2e+1), 7—6 sin (4a: — 5), 9- 7 sin (5-32), being measured 
in degrees throughout. 


6. Differentiate 
3cosx, 4.cos(3x—4), 7-5 cos(7z—2), 2+3 cos (2a+1)+44 sin (2a 1), 


x being measured in radians ee 


7. lf y=sina«+ cosa, find SY “when »=37°. 
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8. If y=sin 2x+ cos 2a, prove that 4 + 2y=4 cos 2x. 


9. Draw the graph of y=2 sin «—3 cosa between «=0 and «=360°, 
and from your graph find a rough check to the positions and nature 


of the turning values. Thereafter find 2 and hence find accurately 
a 


the positions of the turning values. 
cy 
dai? 


11. If y=A sin gx+B cos qa, prove that = gy=0. 
pe 


10. If y=sin px, prove that —~ + p2y=0. 


F 2 
12. If y=asin(nx+a), prove that = n?y =0. 
a 
13. A particle moves in a straight line so that its distance «cm. 
from a fixed point after t seconds is given by «=a cos(wt+e). Find 
its velocity and acceleration after tseconds. When is its velocity a 
maximum, and when a minimum ? 


14. Oz and Oy are two fixed lines at right angles to one another. 
OP is a variable line of length 10 cm., lying between Ox and Oy and 
in the same plane with them. PM is perpendicular to Oz, and PN 
is perpendicular to Oy. 

If the angle POz=@ radians, express PM+PN in terms of @. 
Plot the graph of PM+PN 
against @, and find the position a 
for which PM+PN is greatest. 
Confirm by differentiation. 


15. In question 14, express the 
area of the rectangle OMPN in 
terms of 6, and hence find when: 
the area of this rectangle is 
greatest. 


16. A door APQB 4 ft. wide 
is kept closed by a string 16 ft. 
long fastened to the door at P,  |j// 
passing over a pulley at C, and p 
supporting the weight W. In 
the figure the door is represented 
as standing ajar, having been 
turned through an angle of 20. 
degrees. If a ft. be the length 
of OW, find the length of CP in Q 
terms of 0. Fig, 122. 


M. W. ) 
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a. : dx de 
Hence find the relation between dé and dt: 


If the door is being opened at the uniform rate of 45° per second, 
find the rate at which the weight W is ascending, (first) when the 
door is ajar 45°, and (second) when the door is ajar 90°. 


17. The jib of a crane is being elevated at the rate of 1° per second. 
Find the rate at which the load is being raised in terms of @, where 
6 degrees 1s the inclination of the jib to the horizontal, the length of 
the jib being 20 ft. 

What is the inclination of the jib when the weight is being raised 
at the rate of 0:2 ft. per sec. ? 

18. In question 17, if the jib is being raised with a uniform angular 
velocity of w degrees per second, and if » be the vertical velocity 
with which the weight is rising corresponding to the angle @, calculate 
v in terms of w and 8. 


19. In the figure, OP is the jib of a crane 15 ft. long. The sun’s 


Q 


cifits 
Fig. 123. 


elevation is 45°, and OQ is the shadow cast by OP. As the jib 
OP is raised at the rate of 2° per second, find the rate at which 
the end Q of the shadow is receding from O, when the inclination 
of the jib to the horizontal is 30°. 

Express the velocity v of Q in terms of 8. 

If the jib be rising with a uniform angular velocity of » degrees 
per second, express v in terms of w and 8. 


20. Prove that y=tan a (x in radians) is a solution of the differential 
equation 


dy a 
—* —y*—-1=0. 
rd 


21. Prove that y=cot « (a in radians) is a solution of the differ- 
ential equation 


dy. 2 4 
ant +1=0. 
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dy . ; , 
22. If y=tan 2, find ag? terms of x ( in radians). 


2 
23. If y=cot a, find fy in terms of x (a in degrees). 


24. Prove that y=sec « is a solution of the differential equation 


d?y dy 
tan oi 4 ys 
da?” de + 

25. Differentiate 3tana, tan 3c, 4-5 tan 2a, 4 cota, cot 7a, 
3—2tanaz+7T cota, 3 tan 2x—2cot 3x, «x being measured in radians 
throughout. 


26. If y=tan x+cot a, find # when «=1°5 radians. 


dy 


di 


27. If y=10 tan 6, find 6 given that —’=7 and U0 6 being 


measured in radians. 


28. Ii y=tan «+ cots, find 2B when 7=35°. 


29. If y=tan 2a —cot 2z, find os when «=20°. 
x 


30. Oz and Oy are two lines at right angles to one another. A 
circle of radius a em. is described haviug O23 centre. The tangent 
at the point P on the circle meets Oz in Q and Oyin R. If POw= 
6 radians, express OQ+OR in terms of 0. 

Hence find when 0Q+ OR is a minimum. 


31. If c=tan 6 and y=cot 4, find a and oy and hence find dy 
: dé ae dx 


in terms of 0. 


32. Differentiate sec (z+7), 2sec(8%+4), 38-4 cosec (4x+5), 
5+4 sec az —38 cosec x, « being ineasured in radians throughout. 

33. If y=sec ¢ and «=cosec ¢, find a in terms of ¢. 

34. A rhombus is made of four rods each of 10 cm. length and 
freely jointed at their extremities. Find the greatest area that the 
four rods can be made to enclose. 


35. What is the maximum area of a parallelogram whose sides are 
11 cm. and 9 cm. ? 


36. Find the area of the rhombus of minimum area which can 
be circumscribed about a circle of radius 4 inches. 
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37. A balloon rises vertically at the uniform rate of 6 miles per 
hour from a spot 1 mile distant from an observer with a telescope. 
Find the rate at which he must rotate the telescope to keep the 
balloon in the field of view when the balloon is 3 miles high. 


38. In question 37, at what rate is the distance between the 
balloon and the observer increasing when the bailoon is 3 miles 
high ? 


39. If a balloon descends vertically from a height of 2 miles so 
that the line joining it to an observer distant 2 miles from its 
landing-point rotates at the uniform rate of 3° per min., what is the 
speed of the balloon when } mile high ? 


40. An aeroplane is sighted flying horizontally at a height of 4 
mile and at the rate of 80 miles per hour. If the telescope at that 
moment makes an angle of 70° with the’ horizon, at what rate must 
the telescope be rotated to keep the aeroplane in the field of view ? 
The observer and the line of flight are in the same vertical plane. 


41. An avenue consists of two rows of trees, the road between them 
being 40 ft. wide. Find the rate at which the angle increases 
which an opposite pair subtend at the eye of a cyclist riding at 10 
miles per hour down the avenue when he is 100 yards away. 


42. Two trains, one running at 40 miles per hour, the other at 25 
miles per hour, in opposite directions, have their engines level as they 
pass an observer + mile away from the tracks. Find the rate at 
which the angle increases which the engines subtend at the observer’s 
eye 1 minute after they have passed him. 


43. A pair of compasses very stiff in the joint are laid across a 
wooden cylinder (¢.g. a rolling-pin) of diameter 2 inches, and pressed 
slowly down so that the joint moves vertically at the rate of J inch 
per minute. Find the rate at which the angle @ between the legs 
of the compasses is increasing when 6=10°, 20°, 30°. 


44. A man is standing on a platform 10 ft. from a lamp which is 
carried by a non-stop express running at 60 miles per hour. What 
is the rate at which his shadow on the platform rotates when the 
lamp is exactly opposite to him, and also 1 sec. later ? 


dC : 
45. If V=RC+L7,and if C=100 sin 6004, R being 2 and L being 


0:0005, find V. What is the lag of C in degrees behind V. 
(Bd. of Educ.) 
46. The driving-wheel of a locomotive is 6 ft. in diameter, and the 
connecting-rod, which is 3 ft. long, is connected to a crank 1 ft. in 
length. The engine is running at 30 miles per hour. Find the 


EXAMPLES XI. 201 


velocity of the piston when the crank is perpendicular to the line of 
travel of the piston. 


47. Draw the graphs of y=sin x and y=cos# between 0 and = 


and let a line parallel to the y axis cut them in P and Q respectively. 
Prove that the subnormals of P and Q are of equal lengths. 


48. A circular disc, area 10 sq. in., is distant 23 ft. from a wall and 
parallel to the wall. A light is moved in a straight line passing 
through the centre of the disc and perpendicular to it at the rate of 
5 ft. per sec. Find the rate of growth of the area of the shadow of 
the dise on the wall when the light is distant 20 ft. from the wall. 

49. The arm of asignal is 15 ft. from the ground when “at danger,” 
and the length of the arm is 3ft. On a certain occasion the sun 
is in the same vertical plane as that swept out by the arm, and its 
altitude is 35°. If the arm revolve with uniform angular velocity 
radians per sec., what is the rate at which the end of the shadow cast 
by the arm moves on the ground when the arm makes an angle of 
30° with the horizon, 

50. Sketch the graph of y==sin # (# in radians) from «=0 to =r, 
and find the area intercepted between the curve and the axis of a. 


51, Sketch the graph of y=cosa (a in degrees) from x=0° to 
2=90°, and find the area intercepted between the curve and the 


axes of « and y. 


2 
52. Find the value of | (7 sin ®—15 cos x)dx (# in radians), 
0 


32° 
53. Find the value of [ (3 cos +11 sin x)dau (a# in degrees), 
J0° : 


3 
54. Find the value of i 4 sec? » dx (x in radians). 
0 


55° 
55. Find the value of ‘ cosec? @ dx (a in degrees). 


25 
56. Draw the graph of y=sec «tan # (« in radians) from 7=0 to 
o=-, and find the area enclosed between the curve, the axis of x, and 


the ordinate corresponding to a=3 ‘ 


"72° 
57. Find the value of i cosec % cot # dx (x in degrees). 


10 


CHAPTER XII. 


DIFFERENTIATION OF PRODUCTS AND 
QUOTIENTS ; PARAMETERS. 


1. Frequently we have to differentiate products and quo-. 
tients such as # sing, cd , (22 +3) tan? a, We shall now 
Cos a 


investigate methods of carrying out such differentiations, 


2. Differentiation of a product. 


Let uw and v be two functions of « of the type that present 
themselves in practical investigations. 


Then YUM Paes Me ena ets nunest Gahaee seats Vauseeee (1) 
ow. ¥ t+ by = (ut du)(v + dv) 
= UW+U V+ V OUF OU OV... eee c ee eee eee (2) 


Hence, subtracting (1) from (2), 
by =u dv + v du t+ du dv. 


** Ba bx bx Ox 


daz dz dx’ 
since the term se dv tends to vanish, because dv tends to the 
x 
limit zero. 


3, Example 1: 


Differentiate « sin x («@ measured in radians). 
We have 


y= sin &. 
body — *disiitziyaeemmerOe 
.. Frees! as hy elie 


=2 cos“a+sin x 
202 
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Example 2. Differentiate (e +3) tan x (@ measured in radians). 


We have y=(%+8) tan a. 
5 Ways d tan x d(x +3) 
eg eS) a + tan @ oF 
=(% +38) sec? e+ tan x. 


Example 3. Verify that e a 28 _ 2 cos 26 (9 im radians), using the 
product formula. 


We have sin 26=2 sin @ cos 0. 


5 re 
asin 2 6 =sin 9 @% G19 cos @ USN 8 
d@ de 


= —2sin? e+2 cos? 6 
= 2(cos? @ — sin? 6) 
=2 cos 20, 


Example 4. Find the first positive turning value of & cosa, x being 
measured im radians. 


em! 
" {| 
f im 
Gee 
| 
Lt hylan ol | 3} 
aan : My TH 
TEI 
Cl 
‘ia 
19. am [ 
ie (oa 
| cial 
amg 
N 
TI 
=—TT —| + 
aa 
a bale 


Fic, 124. 
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We have Y=2 COS. 
dy . 
w Yacosa—a sina. 

da 


Hence e vanishes when 
cos G=£ Sin 2, 
2.6. cot r=, 
which equation being solved graphically as the intersection of y=a 
with y=cot x gives us x=0°86. 


Example 5. ind the right circular cone of greatest voiwme which 
cam be inscribed in a given sphere. 


Cc 
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The above figure explains itself, 
Let a be the radius of the sphere, and V the volume of the cone. 


< Var. NA?. ON 


Leen oe 
= 50° sin? (cos @+1). 


dV na? f - 9 d da 
Gq = 3 1 Sin? egg(cos 8+ 1) + (cos a+1) 5, sin? |} 


ra 


= { ~ sin? 642 sin @ cos 6(cos e+1)}. 


Hence, graphing V against 6, we see that V is a maximum when 
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v.e. when —sin’ 642 sin @ cos &(cos 6+1)=0 ; 
z.e. when sin 6(3 cos @—1)(cos 6+ 1)=0 (factorising) ; 
7.é€. when cos §=3 =0°3333 (ignoring cos @= — 1 and sin @=0 as un- 


suitable solutions) ; 
2.¢e. when 0=70° 30’, 


4. Differentiation of a quotient. 


Let y=~, where w and » are functions of x of the type that 
v 


present themselves in practical work. ...................eceeeeeee (1) 
bu 

Oye ee a eee eee 2 

ima + dv (2) 


Hence, subtracting (1) from (2), 


. Uut+du wu 
oy = 


vt+dv v 
v ou — u dv 
Sra epi 
du ou 
- by Se Se 
Hence, proceeding to the limit in the usual way, we obtain 
du_ 


, d 
5. Example 1. Verify by using the quotient formula that gz tan % 
=sec?u, x being measured in radians. 


d sin x 
dx cos % 


u t 
For da an e= 


“xX > Sin %©—sin 27- cos % 
COs & X 7 A 


COS? & 


cos @ X cos & — sin « x (— sin 2) 
az cos? x 
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cos? @ 


=sec? a, 


. sine ; ; 
Example 2. For what values of «x ws a  macimum or menimum, 


x being measured in radians ? 


We have fs 


whose graph is of the form 


aba aaaae 


7a = 37 
z Ets cz a 
t | 
1 
Fie@. 126, 
The maxima-minima are given by 
d sing _ 
dz x 
. £cosx—sin % 
v.€, aero ra 3 


1.e. when 2 cos%—sinz=0, 


1.¢. when tangz=a, 


the solutions to which can be found graphically by reading off on 
squared paper the intersections of y=tan ¢ and y=. 

The values of x which satisfy «=tan « are approximately 0 and 4°5, 
and we see from the graph of “"” that its values there are a 


maximum and a minimum respectively. 


Example 3. If ya Jind re where « is measured in degrees. 
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dtan d 
dy (1+2) dg ~ @anez (1+2) 


dx d+ap 
(1+2) Teh sec? x — tan % 


(1+2y 


Ber secs tana 
1801+2%  (1+a)” 


Example 4. J/ > find a 


Che al 
dy _ 1+2? das "dy (l +42) 
de (+22) 
di +07) d(1 +?) 


NOS ae) We 

Hi: (1 +") 

_ N1+a?-a@x4h(1 +2%)-! x Qe 
(1 +2?) 


-( + 02)8 


Example 5. A man has wire-netting a mile long, and wishes to 
fence in as large un area as possible in the shape of a circular enclosure, 
one side of which 1s a wall. What will be the radvus of the enclosure ? 


Let XY be the wall and ALB the wire-netting. Let O be the 
centre of the circle and r miles the radius, while A square miles is the 


Fig. 127A. Fie. 1278. 
area of the enclosure, which must take the form of a segment of a 
circle, as in one or other of the two diagrams. 
Then A=sector OABZA OAB 
=4r? 20+ 477 sin (20 — 26) 
== 770 =F SINZO) ibs .catachie a. copra ceese amexe Santen (1) 
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And 1l=are ALB=2r0 (since there is 1 mile of netting). 


1 
Hence r=— 


whence, substituting from (2) into (1), we obtain 


| 
4\@ 962 /° 


dA cos?@ y 
Hence ee (CANO =\0)s 
de =. 268 ( ) 
; dA. 
But, when A is a maximum wa 
Bee) = 
cos" ~{tan 6— 6} =0 
98 


Now, a rough graph shows that there is no solution to tan @—@=0 
between @=0 and @=7, which are easily seen to be the two extreme 
possible values for 6. 


.. we must have cos @=0, 
OD; =O 


Consequently the wire-netting forms a semicircle. 


Hence t= : _l of a mile 
T Tv 
Dix 3 
=560 yards. 


6. Use of parameters. 


A curve is usually given as an equation in a and y, eg. 
y=3a+4, 22+ y?=4, y?= 122. 

In all branches of mathematical work it is, however, often 
convenient to express « and y in terms of a single “ parameter.” 
We shall give some examples which will show exactly what 
is meant. 

Thus, in “parabolic motion” in Mechanics one expresses the 
coordinates of the moving body in terms of the time, which in 
that case is the “ parameter.” 

Again, in dealing with the geometry of the ellipse, we express 
x and y as functions of the eccentric angle as the “ parameter.” 
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Pee let us assign values to the parameter 


t, calculate the corresponding values of x and y, and thereafter plot y 
against «. What sort of cwrve is obtarned ? 


Example 1. 


We first construct the following table of corresponding values of 
t, z, and y :— 


t | = —4 | =g 


-2 | -1| 0 |4 | 2 Js |4 | 5 


t |j-u7 [-14 [=n | SB) ood aan a odale 


| y |-21 |-16 |-11 | -e| -1| 4 | 9 | 14| 19 | 24 


29 | 


Plotting, we obtain the following graph, which is plainly a 
straight line :— 


{ Cc] 
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Example 2. Plot y against «, where 1=0'1t? and y=t, for values 
of the parameter t ranging between t=0 and t=20. Draw the tangents 
at a point P on the curve cutting the a-axis at T. Draw PN perpen- 
dicular to the w-axts. If the cwrve cuts the x-axis in A, measure TA 
and AN. Do this for 5 points P on the curve. What geometrical 
property of the curve do you infer? 


We make the following tabulation :— 


t | 1) | +5 | +10 |+10/9=141] 410V3=173| +20 
| o | 2:5 | 10 | 20 ; 30 | 40. 
-y | o | 45 |+10] +141 | 4173 | +20 


Plotting y against 2, we obtain the following graph, which is a 
parabola ;— 


| | Re 
. Lp i 
Eee 
1 ab 
2 =1 f 19; 
T ipananeenl F PONEEING 
rH a | 
i t | 1 L 
1 a ret OSG T t 
| IE | lO im 
Cor aan T 
| f is cl at | Cry I 
Sa See! HH eine 
che t 
{ T t 
1 
Fi@. 129, 


The graph is plainly symmetrical about the axis of 2, and on 


drawing tangents at 5 different points we get in every case 
AN=AT. : iP 4 


Example 3. [fs=8 cos ¢ and y=5 sin 4, assiyn values to the para- 
meter p from 0° to 360°, and obtain the corresponding values for « and y. 
Plot y against x on squared paper, At the point ¢=47°, draw the 
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tangent to the curve as accurately as you can, and “ read off” the inter- 
cepts that vt makes on the axes. 


From the Tables we make the following tabulation, and then plot 
y against « :— 


¢ | 20° | 40° | 60° | 80° |90°| 100° |120°| 140° | 160° | 180°| 0° |270°| 360° 
a |7-52|613| 4 |139| 0 |—1-39| —4 |-613|-7'52| -8 | 8 | 0 | 8 
y | 171 | 3:21 {4-38 | 4-02| 5 | 4-92 433 | 321 | L71 | 0 | 0 | -5| 0 
ZG 
I |_| 
eae a= | u 
i ia 
4 | 5) re ' +0: 
fh | a a H 
BEER EEE CECE ee 
aan Poet C 
seosoctocgendfsuisniantactizs 
pabcnmacc | 
FIG. 130. 


The curve is an ellipse and is plainly symmetrical about both axes, 

Plotting, the point «=8 cos 47° =5-46, y=5 sin 47° =3'66, and draw- 
ing the tangent there we read off for intercepts on the axes made by 
the tangent 11°75 and 6°5. 

7. To find the gradient of the tangent to a curve when x 
and y are given as functions of a parameter. 


The gradient of the tangent is a which may be written: 
x 


dy 
Wee (See Chap. IV. $1.) 
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We shall illustrate by some examples. — 


Example 1. To find the gradient and inclination to the axis of x of 
the strurght line in Hxample 1 of last article. 


Since 4=3t—2 
and y=5t+4 
oh 
ae Wa 
dy 
and == Ds 
an 7 
dy 
dy dt 5. 
oe dz a3} 6667 
dt 


Hence the “gradient” of the line is 1°6667, and its “inclination” 
to the axis of « is 59° 2’. 


Example 2. To find the gradvent of the tangent at the point t in 
Example 2 of last article. 


We have e—=Onts, 
Y= 
da 
= = 0°28 
dt ‘ 
dy 
pe ess it 
dt 
dy 
ER: 
“da da O2t t 
dt 
In particular, when t=3, the slope y of the tangent is given by 
tan y= 7Y 51-6667. 
di 
“. W=59° 2, 


Example 3. To find the gradient of the tangent at the point in 
Example 3 of last article. 


We have dy _de_ 5cosp 5 
‘ dx dx —8sing ha % 
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Example 4. A body is projected from the origin O. After t seconds 
the coordinates (x, y) of the position of the body are given by the para- 
meirre equations : 

t=98F, 
y =175t — 168, 


Find after what time the direction of the body's motion will be making 
45° with the horizontal. 


dy 
As before, 2 == = ae a Sesh acigescestarsstiesmasueeens (1) 
ao $ 
dt 


But when the direction of the body’s motion is making 45° with the 
horizon, 


ae WERE 21a 1 Goconengnoaacinodduaqan ade Acer (2) 
da 
K — 297 
Hence by (1) and (2) 1= Ww = 
1.6, t=2°4, 


2.e. alter 2°4 secs. 


Example 5. To prove that the portion of the tangent to a rectangular 
hyperbola intercepted by the asymptotes is bisected at the pount of contact. 


Let the parametric equations to the rectangular hyperbola 


sy =c* be 
c=ct 
Y= Cla |) © 


ru « 


Fie. 131. 


Then the equation to the line drawn from the point ¢ inclined at 
angle w to the axis of « is, as usual, 
"t—1 
Y= Oe =tan 

x— ct 


MaW. P 


214 PARAMETERS (CHAP. XII. 


C= Les 


Also PN SSicd ens Seen ers a (3) 


by (2) and (3), and TT” is bisected at P. 
8. To integrate differential equations of the type 
d”y 
SS ailb)). 
aga 7 1) 
We integrate both sides directly with respect to x. 


Example 1. Find y in terms of « by means of the differential equation 
dy 


d d? 
a = 4x, where y=1, aan 2, qan3 when 2=0. 
2 
We have Ca Hence HY _ 998 4.6. 

da3 da? 

. ay 2 : at 5 BY 

. —X = 997 +3 since C=3 *.° —2=38 when x=0. 
daz dx? 
dy 2.12 dy , 

eire 2 (Doe ected) an c=0. 
ae =a + 3a — a when «=0 


<2 yaatttoa— 2041 ** y=1 when «=0. 


Example 2. A flexible ruler 2 ft. long ws fixed horizontally into 
a wall, and a light weight 1s hung on at the free end The differential 
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equation determining the amount of deflexion y inches at a distance 


: ae 2 
x inches from the wall is given by ©4-0-0004(24 —«). If the deflearon 


Pe 


of the free end be 2 inches, find y m § 
terms of x. 


We have 


=0-0004(24 — 2). 


5 Zi = 0-0004(24x — }a2)+K, 


where K is some constant quantity 
which we must find. 


“. y=0'0004(1227 —423)4+ Ka + K’, 


where K’ is another constant quantity to be determined, 


Fig. 132. 


But y=0O when «=0, 
IO: 
Also y=2 when «=24. 


2 =0°0004 x 24°12 — 4) + 24K. 
. K= i -0:0004 x 192 
= 0°0833 — 0:0768 
=0:0065. 
*,  y=0°0004(120? — 40:3) + 0°0065z, 


. 


9. Radius of Curvature. 


To find the radius of curvature at a given point of a curve. 


Let P be a given point of the curve, and let Q be a point 
of the curve very near to P. Let the normals at P and Q 
(2.e. the lines perpendicular to the tangents at these points) 
meet in C. Let the tangents at P and Q be inclined to the 
axis of a at y and w+ dy respectively. Then, since PQ is a 
very short arc, we may regard it as very approximately the 
arc of a circle whose centre is at C. Let the radius of this 
circle be p. f ; 

Plainly the normals at P and Q (being perpendicular to the 
tangents) are inclined to one another at an angle equal to the 


angle between the tangents, ae. dy- 
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Hence PCQ = dy. 


Fie. 183. 


But very approximately the are PQ=CP x PCQ (if PCQ be 


measured in radians). 


Now, in the usual notation PQ=8s 


CP=p 
PCQ = dy. 
Hence ds =p ow (very approx.), 
t.€. te p (very approx.). 
By 
ig 5 era thot, 
To express p in terms of x, y and their differentials, 
We have ae = tan wy. 
, ay d 
of - = sec? y i . 
*\ dy ds 
ds Heo Ou rh 


: a ( wr 
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cas 
ibseeilie 
+ p ToLevae 
dan? 

Note.—If in the neighbourhood of P the curve is regarded as 
concave, then in the neigh- 
bourhood of Q the curve will 2 
be convex, The radius of cur- 
vature at P has the opposite i 
sign to what it has at Q, 
At some point I between P 
and @ the curve is neither 
concave nor convex ; in fact, 
it is very nearly a straight 
line. Hence, at I, p is infinite. Such a point as I where p is 
infinite is called a ‘“‘pount of inflexron,” or simply a “ flex. 
By _ 
a3 0: 


Hence we have the following result :— 


P : 
Fie. 134. 


Since p=o0,.°. 


2 
At a point of inflexion, = vanishes. 
x 


Example 1. To find the radius of curvature at the point (1, 2) on 
the curve y= 3x? —7x+6. 


d : 
We have = =9x?—7 
d2 
and 2 = 180. 
dy\2) 4 
(1+) f 

Hence p= sk 50 daas 

da? 

_ {1+ (92?-7)?}3 
“Lea 


dvd when «=1. 
18 
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Example 2. Sketch the curve y=a? — 3a? — 90-+5 and find rts pont 
of wnflexton. 


i H J TE F ig 
aI ace 
| nee 
ana ae 
staat tty i 
i a 
| =10 
| 
HH =155 cH iat 
EEEr rat 
Pe =20 =f 
TH 5 CI 
Hos ay a 
FIG. 136. 
dy 
We have dg = Au” — 2a — 3) 
@ 
and = =6(a—1). 


a 
Hence 0 when <=1, and consequently we have a “flex” at 
the point (1, —6), as is evident from the sketch, 
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1. Differentiate xcosecx. a? secu, xtana, (1+) cota, «/1+a, 
a /i+«, (« being measured in radians). 


d 
2. Find <A when y=(7a—9)(a?-++ 15a —3). 
di \ 
3. Find - when «=1, given that y=(«#*+3)(2 — 4a — 52), 


4. Find = when z=0, given that y=(a#°+3)(#+1)4. 
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5. Prove that y=x,/1+a? satisfies the differential equation 


y - = 203 +4, 
: d 
6. If y=sin? x cos? a, find <A when #=-. 
ny 2 
7. Differentiate /0?-9x /x?— 16, 2° sin. 2, sin? % cos a, 


sin” @ cos”x, secatanz, cosecxcota, Jaz+bx Jcx+d, 7x cott 2 
(1 —2")8(1+4?)%, (1 —2°)(1+2%)3, (« being measured in radians). 
8. Verify that a —2sin 26, using the product formula 


cos 28=(cos #—sin 6)(cos @+sin 8). 


9. A conical funnel is to be made to hold half a litre. What 
must be the semi-vertical angle of the cone and the radius of its 
circular base that the tin sheet used may be a minimum ? 


10. 1 square foot of tin sheet is to be formed into a conical funnel 
of maximum capacity. What will that capacity be if none of the tin 
sheet is cut to waste ? 


11. An angle of 80° is divided into two parts by a straight line. 
Find when the product of the sines of the two angles is a maximum. 


12. An angle of 60° is divided into two parts by a straight line. 
Find when the product of the tangents of the two angles is a 
maximum. 


13. At a fixed point O on a circle of 3 in. radius two perpendicular 
chords OA, OB are drawn. Find their lengths when rectangle 
OA.OB is a maximum. 

(Hint.—AB is a diameter of the circle. Let angle OAB be 0 
radians. Express OA and OB in terms of the diameter and @.) 


14. ABCD is a square, and P is a point on CD. Find P when 
rectangle AP.BP is a minimum, 

(Hint.—Let the side of the square be a cm, Let DP=a em. 
Express AP and BP each in terms of z and a.) 


15. Oisa fixed point ona circle of diameter d, and Pand Qare points 
lying on the circle and symmetrical with respect to the diameter 
through O. Find the position of P so that triangle POQ is of maximum 
area. 


16. Prove that the volume of a cylinder inscribed in a sphere of 
radius a cm. can be expressed by the formula V=27a? sin? 6 cos 6, and 
thence determine the cylinder of maximum volume which can be 
inscribed, where 6 is the semi-angle of the cone subtended by the base 
of the cylinder at the centre. 
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17. Differentiate 


cot x x ue 
Nea? Ear ea 


sina cosa tana sinz+cos% sing cosec% 
2 


) ? ey? x 5) 142’ “142 


nd 


(the angles being measured in radians). 


18. Differentiate °°” asa quotient and a~! sec # as a product, and 


verify that the same eae will be obtained. 


19. If v= ioe find 2 when a=1, 


20. a Y=7 yp find ¢ = Y when n=. 

° t x Us 
21. lfiy= ae find a when im Fe 
22. Ti y= eats find dy when x=0. 

“ae? Eo di 
sin 0 COI) 5 Veahy.. A 
23. Ifw=7 aint and ¥ Prcoae find dx 1 terms of 8, (@ being 
in radians). 
sin Be 0 dy . ie 

24. Ifa= and y= <q find 7, in terms of 8 (@ being in 


radians). 


l+2 3-524+702 NVi—-a’ NV1+a?—-a2 
l-@ 4420-2 Jjog? Jitatte 
Op sibifi@nentiate COS & _ sing seca+tana cosec x— zy 
cos@+sing’ 1+tanz’ seca—tanawz’ cotz+2 
sinmz sin™x 3tang—tan®s cots—cot?a 
cos nz’ cosa  1—S8tan?z ’ I1-+cot?z 
radians). 


25. Differentiate 


, (« being measured in 


27. O is a fixed point within the arms CA, CB of a right angle 
AOB, and a straight line AOB cuts the arms in A and B. Find the 
position of AOB when the area of the triangle ABC is as small as 
possible. 


28. An electric bulb in a room on the ground floor is situated at a 
height of 8 ft. from the floor, and is distant 2 ft. 6 in. from a blind 
which is being lowered at the rate of 1 ft. per sec. Find the rate 
at which the shadow of the bottom of the blind advances on the 
ground outside the window when the bottom of the blind is 2 ft. 
above the floor. 
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29. If u inches be the distance of a candle-flame on one side of a 
lens, and v inches the distance of its image caught on a small screen 


on the other side, it is proved experimentally that +i=5 Find 
uv 


when the candle-flame and image are closest together. 


30. Solve last question in the general case when dred uel, 
uv 


f 

31. The ceiling of a laboratory is 5 metres above the floor. On 
a wall 3 metres from the floor is suspended a pendulum 1 metre 
jong. Underneath runs a bench on which, at a height of 1 metre 
from the floor and immediately beneath the bob of the pendulum in 
its lowest position, is an electric-light bulb. Compare the velocity of 
the shadow cast by the bob on the ceiling with the angular velocity 
of the pendulum when the pendulum makes an angle @ radians with 
the vertical. 


32. A bath is such that to raise its temperature 1°C. requires the 
same heat as would raise 30 lb. of water 1°C. Initially its tempera- 
ture is 15°C., and water at 90° C. is running into it from a geyser at 
the rate of 2 cub. fr. per min. What is the rate of rise of tempera- 
ture of the water in the bath after 6 min., neglecting loss by 
radiation, ete. ? 


33. The other conditions being the same as in Question 32, what 
is the rate of rise of temperature after 2 min. when the loss of heat 
by radiation, etc., per min. would raise 450 1b. of water through 1°C, 


34. Two straight roads meet at right angles, and two men, A and 
B, are walking on them, A toward the junction and B away from it. 
In the angle between the roads is situated a tree which is 40 ft. from 
A’s road and 50 ft. from B’s road, and initially B is 60 ft. from the 
junction, and A and B are in a line with the tree. Compare their 
speeds at this time that the tree may continue to hide one from 


the other. 


35. A semicircular walk in a park has a radius of 4 mile, and its 
two ends are joined by a straight walk passing through the centre of 
the seniicircle. ‘wo men, A and B, are situated, A at the centre of 
the semicircle and B on the semicircle, so that AB is perpendicular 
to the straight walk, and half way between them is a tree. B moves 
on the semicircle at 2 miles per hour. Find the speed of A on the 
straight walk 5 minutes Jater so that the tree may continue to hide 


one from the other. 


36. Plot y against x where 7=2°3—4°5t 
y=17 +2718. 
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Show that the graph is a straight line and “ read off” its gradient, 
Verify by calculation. 


37. Plot y against « where s=3t—4 
y=0-42—t42. 


Draw the tangents at the points given by t=0, 1, 3,-2, 0°2,—1, and 
“read off” their gradients. Verify by calculation. 


38. Plot y against x where «=7 cos @ 


y=7 sin 4. 
Draw the tangents at the points given by @=30°, 45°, 60°, 73°, 
90°, 112°, 180°, 210°, and “read off” their gradients. Verify by 
calculation. 


39. Plot y against « where x=7 cos » | 
y=12 sin ¢. 


Draw the tangents at the points given by ¢=40", 70°, 110°, 120°, and 
“read off” their gradients. Verify by calculation. 


40. Plot y against « where «=5t 
en 
Lares: 

Draw the tangent at any point P on the curve given by t=. If O 


be the origin, and the tangent at P imeets the axes in L and M, 
caleulate OL and OM in terms of ¢ and find the law connecting them. 


41. In Question 40, calculate the gradients of the tangents at the 
points given by t=1, 3,7, —4, —2. 


42. Ifw=t?+1 and y=#*+1, find . in terms of ¢ by differentiat- 
ing, and hence calculate a when ¢=0, —1, 1, 2, —3, 2°4, 5:3. 

43. If s=t+t-! and y=2t, find t when ae =I. 

44. If «=3cos@ and y=7sin®, find ¢ when Sei ¢ being 
measured in radians. 

45. If <=3 tan ¢ and y=4 cot ¢, find vin terms of ¢, and hence 


calculate ” Ti Y when o= = Ot a) pally ea oe 
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46. Ifa particle be projected from a poin at with a velocity of v ft. 
per sec. in a direction making an angle of a° with the horizontal, it 
1s proved in books on dynamics that the horizontal and vertical 
distances (% and y ft. re- 
spectively) from the point 
of projection after ¢ seconds 
are given by 


x= Cosa t v ft. per sec. 
y= sina t — 168. 


Find dy ; in terms of ¢ (ae. 
dx 


find the direction in which od a ae 
the particle is moving after Fig. 136. 
t sec.). 

Find when the particle is at its highest point (2.e. find when the 
direction of flight is entirely horizontal). 

Find when the particle is flying in a direction making 45° with 
the horizontal. 

47. In Question 46, find the height of the particle when it is at its 
highest point of flight. 

48. In Question 46, find when the particle reaches the ground 
again, 

49. In Question 46, find the direction of tue particle’s motion just 
before it reaches the ground again. 


50. Find the distance between the point of projection and the 
p int where the particle reaches the ground again. 


51. A and B are two points in the same horizontal line distant 
10 ft. apart. A revolving drum, diameter 1 ft., moving at the rate 
of one revolution in 5 seconds, is situated at D, w here PDs vanes IN 


Ww 
FIG. 137, 
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rope fixed at A and passing over a smooth pulley at B winds on to 
the revolving drum at ). P is a smooth pulley slung on the rope 
and supporting the weight W. 


If AP=r ft., express ain terms of the rate of revolution of the 


drum, 
di 


Express r and z in terms of @, and hence express the ratio of a 


to dr in terms of @. 


dt 
Calculate = when 0=45°, 30°, 20°, 10°. 


52. In Question 51, find the angular velocity of AP when @=45’, 
30°, 20°, 10°, | 

53. A certain gas which obeys Boyle's Law puv=c? has its pressure 
given by c(t+1) dynes per sq. em. ¢ seconds after its initial condition. 
Find the rate of increase of the pressure. 

Find also the rate of diminution of the volume initially and after 
1, 2, and 3 seconds, the original volume being c cubic centimetres. 


54. s=a(p—sin ¢) 
y=a(1—cos ¢). 
Take a=10. Calculate the values of x and y for the following 
values of @ :— 
ee see ad 
6? ae 3k 
Plot points whose coordinates are these values of ~ and y on 
squared paper and draw a curve. [This curve is called the Cycloid.] 
(Bd. of Educ.) 


55. In the Jast question, find eo in terms of ¢, and hence find a 
Wo 


0, 


formula connecting y and ¢ where asa wv as usual. 
dx 


dy 3 F dy 
56 ae 2003 42¢+8. Find yin terms of «if y=4 and ea 1l 
ai ay 
when a=1. 


d3y da ad’ 

57. 4-3= 12022. j i ms aif y=2% wes ok 

a3 Ox Find y in terms of z if y=33, aa 119, dx? 
when «=2. 

58 dy 3 si Fi : ee dy ., 

0 sing, Find y in terms of x if y=90, ee when w= 5: 


= 294 
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59. : a =Tcosz—5sing. Find y in terms of zx if y= —7, - =5 
nae 0. 

60. If a body moving down a certain inclined plane describes s 
feet in ¢ seconds from rest, it is known that apa 10. Express s in 
terms of ¢. 


61. Find the radius of curvature at the point (0, 4) on the curve 
y=4(1—«), and the coordinates of its point of inflexion. 


62. Find the radius of curvature of the parabola y?=16z at its 
vertex. 


CHAPTER XIII. 


DIFFERENTIATION OF THE INVERSE 
TRIGONOMETRICAL FUNCTIONS. 


1. To find the differential coefficient of sin~' x, in radian 
measure. 


The subjoined diagram represents the graph of y=sin™ 
in radian measure, 


2Qr. 
3 = ts 
abe castd vat saeeeeaeenetsaeraeezae | 
HCE SF ; 
2 \ 
rt f C ama 
seetatitine 
i ? BE i 
Lp = 
OF Ta 
Ce | 
HHP 
r] rir CI [ 
2 
21. i 
zy, 


Fie. 138, 


We note that, corresponding to a given value of x, viz. ON 
there is an unlimited number of corresponding values of y, 
viz. NP,|, NP,, NP;, NP,, etc. If we draw the tangents at 
P,, P,, Ps, Py, etc., we see that the inclinations of these 
tangents to the axis of xz have one or other of two values. 
If we denote the smaller of these values by y, it is plain from 
the diagram that the other is 7 —W........ceecseeecesceeeet cence (1) 
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For if we consider a loop, it is plain that the tangents at 
P, and P, are equally inclined to the axis of y; whence the 
above property with regard to the axis of # at once follows. 


pes ea 
To find oS ea. we proceed thus :— 
Er 


Let y =sin ‘wx radians. 

“. «w=siny (y measured in radians)...... (2) 

4 oF cos y (by Chap. XI., Art. 3). 
Y 
dy 1 

Pees by Chap. IV., Art. 1). 
dz cosy aby (ep td) 
dy 1 

: ip anys {by (2)} LOT core Sen E er eee (3) 


ea st 1 
thie =+———.- 
dx ale es Lage 


By the aid of the graph of y =sin~' # (radians) we may render 
the question of the double sign precise, thus :— 

Let \/1—«? denote the positive value of the radical. Then 
we have the following chart :— 


sin7! x radians, a sin! wy, 
dz 
3r 
a to Qr ears 
nr to nad hgh 
2 V1 — 2? 
1 
wv 
et ———— 
2 oie Jl —a2 
N 
tone + 
Cre 2 1 — 2? 
1 
nr 
So Hey oF 
a J1—2? 
to. 2o : 
a ae Ji — a? 
37 1] 
aia Li itt SS 
a V1 — a? 
1 
Sapp h eed + 
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dsin-1% 


Example 1. Calculate when 2=0°43 and radian measure 


: E c w 
ws used, sin & being an angle between 0 and =. 
a 


Referring to the graph in this Article, we see that the differential 
coeflicient is positive. 


u dsin-1a i 
ence 9 
: dx — J1—(0-43¥ 
= ohOS: 
i = 
Corollary. Bee = —1'108 if sin-!a lies between 5 and 7. 
ag 


Example 2. A kite is flying horizontally 350 yards above the grownd, 
and string is being paid out at the rate of half a yard a second. How 
fast is the inclination of the string to the grownd altering when 800 yards 
have been pard out ? 


> 


lie, 139. 


Let @ be the angle in degrees. 


= Sin p= 000 
é=sin (ERY. nslae scenes coaterrae se seiget (1) 

We wish to find a6 
dt 

G0) die 350 

B eS Sy yo oy (eases 

y(Q) dt dt ae ( r ) 
adsin= (=) a( 2°) 
r r dr 


EL : aie de 
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= x(- Se dr 
ay a) e dt 
_, 180x350 dr (2) 
5s OR IELT Ama es eaee baaue ieee 
Now aS yd. per sec. and r=800 yds. 


_ 18, 180x350 
"* di ~~ 1600m »/8002 — 3502 
= +0-055 degrees per sec. 
If the kite be flying away from the man, @ is plainly decreasing 
and we take the negative sign. 
If the kite be flymg towards the man, @ is plainly increasing and 
we take the positive sign. In this latter case the string is being 
taken in. 


degrees per sec. 


2. Differentiation of cos~! x measured in radians. 


Consider y=cos~ x, where y is measured in radians. 
Plainly y has two values here (corresponding to a given 
value of x), which are supplementary to one another. 


Hence . has two yalues, equal but of opposite signs. A 
ie 


figure or some other relevant circumstance will show which 
sign has to be taken in a given case. 
Proceeding as in the case of sin7' 2, we have :— 


Let Vi COSMetEs 
Ce CONs 
oe a —sin y. 
dy 
ie a F/1 — x2. 
dy (en 


ome 
From the graph of y= cos~' a, we therefore see how the 
sign has to be taken, it being assumed that the positive value 
of /1 — a? is taken. 
M.W. Q 
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From — 27 to —7z, 
From —7z to 0, 


From 


Ifa 
Ro 
2 
g| = 
Aiea w 
“CE 1 O my fred Lae 
B Ht 
ma 
= 
C1 
7 cI 
Pro Bet 
| 
cos mt 
| a Cece 
| yy a 
FIG. 140. 
d cos"! « 1 
da: See 
d cos a a 1 
a ee ie AO 
d cos"! « 
0) to hg = : ak — ae 
da J1— 2 
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dcos? 2 1 


Laeahe) las 


From +7 to +27, 


and so on, 


3, To differentiate tan-! x in radian measure. 


Consider the graph of y=tan-'w, radian measure being 
used, 


| B oy oI = i _ | | 
i ae Laie} 
| ej Bee r] ce 
t i ties Bt GL — 
| o | im i Bll i Ri a aus 
1 Her fa l 
[ i ma) } pele eaf 
SEisssdnssos saa petabiantattstastectattet tastes: 
= “ 
0 iQ: Pra oil I | imi f I 
i 1 FA jp 1 
mH S025 GO = 
4 T } sie Coo saa" Ghia 
I if iS Hehe int a H rH i 
ot py mae Piel 
=3 rrS2 =1 Tce re un ! ja 3 
TI i he PS EE 
t CI | | 
=e RE -ESEEEEEE SE EEE 
CI | a ri = 
Lt +. ! im | i 
T 
_ | 
i foie: ‘P : im : 
jt x 
1a EERE om 
y ! { fi Say Sa ! 
ON lia ST T i Talley I 
p 1 | 73. i tT a 0 
| 4 cht t an a rte 1 
HEH BEEESOE Sue007 #9 oaci(slecsausee 
4 1} 
i i a Tt 
[ | Ci 
| yd ae 2 | 
Fig. 141. 


We see that the tangents at all the pots P,P, Po Pe 
... are parallel, and also those at Q,, Qs, Q, Qs, .. . are 


parallel. Hence, if x be given, a will have only one value 
dx 
corresponding. Moreover, y and y’ being both acute angles, 
dy always positive. 
dx 
We have = tale La 
. e©=tan y. 


dx 
o's) = SOOTY, 


dy 
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ly a A ee 
i) de sectys 
ef OY eT 
*" dx 1+tan2y 
SRS hee 
"" dx 1+a? 
(which verifies that, if 2 be given, there is only one correspond- 


ing value for a 


Example 1. A monkey 2s ascending a pole 200 yds. away, and a boy 
is watching v4 with a toy telescope. Hind the rate at which the telescope 
is being turned wp when the monkey 1s 90 ft. wp the pole and moving 


at } ft. per sec. 


% yd. 
< 
200 yd. 
Fia@. 142. 
Let 6 be measured in degrees, 
. @=tan3, 
200 
AO RON ake | 
Ridtaat > 20a 
a(.*.) 
d poe! 200 
ena 200 * "gp (degrees per sec.) 
200 
180 1 dx 
= D00— at gy (degrees per 8€C.)......seeeeeees qd 
+ 70,000 
(Hi © 
Now ai =i ft. per sec. 


= yd. per see, 


arts. 3,4] INVERSE TRIGONOMETRICAL FUNCTIONS 233 


_ g__0295 
* Fi Seo egrees per sec. 
«(1+ 799) 


=0'07 degrees per sec. 


Example 2. AtOvzs a small revolving mirror reflecting a spot of 
light on to a screen 30 cm. away. The mirror at O ts revolving with 
a constant angular velocity of 0°5° per sec. Find the position of P when 
its velocity on the screen 1s 1 cm. per sec, 


K 
p 
vem 
80 em. H 
, 
Fig. 148. K 
Let HP em: 
.. £=80 tan 6°. 
*, @=tan-l 
“. O=tan™ 35. 
_ de 180 30 dx 
“die “BO 4a? dt 
de ‘ : 
But qi) per sec. (.* beam of light rotates twice 
as fast as mirror) 
da, 
and ai =} om. per sec. 
5400 
x? -+- 900 = —— 
us 
=1719 (approx.). 
.°. ®=28'6 cm. 


4. The following integrals are now obvious :— 


phe a me ; Senay 
| Wise sin~’ # (radians), (0 <e<3) 


= —sin~’ # (radians), (E<a<n) 


and so on. 
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[ de tan7’ « (radians). 


J 1422 
ti 
Example 1. Hvaluate i aoe tracing first of all the graph of 
0 —2 
1 
ee J1—2? 
3 
-| | 
a) Delt SO LS all Sl 
12 CI mq i 
Dei ! isl 
ei 
x 7 | 
4 =e 
a Pe 
|| | 
PEGE EEE PEE 
0 on CI 
al OW Theol 
Fig. 144. 
u 4 1 
We have dotnat = | sin L 
o V1—a2 0 
=sin—!]1—sin—!0 
ae 
2 


=1°5708. 
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This represents the area enclosed between the graph of y= a 
l- 
the axes of x and y, and the ordinate corresponding to «=1. 


3 
da . 
Example 2. Lvaluate ik i traceng first of all the graph of 


1 
Y=T4 gh 
an ime 
| fe} 
05 
1 aif a 
oI ! - 
716) 4 2+ aH Het He 8 
ya 
Fig. 145. 
23 dx 23 
ees yee 2 
We have [ Toa? | tan r] 


=tan—!2°3 —tan—10 

= “5 ~66°5 from the Tables 

=1161. 
5. Vibrations. 


Imagine a tuning-fork HO held in A 

a vice at H, and imagine the free end 
P plucked aside to A and then left to 
vibrate. If the distance on either 
side of O through which the free end 
vibrates be small, we may regard the 
path of P, viz. A’OA, as very approxi- 
mately a straight line. 


bey = OjPe a, A-O=O0A= a. Fig. 146. 
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It is an experimental result that, when the free end is at P, 
the elastic force tending to restore P to the position of 
equilibrium O is proportional to the distance # that P is from 
the position of equilibrium. But this force is proportional to 

ax aa 


the acceleration a Hence — 


is proportional to x. Since 
Fie dt? ey 


the force tending to bring back P to O is negative in direction, 
we must therefore take 


— = —n?, 


where n* is a positive number, taken in the square form for 
convenience. Hence the differential equation for a vibratory 
motion is; 


To integrate this equation, we put oF 0, 


dx dv dx dv_ i dv_1 d(v*) 
dP dt dt de da. 2d 


Hence our differential equation becomes : 
1 dv? é 
i AU 
2 dx 
ae) Pen ee CO: 
Now v=0 when the free end of the tuning-fork is at A, 
v.e. when =a. Hence C=na?, 


*, v= n2(a?— 2°), 


da Ll 
“ ndt= Nee (as it is conveniently written). 
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. nt+A asin. 
a 

“, #=asin (nt+ A), 

Now, when t=0, the free end is plucked aside to A, te. 
x=a. Hence A= 5 
3 Tv 

- €=asin( nt+ _ }. 
es 


*, C= COS nt. 


Corollary I. The time of a complete vibration 7s 2h 


For «x=acos nt=a cos (nt+27r)=a cos n(t-+ =). 
n 


Hence, whatever position «# is occupied by P at time ¢, that 


same position # will be occupied by P again at time ee OF 


Ww 
Hence P traverses the same position travelling in the same 


j : A 5 Qa 
direction at intervals of time —. 
n 


: 4 Ee) 
Corollary II. If the time of a complete vibration is = sec., 
n 
then the number of vibrations per second 1s ot 
: T 


Note I. a is called the “amplitude” of the vibration, 7.e. 
half the complete distance through which a disturbed body 
vibrates. In the case of a plucked string, a determines the 
loudness of the note produced. 


9) 
Note I. = is called ‘the “period” of the vibration. In the 
n 


case of a plucked string it would determine the pitch of the 
note, A, B, C, etc., but not its loudness. 
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EXAMPLES XIII. 

1. Differentiate sin-!z¢+ cos! a, 3 sin-1%+5 cos! a, 
4sin-}«—7 cos7! a, sin , sinst(l-+a), sin) (i—2?), costa, 
cos~! = , cos! 5a, each angle being measured in radians. 

( 


sin-!a 
e , 


9. Differentiate «sina, 2% cos—)a 1+.) tan! a, 
> ? > 


cos? tan= +2 5 ; : 
-_“, each angle being measured in radians. 
ew ° l+e S e 


3. Sketch as accurately as you can the graph of y=sin~!a, and 
calculate the inclination of the tangent ‘to the curve at the origin, y 
being measured in radians. 


4, Sketch as accurately as you can the graph of y=tan~!, and 
calculate the inclination of the tangent to the curve at the origin, y 
being measured in radians. 


5. In Question 3, find the inclination of the tangent to the curve 
to the axis of « when #=0°3. 


6. In Question 4, find the inclination of the tangent to the curve 
to the axis of « when «=0°7. 


ae 
7. Calculate es ” when «=0°81, the angle being measured 
in radians. 
dsin7) « 


8. Calculate 


— when «=0°69, the angle being measured 
in degrees. 
d cos~! . 
9. Calculate ta © when a=0'45, the angle being measured 
in radians. 
dcos7) a : 
10. Calculate — Ti when #=0°92, the angle being measured 


in degrees, 


d tan)» 
11. Calculate —— when #=0°87, the angle being measured in 
radians. 


—l, 
12. Calculate = when «=2'5, the angle being measured in 


degrees. 
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13. Using the result of Chap. XI. Art. 7, find . when y=cosec—!@. 
Ey 

14. Using the result of Chap. XI. Art. 8, find a when y=sec~! a. 
Ay 


15. Using the result of Chap. XI. Art. 9, find. SY when y=cot~! a. 
- Ay, r 


16. Pisa point moving along a straight line at the rate of » cm. 
per sec. O isa point situated a cm. from the above line. Find the 
angular velocity of OP in radians per sec. when P is distant x cm. 
from the foot of the perpendicular dropped from O on the given line. 
| Hint. —o=tan= 2 

a 

17. A point P moves round the circumference of a circle of radius 
acin. PN is the perpendicular dropped from P on a fixed diameter. 
li O be the centre, express the angular velocity of OP in terms of a, 
the distance « cm. of N from O and the velocity v cm. per sec. of N. 


18. A 40-ft. ladder is being raised from the ground, and when the 
moving end is 6 ft. from the ground it is rising vertically at the rate 
of 1:25 ft. per sec. What is the angular velocity with which the 
ladder revolves at this instant about its stationary end ? 


19. A galvanometer mirror is 1 metre distant from the scale, and 
the spot of light is moving on the scale with a velocity of 15 cm. per 
sec. when it is deflected 17 cm. What is the angular velocity of the 
beam of light at that instant, and what is the angular velocity of 
rotation of the mirror at the same instant ? 


20. The jib of a crane is 10 ft. in length, and it raises a body 
vertically at the rate of 3 in. per'sec. What is the angular velocity 
of rotation of the jib when it 1s horizontal, and when it makes angles 
of 20°, 40°, 60° with the horizontal ? 


2). In a hundred yards race the winner passes the judge at 28 ft. 
per sec. and is distant 12 ft. from him. What is the angular velocity 
of the line joining the judge and the winner when the latter passes 
the tape ? 


22. An airship flying at an altitude of 10,000 ft. at 40 m.p.h. 
passes directly over a camouflaged anti-aircraft gun. What is the 
angular velocity with which the gun must be rotated in a vertical 
plane when the airship is distant’ 12,900 ft., 15,000 ft., 18,000 ft., so 
that the target may be kept on the sights? 


23. An aeroplane flies at 100 m.p.h. at an altitude of 8000 ft. 
in a vertical plane. An anti-aircraft gun distant 9000 ft. from this 
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plane opens fire on it. With what angular velocity, in the plane 
containing the line of travel of the aeroplane and the gun, must the 
latter be rotated so as to keep the target on the sights when the 
aeroplane is at the shortest distance from the gun ? 


24. In the preceding question, what are the angular velocities of 
rotation of the gun when the target is distant 14,000 ft., 17,000 ft., 
20,000 ft. 2 


25. An angler is fishing from the top of a bridge, the end of his 
rod being 20 ft. above the level of the stream. He has a “ bite,” and 
the fish drags his float downstream so that the line runs out at the 
rate of 24 ft. per min. What are the angular velocities of rotation 
of the line from the rod to the float when the fish is 10 ft., 20 ft., 30 ft., 
40 ft. downstream from the bridge ? 


0-7 ‘dx 0°4 da 0°71 dx 0°92 dz 
26. Evaluate | a = ———) SS 
05 JT — a2 03 V1 — x2 0-19 J1— 2? 0-62 Jl —2 
3 da vhs a ae Gh 
vat Bivaluate | —————) i ———— ee Ae 
2N9—a? Jy J16—2? 23 95 a? Ivar N49 — a 
daz 0°21 dx O11 dz 


28. Evaluate 


0:07 dx 
| V1 —8122 


e 7 9°26 6°26 
29. Evaluate i Seca | RCE, | es das 
1 aNa—1 JoaNa®—-1 Joy oVa2—1 Size Vx? 1. 


2 ” 17 278 
30. Evaluate ge es dat > dst -5 das : 
rl+a? Jg lta? Jos lta fizg 1+? 


31. Evaluate (da ie dx ae oad 08 de 
Jo 1490? Jou 14252? Joos 1+16a” Jo. 14402" 


oda dee premade te anda 
. Eval oe oe ee see 
32. Eva nate [py ine fa. +a? 24 36 +3" 


33. In treatises on Mechanics it is shown that if a small heavy bob 
be attached to a thin string of length J cm., the other end of which is 
fixed, and the bob be caused to vibrate, then if the string makes an 


angle @ radians with the vertical after t sec. we have | foe —g sin 6, 


ars = — sre een y —— 
lb ~ N1—4a2 i WTS ORE 0 «| NI — 25a 


where g is the acceleration due to gravity. Also it can be seen by 
reference to the Tables that sin @ is very approximately equal to 8 if 
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da g : . 
eo 7° for small vibrations of 
amplitude a radians. ; 

(i) Express @ in terms of ¢ and g, ¢ being measured from the 
moment when the bob is in its lowest position. 

(ii) Find the time of a complete vibration, and show that it is 
independent of a. 


the angle does not exceed 4°. Thus 


34. If a heavy rod of mass M grams and of length J cm. be pivoted 
at one end and be allowed to vibrate through a small angle a radians 
on each side of the vertical, then if its Moment of Inertia about the 
axis of suspension be I ©G.s. units, it can be proved that 


2, 
il A —Mgle, where @ radians is the angle made with the vertical ¢ 


seconds after passing the vertical position. 
(1) Express @ in terms of ¢ and a. 
(ii) Find the time of a complete vibration, and show that it is 
independent of a. 


35. A magnet whose magnetic moment is M c.G.s. units and 
whose Moment of Inertia about an axis through its centre and 
perpendicular to its length is I o.¢.8. units is freely suspended in 
the Earth’s magnetic field, whose strength is H gauss. It is dis- 
placed from the North-and-South position through a radians, a small 
angle, and left to vibrate. Then it can be shown that, if after ¢ sec. 
from being in the North-and-South position it makes an angle @ 
29 
7B MHe. 

(i) Express 9 in terms of ¢ and a. a 

(ii) Find the time of a complete vibration, and show that it is 
independent of a. 


radians with that position, I 


CHAPTER XIV. 
APPROXIMATIONS AND ERRORS. 


1. In the present chapter we shall deal with the method of 
obtaining a differential coefficient approximately under cir- 
cumstances when the actual value cannot be found. We shall 
also show how to deal with calculations based on numerical 
data taken down in experiments performed in the laboratory, 
where these data are liable to “errors of observation.” 

The method of treatment in both cases is practically the 
same, and is based on the following principle, which we shall 
regard as graphically evident : 


}y | 
da 


Let P and Q be two points near to one another on the 
graph under consideration, and let PL be the tangent at P. 


A 


Connection Berueen < os L and &Y 
av 


y! 
FIG. 147, 


Then plainly the gradient of the chord PQ is very nearly 
equal to the gradient of the tangent at P. 
242 
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Now the gradient of the chord PQ is a (by Chap. II. 
2 
Art. 3). 


Also the gradient of the tangent at P is a 
A 


Hence oe (very approximately). 
oy aa 


2. Application of the above principle to approximate 
evaluations of a rate of change. 


Very often the data will not allow us to calculate accurately 
ae and we are in that case compelled to compute u as 
accurately as the data will allow. A few examples will show 
the method of procedure. 


Example 1. To find from a table of Natural Sines, when 2=37°, 
where y=sin &. 
We have from the tables 
y =0°6018 (z.¢, sin 37°), 
y + 5y =0°6032 (7.¢, sin 37° 6’). 
-. 5y=90°0014. 
Also dz =0'1 degree. 
‘ Pd =0-014. 
*; “Y 0014 (very approximately) when «=37°. 
Verification. 
y=sin o. 
rm “Y —0:01745 cos a° (by Chap. XI. Art. 3, Corollary II.). 


=0°01745 x 0°7986 (when «° =37°). 
=0°0139 (correct to the fourth place of decimals), 


244 APPROXIMATIONS AND ERRORS [cHapP. XIv. 


Example 2. 1 find from a table of logarithms = when c=17, 
where y=log,y%. 
We have from the tables 
y = 12304 (2.¢. logy) 17), 
y + 8y =1°2330 (2.2, logy, 17°1) 
.. By=0'0026. 
Also §@=17'1 —17=0°1. 


, Y 0-026. 
bu 


is “40-026 (very approximately) when c=17. 
aL a 


Example 3. In Whitaker's Almanack we find that the number 
of people in Hngland and Wales m 1801 was 8,892,536, and in 
1811, 10,164,256. To find the mean rate of increase in the population 
in these 10 years. 


The population has increased by 1,271,720 in 10 years. Hence 
the mean rate of increase during the period 1801-1811 is 127,172 
per annum. 


If we state this in our more symbolical language, P denoting the 
population and T the time in years, we have 


3P =1,271,720, 
sT=10. 


°. va, persons per annum 


= 127,000 (in round numbers), 
Example 4. A sliding piece is at a distance of 1:73 em. from a 
marked pornt in its path at w time O'1 sec. It is at a distance of 1°85 


em. at a tume O'2 sec. Hind the mean speed in the above interval 
of time. 


Let the sliding piece be s cm. from the marked point after 
t seconds, 


Then dz = 1°85 — 1°73 =0'12 centimetres, 


st=0'2 —0'l =O0'l seconds. 
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.. Mean speed == 


=a cm. per sec. 
FP = cm. per sec. (very approx.) at the time and 


position under consideration. 


3. Errors of observation. 


“Errors of observation” are of continual occurrence in all 
practical work in mechanics, electricity, geometrical measure- 
ments, etc., and it is therefore essential to study the mathe- 
matical methods of making allowance for such “errors of 
observation” in calculations based on experimental data taken: 
down in the laboratory and involving such experimental errors. 

We give some concrete examples of the occurrence in practical 
work of “errors of observation.” 


Example 1. An ordinary school ruler can measure a line correct to 
two places of decumals. Hence the calculation of the area of the square 
described on this line can only be approximate. We require to find, 
therefore, between whai lumits of error we can rely on the calculation of 
the area of the square as being correct. 


Example 2. An ordinary school protractor can measure an angle 
correct to one place of decimals. Having found this angle correct to one 
place of decimals, we look up tts sine, cosine, etc., in a book of mathematical 
tables. We have therefore to find between what limits of error we can 
rely on this value of the sine, cosine, etc., seeung that the angle rtself can 
he relied on only within certain prescribed lumats. 

Example3. A certain instrument commits a certain systematic known 
error (e.g. a ruler may be under a foot by 4m.) We have to estumate 
the error made in calculations based thereon. 


4, Formule and experimental data. 

For practical purposes we are concerned with the following 
principle. 

A certain formula connecting two unknowns, # and y, has 
been obtained from theoretical considerations, 

In using this formula in the laboratory, we wish to calculate y 
being given a value for z, this latter value for x having been 
obtained from experiments and hence being only approximately 

MW. R 
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correct. It is necessary for us to find the error in the corre- 
sponding calculated value of y. 

We may state the matter symbolically thus :— 

(1) There is a formula y=f(«) obtained from theoretical 
considerations. 

(2) x is obtained approximately by means of experiments. 

(3) We have to estimate the error in y which is calculated 
by means of the above formula, consequent on the error in #. 

We use the formula of Art. 1 of this chapter, viz. : 


dy dy 
sda (very approx.) 


in the form _ by mae dx. 
a 


N.B.—Since dy is the error in y, the percentage error is 
100dy «© 
ae he 

We will give some illustrative examples of the application 
of this principle. 


Example 1. The formula giving the area of a square on a lune % em. 
long is A=a?. x is measured and found to be 4:7 em. long, but this 
measurement 1s 4% too short. Hind the consequent error in A. 


22 AR? 
. dA_ 
t doo 
. dA_4g, ode 
: Ee 4 (when =4'7). 
But oles 
Seis Fe (very approx.). 
eS a, 
: sate 4 (very approx.). 
. 5A=9-4dx (very approx.). 
Also ’n=4Y of 4:7 
=0°188. 


*. 3A =9'4 x 0°188 (very approx.) 
=1°'8 (very approx.). 
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Hence the area is almost 2 sq. cm. greater than it appears to be, 
as the result of the calculations based on the measurements. 


Example 2. The time of swing of a simple pendulum varies as the 
square root of the length, and at a certain place the pendulum that beats’ 
1 second 2s 1 metre long. Kind the time of swing of a pendulum 
1:02 im. long. 


Let t=time of swing in seconds, 
and l=length of pendulum in metres. 
tine , 
Since ¢ varies as the square root of J, .. ire constant in value. 


But ¢ is 1 second when / is 1 metre, 


ifn LS 
NN 
. t= N10. 
aaa th 
a OAT, 
es _ (when /=1). 
But a5 (very approx.). 
| b: 
® was (very approx.) when /=1...... ceeseeceaeae eee: (1) 
.. 5¢=461 (very approx.). 
Also 5/=0°02 metres. 


.. 56=0'01 seconds. 
Hence the time of swing is 1°01 seconds (very approx.). 
Example 3. A line receives a small ierease of p %. Kind the 


corresponding percentage increase in the volume of the cube of which a 
as an edge. 


We have V=2", 
dV 
« OY _ 392, 
de | 
ay, OV _ 342 (very approx.). 
aa 


Bee S Vi=sow 00 (VELYBADPIOX.) loscceteerestsasscssaanas ses (1) 
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Now er sate IRAE R AA ARR REL a 2 hl A Berg (2) 


3 
a aya by (1) and (2). 


. sv 3p 
* 100° 
ah ee 
de Ve 100; 


Hence the percentage increase in the volume is 3p %. 


Example 4. A man, in using the formula 4absin C to find the 
area of a triangle, obtains a and 6 correctly as 8:°2 em. and 4:0 em. 
respectively. His measurement of C 1s 37° 15’, which 1s 2 minutes too 
large. Find the resulting error in the calculation of the area. 


We have A= sab sin C, 
dA «+ _ab 


Tete Chane 
= i x = 40 cos 87° 15’ (from the data of the 
problem) 
0:28 ph eis nthe an OF weet cclaecat ay aR (1) 
= dA da 
Now sO dG (very approx.) 


= 0°228 (very approx.) by (1). 
.. 5A=0°2286C (very approx.). 
Also sC= —2’ 


1 
=-—d b 
xq degree 
*, 54 = —0-0076 sq. em. (very approx.). 


Example 5. In using a tangent-galvanometer, the current that 
passes through 1s proportional to the tangent of the angle of deflection. 
If the current rs increased 2%, find the percentage increase of the angle 
of deflection, when the angle is 0 radians. 


Let C denote the strength of the current, and @ denote the angle of 
deflection measured in radians. 


ae 8 
we fan 9 = Constant. 
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Sst Vane) 


balm et _¢ sec? 6=0. 


de 
. _ 
ab pms 6 cosec @C, : 
. dC 2C 
OO easing) See (1) 
Now =o (very approx.). 
6C_ 20 
——— (ve 7 
Thence ry approx.) by (1). 
a Spa 
00 = 5G KOM C1470) 1800-8) Bosesouooscondonecibhosnc (2) 
But BO eI ret, At-8 dices 7 ee ee (3) 
*, 66=0°01 sin 26 by (2) and (8). 
ee = O0l 


; : sin 2 . 
.*. there is a percentage increase of ; oan 0, when @ is measured 


in radians. 


5. More than one source of error. 


Tuer PRINCIPLE OF THE ADDITION OF SMALL ERRORS. 


Frequently there is more than one source of error in the 
formula we are manipulating. Thus, if we are measuring the 
sides a and 6 of a rectangle and calculating its area from the 
formula A=a x 6, there are two sources of error, viz. the error 
made in measuring a and the error made in measuring 0. 

Again, if we are measuring two sides a, 6 and the contained 
angle C of a triangle, and using the formula A=3adsinC to 
calculate its area, there are three sources of error, viz. the two 
errors made in measuring the sides and the error made in 


measuring the contained angle. 
In all such cases, if the error be small, we treat each source of 


error separately and add the results. 
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A complete mathematical discussion of the above principle 
of “the addition of small errors” would be too hard for this 
work, but a few illustrations and diagrams will make the 
matter plain. 


Rectangle. 
Let OAPB be a rectangle whose sides have the lengths 


OA=acm., 
OB=6 cm. 


Let OA’P’B’ be the rectangle 
actually obtained, so that there 
is an error AA’=da in OA and 
an error BB’=946 in OB. 

Let S sq. cm. denote the area 
of the rectangle. 

.. (S+6S) sq. cm. will denote the area of the rectangle 
OA'P'B. 

Hence 4S is the error in the actual area of the rectangle, and 
is represented by the shaded part. 

Now the shaded part 6S involves three parts: 


(1) The rectangle AAP. 
(2) The rectangle BPmB’, 
(3) The rectangle P/P’m. 


O A 
Fie. 148. 


Now plainly (3) is very small compared with either (1) or (2). 
Hence, if we neglect (3), we see that 


8S = AA7P + BPmB’ (very approx.). 


But AATP is the error due to the error in a, it being 
supposed that 6 is correct; and BP in B’ is the error due to 
the error in 6, a being supposed correct. 

Hence, to find the error in the area of the rectangle, we estimate 
the error wm the rectangle due to the error in a only, b being 
consedered correct ; we thereafter estimate the error in the rectangle 
due to the error wm b only, a being considered correct. To find 
the error in the area S of the rectangle, we add these two errors 
toyether. 
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A few examples will make the method of procedure plain, 
when there is more than one source of error. 


Example 1. 4 man measures the sides of a rectangle with a ruler 
which can measure correctly only to two places of decimals. The results ° 
he obtains are 7:93 cm. and 3°48 cm. Find the largest error which he 
can make in the calculation of the area from the formula A=a xb. 


Let 5,A and 8,A denote the errors in A due to the errors in a and 
b respectively. 

Since the ruler can measure correct to two places of decimals, 
there is a possible maximum error of 0005 (of excess or defect) in 


both a and 8. 
Hence sa=0°005 


and 5b =0-005. 


Error in measuring a. 
We differentiate A=ab, keeping 6 constant, since 6 is assumed to 


be correct in dealing with the error in a, we. qa (i) 
Hence ~ 7 =qq =0=3'48 (very approx.). 
. 5,4 =3°483a =3°48 x 0°005 =0°0174 (very approx.). 


Error in measuring 6. 


As before, ey since in differentiating A=ab, in dealing with 
the error in b, we regard a as correct and hence constant in differen- 
tiating with regard to 0, 

. Adan 
“3b db 

.. 859A =7°938b = 7°93 x 0005 =0'0397 (very approx.). 
Hence the maximum error in A=6,A +5,A =0:0174+0:0397 
=0:057 (approx.) 

=0°06 sq. cm. 


a='7'93 (very approx.). 


Example 2. A man measures the sides a, b of a right-angled 
triangle with a view to calculating the hypotenuse c. If he can measure 
only correctly to two places of decimals and finds that the sides are 
a=7'93 cm. and b=5°42 cm., find the greatest possible error wn has 


calculation of ¢. 
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We have c=a?+b? 
=(7-98)?+ (5-42) 
= 92-2613. 
bi ese 9 GODS: Watered aationrvan nis oake en tang hes (1) 


Let 8,c and 5,¢ be the errors in ¢ due to the errors in a and 6 
respectively. 
Error i a. 


In making allowances for the error in a, we treat ) as correct and 
hence constant in differentiating c?=a?+ b*, 


Hence — 
7°93 
=761 
dc de 7:93 


“* 3g da 961 (Very approx.). 


7:93 
*, 80=a5~ X 0005 (-.* 8a =0°005) 


9°61 
== L004 I crmissc ae. ceec en. teasaceen cnet es careee sete (2) 
Error wn b. 
We have pa (treating a as constant) 
db c¢ 2 
5°42 
= 561° 


’ DA 
a 52° = 9-6] x 0°005 (.* 3b =0'005) 
= O00 28semn, My. Has etal owas el were tase ton atc (3) 


Hence the greatest possible error in c=d,c-+8,c=0'007 cm. 


Example 3. A man finds the height of a tower by finding a° the 
angle of elevation of its swmmmit and the distance c ft. of his position 
from the foot of the tower. If he finds a to be 37°5° and c to be 97°7 ft. 
and if he can make a 3% error in either observation, find the highest 
percentage error which he can make in his result. 
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Let h be the height of the tower in feet. 
.. h=c tan a, 
assuming the measurements to be strictly accurate. 
tC —9iel ta eos tbs 
=97'7 x 0°7673 ft. 
=74:9652 ft. 


Let 5,4 and 8h be the errors in h due to the errors in ¢ and a 


respectively. 


Error in measuring c. 
We differentiate h=c tan a, keeping « constant, since a is assumed 
to be correct in dealing with the error in c. 


Hence —=tan a 
de 


-, ht _ dh _ 9.7673 (very approx.). 


~ de 


*, 3,1=0°76738c (very approx.). 
*, 3, =0°7673 x 0°03 xX 97°7 (.° 8c=3% of 97°7) 


= 2'2490. 


Error in measuring a. 
We differentiate h=c tan a, keeping c constant, because ¢ is assumed 


to be correct in dealing with the error in a. 


dhe _ —"_csecta 


Hence Wa BO 
=0°01745 x 97°7 x (1°2605)? 
=2°7087. 

S bh _ dh _ 9.7087 (very approx.). 
00 a 


w. 89 =2°70878a (very approx.) 
.*. 8, =2°7087 X 0°03 x 37°5 
=3'0473. 


.. Highest possible error=6,h + 2h = 22490 + 3°0473 
= 5'2963 ft. 


=5 ft. (very approx.) 
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__5:2963 x 100 . 
and the highest possible percentage error= 75659 ib 
=7-065%, 


=7% (very approx.). 


Example 4. The load W 1b. which can be supported at the middle 
of an oaken beam b inches broad, d inches deep, and | inches long 1s given 
2 
by the formula W=840 oe Find the load that can be supported by a 
beam 10 ft. long, 6 inches broad, and 8 inches deep, and find the heawiest 
weight that it will be safe to hang on uf the above measurements cam be 
relied on as being correct only to within a possible error of 2%. 


Here WO, WEG Ghat) 
6 x 8? 
oF = 840 = 2688 lb. 
and W =840 x 150 6 


Let 5,W, 5,W, 5,W be errors due to the errors 41, 5b, 5d in length, 
breadth, and depth respectively. 


5, W _ dW _ 490d? 7x8? _ 99.4 
Then Sarin 840 R ey 22°4 (very approx.). 
*, 8, W=0'02 x 120 x 22'4=53°76 (since 61 represents a 
possible error of 2% of 1). 
2 
Also BNO io a x ie ds (very approx.). 
db = db l 
. 3,W=0:02 x 6 x 448 = 53°76 (taking 8b as 2Y of b). 
Similarly aot = - = ssn =14x 6 x 8=672 (very approx.). 


*. 8,W =0'02 x 8 x 672 =107'52 (taking 8d as 2% of d). 
-. BW=3,W +8,W +8,W =53°76 + 53°76 + 107 52=215-04. 
.. Heaviest weight it will be safe to hang =2688 — 215 
= 2473 lb. (approx.). 


6. The Method of Infinitesimals. 


Finding differential coefficients directly, by means of pure 
geometry. 

We shall now use the methods of this chapter to show how 
to find directly by pure geometry the differential coefficients 
of the trigonometrical functions. We shall frequently require 
the following principle :— 
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Let OP and OQ be two lines meeting at O. Let OP be 
very nearly equal to OQ, and let the 
angle POQ be very small. With N 2 
centre O and radius OP, describe 
the very small arc of a circle PN. 
Then plainly we may treat the very 
short are PN as a straight line per- 
pendicular to OQ; since a circle cuts O 
every one of its radii at right angles. Rue ee 


Example 1. To find by pure geometry the differential coefficient of 
tan 9 where 0 1s measured in radians. 


Let OH be a line of unit length, and let HK be drawn perpen- 
« dicular to’OH. Let OP be drawn 
making HOP=@ radians. Let OQ 
be drawn making HOQ = (6+380) 
N_1@ radians, where 64 is very small, With 
dy centre O and radius OP draw the arc 
\ PN. Let HP=y, and HQ=y+dy. 


Plainly y=tan 6 
y and y+dy=tan (6+ 88). 


9 
We wish to find geometrically us 

8 see Consider the small right-angled 

ie) Unit length a triangle PNQ. ; 
ea Wehaves -PQ= dite (1) 
and PN=OP x 50 (-.: arc PN subtends the angle 3¢@ at the 

centre of the circle), 
1.6. PN=sec 030 («- OF =eee 0 and OH=1) shebateietenet (2) 
Also PN _ sin NO Pecos, (P40), eve cies vereeee (3) 

PQ 
, sec 060 _ og (0+50), 1.6. 5Y _ sec 8 sec (8+ 56), 
om) 50 


Hence, proceeding to the limit in the usual way, we get 
dy 


= ==Sec 6, 
do 


Ue. d tan @ _ so02 (@ in radians). 
6 
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Example 2. To find by pure geometry the differential coefficient of 
sin 60 where 6 is measured wm radvans. 

Let the figure represent a circle of unit radius. Let OP, OQ 
make angles 0, 9+58@ respectively 
with OA where 3@ is very small. 
Draw PM, QN each perpendicu- 
lar to OA, and PH_ perpendi- 
cular to QN. Let PM=y, and 
QN =y + dy. ak 
We then have y=sin@ 

y + 5y =sin (6+ 56). 
We wish to find geometrically 


oy 
36 
Consider the very small right- 
FIG. 151. angled triangle PHQ, in which 


the arc PQ of the circle may be 
treated as a straight line, since it is very short. 


We have QH=sy 
PQ=50 
Also a =sin QPH 


=cos HPO (very approx.) (since QPO is a 
right angle very approximately, because 
the are of a circle cuts a radius perpen- 


dicularly). 
2 aaa 6 +. HP is parallel to OA, 
1.€. += cos 6 (very approx.), 
4.6. iy os 6 in the limit 
dé 
, GeO 
ie erepeae 6 as before. 


_[N.B.—The above method is usually called the “method of infinite- 
sumals,” because the old name for “small quantities” like 5x, dy, 50 
was “anfinitesimals,” ] 


a | —— 
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EXAMPLES XIV. 


1. The following are details regarding rates raised in England and 
Wales per head of population :— 


1902-3 1903-4 | 1904-5 | 1905-6 | 1906-7 | 1907-8 1908-9 


Selon Sle I LON eI W341 14 3) £1 14 8/£] 14 4|£1 14 11 


dR 
ét 
for each interval, and hence tabulate the rate at which rates were 
increasing in 1903, 1904, 1905, 1906, 1907, 1908. 


If ¢ denote the time and R the amount of the rates, calculate 


2. Deduce as approximately as you can the value of 2 from the 


following table of values, by estimating the mean value of iu in the 


two intervals and taking the mean of these two results :— 


{ 
a 473--|_ B80 5:87 


y 27°10 39°44 40°33 


3. Proceed as in the previous question and find the value approxi- 


mately of z from the following data :— 


Heat | B79 582 585 


l | 2°406 2°412 2419 


4. Deduce as approximately as you can the value of Ff when 


2=2°39 from the following table :— 


ve 9°34 “9:39 | 9-44 


y | ov 0°82 0°85 
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5. The motion of a particle sliding down an inclined plane is 
observed. It is noted that 3, 4, 5 seconds respectively from the 
beginning of motion the distances traversed are 7 "2, 12°8, 20°0 feet 
respectiv ely. Find as approximately as you can the speed of the 
particle after 4 seconds. 


6. In the following table C denotes the radio-activity of a sub- 
stance, t hours after the observations were commenced. There is 


2 
reason for believing that oe =«aQO, where a is a constant. 


Try if this is so, and, if so, find the most probable value of a. 


28 | 29:2 | 32:6 | 49-2 | 62:1 | 71:4 


#[ 0 79 | 118 
es 
| 


©) 100. 64 ard | 19°6 6| 138] 103] 37] 1286] 0-86 


(Bd. of Educ. ) 


7. Assuming that you wish to obtain experimentally the formula 


connecting = with « where y= V2, look up your square root tables, 


and calculate the mean value of ou for the x-intervals as given in the 
ee 


following table :— 


zw || 5°50 | 5°51 5-93) 5°94) €°82) 6°83] 7°53) 7°54| 8°66) 8-67) $90) S91 o-sel 9°47} 9°89! 9°90} 10°32) 10° 
y |) 2°845) 2°347 | | 

dy|| 0-002 | | 

bz 0°01 | 

$y 

ba | 02 | | | 


Hence caleulate s/zx e and state what result you deduce. 
10 c 


8. If y=cosa°, calculate as acenrately as you can qY toy the follow- 
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ing values of «, directly from your table of cosines, by filling in the 
subjoined table :— 


10° 20° | 30° 40° | 50° | 60° | 70° | g0° | 90° 


|i pi Be 


Hence evaluate cosec° x L for each of the above values of x by con- 
lt 


« 100° | 120° | 140° | 160° 


ojo 


(See Art. 2, Ex. 1.) 


sulting the cosecant tables. Deduce the formula for 7 in terms of 
x which you obtain. 


9. If y=10*, calculate and fill in from your anti-logarithm tables 
the subjoined table :— 


x || 0°10 | 0:20 } 0°30] 0°40} 0°50] 0°60} 0°70} 0°80} 0°90] 1:00 


y 


(See Art. 2, Ex. 2.) 


Hence evaluate wey, and so deduce the law for S giving the 
x 


required formula. 


10. If y=log,)sinz’, calculate and fill in from your table of 
logarithmic sines the subjoined table :— 


wl 10° | 20° | 30° | 40° | 50° | 60° | 70° | 80° | 90° 


Beso te 


5x 


Hence, by consulting your table of natural tangents, see if you can 


find the law for evaluating if logy sin 2”. 
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11. If y=tanz(« measured in degrees), calculate es when #£=27°. 


Deduce the values of 5y when 32=0°3°, 0:02°, 4’, 8”. 


12. If h=cot 6(@ measured in radians), calculate 2 when 9=0°62 


radians. Deduce the value of 3h when 50=0:02, 0°03, 0:07, 0:09 
radians respectively. 


13. A certain set of trigonometrical tables give the functional 
values only for a whole number of degrees. Use the principle of 
infinitesimals to calculate sin 472°. 


14. A man makes an error of p% in measuring an angle as 6°. 
Find the percentage error which he makes in deducing therefrom 
the values of its sine and tangent. 


15. An error of 2 mm. is made in measuring eas 73cm. Find 
the consequent error in the evaluation of «+2. 


16. A man in measuring a line makes an error of 2%. If he finds 
the line to be 7°35 em., find the percentage error in the area of the 
square described thereon. 

[Use the formula A=2?,] 


17. In the previous question, if the man uses the same measure- 
ment to calculate the volume of the cube described with the given 
line as edge, find the percentage error he makes in his computation 
of the cube. 

[Use the formula V =2%.] 


18. Considering the earth as a perfect sphere, a rope is 2 yards 
longer than would be necessary to pass round the equator in 
contact with the ground. How high must it be lifted uniformly 


from the ground so that it may be taut when its two ends are in 
contact ? 


19. A telegraph cable 100 miles long lies on a level stretch of 
desert. How much longer must an overhead line be, carried on poles 
20 feet from the ground ? 

[Hint.—Arc of a circle=radius x circular measure of an angle. 

Earth’s radius= 4000 miles, approximately. ] 


20. If when iron is heated from 0° C, to 10° C., 1 linear foot expands 
to (1+a) feet, where a is small, show that 1 cub. ft. of iron when 
heated from 0° C. to 10° C. will expand to (1+8a) cub. ft. Hence, if 
a=0'00012, find how many times heavier 1 cub. ft. of iron at 0° C. is 
than 1 cub. ft. of iron at 10° C, 
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21. An error of 3% is made in measuring an angle @ as 47°7°. 
Find the percentage error in estimating the numerical value of 
sin 6°+ cos 6°. 


22. A man makes a small error of p% in finding by measurement 
that a certain angle is 73°8°. Find the percentage error in obtaining 
the value of its tangent from the tables. 


23. The following is a table giving values of y in terms of 2, and 
another giving values of u in terms of y. What is w when «=8'3? 


x y y u 

7 14914 15 08169 
8 16°128 16 07118 
9 17-076 17 0°5543 


(Bd. of Educ.) 

24. If pv=1008, and p=3000 when t=300, find v. 

If p=8010, and ¢=302, find the new v. 

If the second set of values be called 3000+ 5p, 300+ 8¢, v-+8v, what 
is dv? 

: dv dw : 
Now use the formula v= (2 apt i) and calculate Sv in 
dp dt 

the new way. (Bd. of Educ.) 


25. Fill up the following table from your logarithmic tables :— 


| pera! 
a |10°0} 10:1, 10-2) 10°3| 10-4 10°5 | 106 10°7 | 10°8) 10:9} 11°0 
| 


| 


Find as accurately as you can the values of aioe in each interval. 


logy # 


Look up the table of reciprocals and tabulate for ‘ 


Plot eee and = against each other on squared paper and see 
whether dlogyo% _€. 
da x 


M,W. 


\ 
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26. Repeat the procedure of the previous question for the two sets 
of values— 


(i) =24-0, 24°1, 24-2, 24°3, 24-4, 24-5, 24-6, 24°7, 24:8, 24-9, 25-0. 
(ii) 2=37-0, 371, 37°2, 37°3, 37°4, 37°5, 37°6, 37°7, 37°8, 37-9, 38-0. 


27. Determine the value of c obtained in the previous questions, and 
then determine a more accurate value by using ‘Seven Figure 
Logarithm Tables.” 


28. Ox and Oy are two perpendicular lines. A is a point on Ow 
such that OA is30 cm. P is a point on Oy whose distance OP has 
to be measured. It is desired to calculate AP thereafter. If OP is 
measured and found to be 57°6 cm. and there is an error of 0°3 cm. in 
the measurement, find the error in computing AP by Pythagoras’ 
Theorem, 


29. A certain metal expands by 0:0000103 of its length for every 
degree centigrade that the temperature rises. Now it is known that 
the time of beat of a pendulum varies as the square root of its length. 
Calculate the fraction of itself that the time of beat of a pendulum 
of the above metal increases if the temperature rises 2° C, 


[| Hint.—Show that y 2 where t=time of beat in seconds and 


1=length of pendulum in centimetres.] 


30. The area of a triangle ABC is to be calculated from the formula 
A=tab sin C. The wooden protractor used for measuring purposes 
measures lines correctly, but diminishes angles by 2%. Find the 
consequent percentage error in the areas thus obtained. E 

If a=7 cm., b=8 em., C=37°5", calculate the percentage error in 
the area. 


31. A ruler which exaggerates all lengths by 3% is used to measure 
a rectangle whose sides are 17 cm. and 11 cm. Find the percentage 
error 1n the area calculated therefrom. 


32. A man stands at a distance of 67 yds. from a tower and notes 
that its elevation is 52°. If he can measure distances correct to the 
nearest foot, and angles correct to the nearest degree, what is the 
greatest percentage error that he can make in estimating the height 
of the tower from the formula Height=Distance x(Tangent of 
elevation) ? 


33. A motor car running between two towns 59°25 miles apart is 
believed to be running at an average speed of 23 miles perhour. What 
is the error in the calculated time of running if there is an error of 
07% in the average speed # 
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34. The diameter of a ball is found by using callipers to be 32°7 
mm. What is the error made in calculating its circumference by 
taking r=3'142 instead of 3:14159? 


35. The length of a ladder is calculated from the known fact 
that it reaches a window sill usually considered to be 30 ft. from 
the ground when its foot is 2 ft. from the wall of the house. What 
is the error in the length of the ladder if the true height of the 
window sill is 30 ft. 5 in. ? 


36. A boy flying a kite has paid out 150 yds. of string, and it 
seems to him that the string makes an angle of 45° with the horizon. 
Thence he calculates the height of the kite. What is the error 
in this calculation if the true angle made with the horizon is 
45° 30’? 


37. A boy calculates the height of a cliff by dropping a stone from 
the top and timing its fall by his watch, and then using the formula 
s=16t?. What error does he make if he takes 4 sec. instead of the 
true time 41 sec. ? 


88. A boy whose eye is 5 ft. from the ground stands at a distance 
of 12 ft. from the foot of a tree, and with a clinometer measures 
the angle of elevation of the top of the tree. He finds it to be 65°. 
If he makes an error of 05% in defect in measuring the angle, 
what percentage error does he make in calculating the height of 


the tree ? 


39. A tree whose height has been measured and found to be 25 ft. 
throws a shadow of 32 ft. in length. Thence is calculated the angle 
of elevation of the sun. If the true height of the tree is 25 ft. 2 in., 
what error is made in calculating the angle ? 


40. In a tangent galvanometer, if n is the number of turns of wire. 
yr the mean dedene of the coil, @ the deflection of the needle, and 


H=0'18, then if a current of , amperes flows 


In a galvanometer of 50 turns the mean radius is 20 em. and the 
deflection is read off as 35°. What is the percentage error in the 
calculated current if 35:25° is the true deflection ? 


41. If in the same galvanometer the deflection is correctly read as 
57°, what is the percentage error in the calculated current if the mean 
2, 


radius of the coil is 19°8 cm. ? 
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42. A wire whose resistance is R ohms is made into a coil and 
placed in a calorimeter containing M grams of water. A current of 
C amperes flows through it for t seconds, and the rise of temperature 
is @ degrees centigrade. 

2 
We know that ee : 
In a certain case C=1°5, R=30, +=510, M=127, and @ is calculated. 
What is the error of @ if C is accurately 1°49 ? 


43. In another case M=150, 92=5, R=22, +=900, and C is calcu- 
lated. What is the error of C if 6 is accurately 5:2? 


44. In another case M=180, a=7, C=1-7, t=600, and R is calcu- 
lated. What is the error of R if C is accurately 1°72 and @ is 
accurately 7:2? 


45. A cyclometer is constructed for a 28” bicycle wheel, and = is 
taken as 371416. If 28°1” is the true height of the wheel, what is the 
error of the cyclometer when it shows a mile? 


46. In the last example, if the wheel is correctly 28” but the 
cyclometer is constructed on the principle that r=3:14, what is the 
error of the cyclometer when it shows a mile ? 


47. A cylinder of iron is measured, and its length is found to be 
7 cm, and the diameter of its circular section 6 cm, Its mass is 1550 
grams. From these data the density of the iron is calculated. What 
is the error in the calculated density if a faulty ruler is used in 
measuring the lengths, the true length of 1 em. on it being 1:003 cm, ? 


48. The two sides of a triangle are measured and found to be 7°3 
in, and 5:4 in., and the included angle 57°. What is the maximum 
error in the calculated area if the tenths of inches are estimated ? 


49. A triangle has two sides measured by a brass ruler which is 
correct at 15°C. At the time of the measurement, however, the 
temperature was 20°C. The lengths shown by the ruler were 5°7 
and 6:9 in. and the included angle was 72°. Taking the coefficient 
of expansion of brass as 0'0000175, what is the percentage error in 
the calculated area of the triangle? 


50. A triangle has its two sides correctly measured as 77 and 95 
mm., but there is an error in defect of 27 minutes in the size of the 
included angle, which is taken to be 54°. What is the percentage 
error in the calculated area of the triangle? [Use A=$absinC.] 


51. If the sides of a triangle are a, b, c yds., and the angles opposite 
to them A, B, C degrees, then we know that a?=62+¢2—2be cos A. 
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If b and c are measured as 73 and 84, and are both 1% too short, 
while A is correctly 58°, what is the percentage error in the calculated 
value of a? 


52. If the above formula be used to calculate the angle A when 
a=7000 yds., 6=5000 yds., c=3000 yds., what is the error in A when 
each length is 20 yds. too short ? 


53. What is the error when each length is 20 yds. too long? 


54. What is the error when a is 20 yds. too short and 6 and ¢ are 
both 20 yds. too long ? 


CHAPTER XV. 
MISCELLANEOUS METHODS OF INTEGRATION. | 


1. In the present chapter will be explained some methods 
of dealing with expressions which cannot be directly inte- 
grated. Only practice will give the student the requisite 
facility. 


2. Useful principle in integration. 


3 . 
Since = = 3x”, it will often be found convenient in integra- 
LY 
tion to write dx* = 3a? dx. . We give some further examples :— 


ie 
Since ee = De, “. d(1 + 2) = 2a dx. 
2x 


Since Zi “5. be 3 cos 3x (a in radians), 
Ey 
.. @ (sin 3x) =3 cos 3x da. 
ne 
Since @ “A O= 2 sin 6 cos 6 (6 in radians), 


. d (sin? 6) = 2 sin 6 cos 6 dé. 
We shall now give some immediate illustrations of the 
practical application of the above principle. 
Example 1. Hvaluate | (1 +2*)10 « da, 


2 
di+a on, 
daz 


Since “. we may write 20 dx=d(1 +) 
1.6. © de=4d(1+2°), 
Hence Ja + 0) teh faa + a?)10 d(1 +2) {of the form | yay 


(1 +a2)41 
22 


. 
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Example 2. Evaluate | sin 36 de (6 in radians). 
Since mae =3, .. we may write d(3e)=3 de 

te. d0=1d(36). 
Hence [sin 30 do=4 sin 30d(36) {ot the form [sin p ap 


=—+4 cos 38. 


Example 3. Evaluate | cos’ a da (x im radians). 


We have cos? a =4(1+ cos Qe). 
if 
2 eos x ‘eos (1 + cos 2a)dax 
as (2 in sin 2x 
2 2 : 


Example 4. Evaluate | sin? ¢ da (a in radians). 


By the well-known formula, 
sin 87=3 sin %—4 sin’ ~. 
*. sin’ s=7(3 sin e—sin 32). 


3 [ome te=1/(@ sin %—sin 3x)da. 
=1(- 3 cos 24 ee), 


Example 5. Hvaluate | sin? x cos 7 da (# nm radians). 


We have G5in # = c08 “, . cosx dx=d(sin “). 
i 


AB [se x cos 4 dx = [sin® xd(sin x) 
sin? % 
= ep) 


3. Change of Variable. 


In many cases, the integration can be more easily performed 
if we change the variable. We give some examples. 
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Example 1. Evaluate i (1+2)i da. 


Let 14+2=y. a tH 1, 
Hence for our purpose we may more conveniently write 
dx = dy. 
xe foro da = [riay x 
=2y! 
=3(+2) 


Example 2. Hvaluate i (1 +2)? x da, 


dy 
Let. 2 ea 2 5h LS Ohe 
e y=14+a Fad 
Hence for our purpose we may more conveniently write 
2x dx = dy. 
aye Jo + 27)? dean | ye? dy 
yrs 
~ 66 
5 5 
ss ot (IY) 2\3°3 
age +) 


N.B.—The above examples will make clear the justification by algebra 
of the principle used in Art. 2. 


Example 3, Evaluate | V1 —2 da, 


Let ©=sin @(9in radians). 
s de oo 6. 
de 


.. dx=cos 6 da, 
.. [ vi=w ara fos cos 6 d@ 
= [ cos? 6 de 


=4$(0+sin @ cos @) (by Ex. 3, Art. 2, Chap. XV.) 
=}(sin a+a V1 —22), 
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Example 4. Evaluate | (1+) Ji—a? da. 


Let v=sin 6. 
.. adv=cos 6 dé, 


a Jorovime a= [(1+sin 0) . cos @. cos 6 dé 
= [cost o-+e08* asin 0)de 
= | cos? oda [os® asin ode 


= [cos# 6 de— [eos é d(cos @) 


cos? 6 


=4(8+sin 6 cos @) — 
=$sin2+$0V1—a?- 11-2). 


4, Change of Variable in Definite Integrals. 


We shall now show how to change the variable in the case 
of Definite Integrals, but first of all we must study the 
methods of finding the range in the case of one variable given 
the range in the case of the other variable. 


Example 1. Subjoined is the graph connecting y with a. Find 
the range covered by y as x varies from 1 to 3. 


4 t 7 ora = 


T 1H cH FH 
3 T 
2 i cI 
co 
Ty [| 
1 = : 4 
P 
r+) 1 2 3 4 5 6 7 


Fia. 152, 
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The points corresponding to z=1 and «=3 on the graph are P 
and Q. Thus, as z proceeds from 1 to 3 on the axis of 2, the corre- 
sponding point on the curve travels from P to Q. Hence y travels 
from 0°41 to 1:05. 

Similarly, as « travels from 0 to 7, y travels from 0°29 to 4°12. 


Example 2. Trace the graph of y=x+1, and hence read off from 
your graph the range traversed by y as x travels from 1 to 4. 


5 


Q i 
+ z 
4 
; C 
(ASI yey [| J 
2 p : 
1 Laespone) 
iL 
cI He i. fe 
fetepaia [ 
al | 
0 1 2 3 4 
Fig. 153, 


As x travels from 1 to 4 the correspondi i 
ponding point on the graph 
travels from P to Q, and consequently y travels i 2 to 5. oe 
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Example 3. Trace the graph of y=x?+1, and hence find the range 
traversed by y as « travels from 2°1 to 3°7. 


17 


16 { 7 ne 


14 . 


10 


oO 


(0) 4 2 3 4 
Fi@. 164. 
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As a travels from 2°1 to 3°7 the corresponding point on the graph 
travels from P to Q, and consequently y travels from 5:4 to 14°5. 


Example 4. Trace the graph of y=tan~) x (measured tm radtans), 
and hence obtain the range of y as x travels from (1) 0 to 1; (2) from 
0 to w. 


1-6 
1:5 
1-4 
1:3 =: 
1-2 
11 
1-0 
9 


t [ LX. 
0 1 2 8 4 5 6 7 8 
Fig. 155. 


(1) As @ travels from 0 to 1 the corresponding point on the 
graph travels from 0 to P, and consequently y travels from 0 to 


079 (t.7), 
(2) As x travels from 0 to o, the corresponding point on the 


graph travels from 0 to ©, and consequently y travels from 0 to hal 


as is clear from the tabulated value of tany as y approches = 
2 
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(because, the larger « becomes, the more closely does the curve 
approach the line y= 


5. We shall now apply these principles to the evaluation of 
some Definite Integrals. 


08 
Examplel. Evaluate [ J 1 —2? da. 
/0 


Let %=sin @ (@ in radians). 
Then, as x varies from 0 to 0°8, 
.. sin 6 varies from 0 to 0°8, 
that is, 6 varies irom 0 to 0°927 radians, 
08 0-927 
$53 V1—2? do= | cos? 6 dé 
0 0 
1 sin 26 |°%7 
=-| 0 
‘onal 
=5|0 927 + = Z =| 


=0°70 (correct to two plezes of decimals). 


1 
Example 2. Hvaluate i gN1—= dx. 
0 


Let “=sin 6 (9 in radians). 
OS —COSIOLG sesesesscecase sed enese ence ener sa sereranTs () 
As « ranges from 0 to 1, @ ranges from 0 to Br cireeeeeteeeesseasenes (2) 


0 


D 
». [ aime ae? da= [sin 0 cost ao 
2 . 
— | cos?@d(cos @) (.* d cos = —sin @ dé) 
0 


_ | cos? ai 
L 3 o 


i 


woe 
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Aliier. 
1 < eee 1 1 = 
i a V1 — 2 an=3f V1 —«? d(x?) 
0 2 Jo 


¥ : [ ‘(1 —2%)ld(1 —22) 


ool rage 


1 
3° 
2/1 +a? 
[Fe 


Example 3. Hvaluate 
1 


Let *  g=tan 6 (9 in radians), 
+S OR —= SCC? 6:00 Bummdene ten nere eecaetetanereateceees (1) 

As « ranges from 1 to 2, @ ranges from : to 1:107 radians......... (2) 

D IPED _ pllo7 

Vite = SeC 0 sec? @ de 

mee = tan*@ 

1107 cos 6 dé 
-/ ani) sie (sin 6)-4 dsin @ 


(sin g)~2 |2207 
> —3 © 
ry 


=}[2'828 — 1398] 
=4[1:430]=0-477. 


Example 4. Find the area 
enclosed between two parallel chords 
of w circle of radius 3 cm. at 
distances 1 and 2 cm. from the 
centre respectively. 


The area required 


=2| yde 
1 


2 — —— 
-2[ /9— a? dar (+. x74 y?=—9), 
Ji HIG. 156, 


ART. 6] OF INTEGRATION 275 


Let X= cos 6. 
Bea CME) SIGN SUIUGN Ae Gncengrpnbactoasoebecan once (1) 
As « ranges from 1 to 2, @ ranges from 1:231 to 0°841 radians. ...(2) 
Hence area required 
0841 
=2/ 3 sin @x(—3 sin 0)dé@ 
231 


0°841 


= -9f (1 — cos 26)de 
1281 


= of 92 =e 
2 1231 


=9(1:231 — 0°841)+ 2(0'9938 — 0°6280) =5°156 sq. cm. 


6. Integration by parts. 
The following artifice is of great practical utility. It 


frequently happens that we are called upon to integrate [ v du 
where wu and v are functions of «, and that we cannot im- 


mediately evaluate | v du, but we can write down at once the 
value of | udv. We therefore proceed thus :— 


Since d(wv)=udv+vdu (by Chap. XII., Art. 2), 
, vdw=d(wv) —udo. 


Hence [odu=uo— [way 
and the integration of [rae is immediately effected if we 


know i] wu do. 
The resulting process is called the method of “integrating by 


parts.” ’ he 
We shall now give some examples to illustrate its utility. 
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Example 1. Integrate | «cosa dw. 


We have i! x cos x de = fe d (sin x) 


=using— |sinede 


=xsin ©+ cosa. 


Example 2. Integrate | 2(1+2)!da. 


[oa+eymar [xa (cain) 


ola) ((1 +2)! 
cc. 10k © | io ” 
a(1-+a)l (1 +a)102 
=~ 10l © £01 102" 


7. Note on negative areas. 
b 
In solving a definite integral, e.g. | f(x) dx, it is advisable 


to sketch the graph y=/(), so as to know beforehand, by way 
of a rough check, what form of result to expect. In that way 
needless and obscure errors can often be avoided. For 


example, [cosa da =O. To explain this we trace the graph 
0 


of y=cosz, obtaining a graph of the form— 


Fic. 157. 


The area of the shaded part above the axis of « must be 
regarded as positive, because throughout that region y is 
positive ; and the area of the shaded part below the axis of x 
must be regarded as negative, because throughout that region y 
is negative. On adding these two areas together, we get zero. 
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8. Useful result. 

To find the element of area enclosed between two radit vectores 
We require to find the area of POQ (=0A). Let the circle, 


centre O and radius OP, cut OQ in P’. 
Also let the circle, centre O and radius OQ, cut OP produced 


in Q’. 


Then, from the figure, we have: 
Area of P’PO<area of POQ <area of QQ’0. 


. $7766< dA <3}(r + 8r)768. 
Hence, proceeding to the limit, we have dA = 4r°d6. 


integrate a differential equation of the type 


9. To 
dy _{) 
dx (x) 


; dy da 
We write Ay) pla) and integrate directly. 


This process is called the process of ‘“ integration by separation 


of the variables.” 


Example 1. Integrate the differential equation = =a(y? +1). 
d 
We have fan =: 
x 
wapbalme Sea C. 
,dy a+ a 


Example 2. Integrate the differential equation a 7 = Fi 


We have 
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EXAMPLES XV. 


1. Evaluate the following indefinite integrals :— 
(i) | sin? x da, ne!) | sin? 3700, Nee | sin? (5@+7) da, 
(iv) | cos* @ sin « da, _}. ( 1 | cos’ x sina dx, | (vi) | sind « cos x da, 
(vii) | sec?3adx, | { (viii) 7 tan? 2a da, (Gx) | a1 =a? iM W 
(x) iE N1 +22 in } (xi) [exe + bai) si / (xi) fea +2)" dx, 
| (xiii) | x(a + ba?)" ee (xiv). 7 tan? x sec? x da, ae i tan’ x sec? x da, 


(xvi) [rane sec? dx, (xvii) fe cosa? da, (xviii) Je sin 2° da, 
ip : dx 
(xix) ——= (xx) Is nee (xxi) lax Qn + OY 
aa da erent | Seen ; a. da 
Gai) Ba GaLT (xxiii) rece 95 On” (xxiv) | RA Ga 
dae 
(xxy) SSEEaE 


2. Evaluate the following definite integrals :— 


Sofi 
Be: 1 
Q) |} sin? x da, (ii) | sin? « da (@ in radians) 
0 0 ? 
oe 08 09 
(iii) I cos? « da (a in radians), (iv) i cos? « da (# in radians), 
0-2 

Py : 08 

(v) f cos? x sin x dz, (vi) i sin? x cos x dx (« in radians), 
0 


Bia bf: 07 0-9 
(vii) [ tan? « dz, (viii) i aN 1 —a da, (ix) [. aN 1 +22 de, 


@ f (set) a (ad [ (Se+75) % Gi es reer rr 
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Aad 4 dz ; q da ” de 
(xiii) I 14+ 92? (xiv) [=e (xv) [aoa 
Rel dt 
Say ( Treen: 
3. Evaluate the following indefinite integrals :— 
: x do a | ents oes a da : vali 
Offa © (H @) [Jaap © [ape 
(v) | cos*x dx, (vi) | cos’ x dx, (vii) ' sind dx, (viii) | a(1 —2)} da, 
(ix) | x(1—2)-* da, (x) Je Vi +a da, (xi) Je V1+2 da, 
(xii) i sin 6(1 —é? cos? 6)—? de, (xiii) | cos 6(1 — e? sin? 6)-? da, 
dx 1 da 
i Sat ne Hy _— = —— 
(xiv) ie a ml | int. —Put x y ] ; (xv) i Taal 
4, Integrate (1) i V9—a' da [Hint.—Put «= sin 6], 
(ii) | 25 — a? da, (iii) | Na? — a? da, 
(iv) | V1 — x? da, (v) i sin 6(1 — é? cos? 6)? da. 


(vi) | cos@(1 —e? sin*@)? dé, (vii) | sec?a(1 — e? tan?6)? dé, 


‘ da 1 Pe 1 1 1 
5. Integrate . a (1 +2) Et a a) = Gent . 
: 1l+a-2 
(ii) faze EE, + 302)? (iii) Bie sae. Gv) [Tee dx. 


6. Integrate (1) | as +e - dee [Hint.—Put 2=cos 26], 


Sey x—1 dz : 1 
(ii) [Vis ae © dat, (111) [Wie Z | Hint.—Put on} 
(iv) i (24 ae _ (v) | af = de  [Hint.—Put #=sin? 6], 


(vi) es da {Hint.—Put x=sec? 6]. 
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7. Evaluate 
3 7 2 
@f V9—2* dx, (ii) i J49—a2 da, (iii) [ 9 — a? du (2 places of dec.), 


(iv) [ V9 — «2? dx (2 places of dec.), (v) ia 25 — a dx (2 places of dec.), 


. a ae 
vi) ee rast (2 places of dec.). 


8. Evaluate correct to 2 places of 


(i) alas dé, Dat ase Gi [ a 
mya «fis «ye 


vi) lve a las ae 
9. Integrate by parts 


(i) fe sin x da, (ii) fe cos « da, (iii) fas sin 2+4 cos «) da, 


(iy) [ea +2)%da, (v) fea +2)? dx, (vi) [oa +a)" da, 
(vil) fe sin 2a da, (vill) Je cos 3a dx, (ix) Bes x de, 
(x) eos lad, (xi) fe tana daw, (xii) les 


(xiil) | x cosx dx, (xiv) | oo sin w da, 


tan—12 


da, 


10. Evaluate 


= ™ 
4 0-8 z 
(i) [ xcosadx, (ii) i x cos “da (xin radians), (ili) [ 2(sin «+ cos x) dex, 


wT 


ea 
i x cos x dx . 5 
. 0 : ° 
(LY) See (v) i a sin® x da, (vi) I x cos? x dx, 
7p 0 


| z sin « dz 
0 
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a 


11. Transform [ “wsin? x de by the substitution B=5—Ys and state 
any noticeable result thus obtained. 


12. AB and CD are two parallel chords of a circle of radius 5 em. 
subtending angles of 60° and 30° respectively at the centre and on 
the same side of it. Calculate the area of the circle intercepted 
between the two chords. 


FIG. 159, 


[Hint.—Area = 2[y dz, where <=5 cos@ and y=5 sin @,] 


13, Find the ratio of the areas of the two parts of a circle of 
radius 1 cm. in which it is divided by a chord subtending an angle 
of 42° at the centre. 


14. AB and CD are two parallel chords of a circle of radius a cm. 
subtending angles of 2a and 2g radians respectively at the centre, 
Calculate the area of the circle intercepted between the two chords. 


15, Find the ratio of the areas of the two parts of a circle of 
radius a cm. in which it is divided by a chord subtending an angle 
2a radians at the centre. 


16. A plane subtends at the centre of a sphere of radius 1 ft. a 
cone whose semi-vertical angle is 30°. Find the ratio of the volumes 
of the two parts of the sphere into which it is divided by the plane. 


17. A plane subtends at the centre of a sphere of radius a yd. a 
cone whose semi-vertical angle is a radians. Find the ratio of the 
volumes of the two parts of the sphere into which it is divided by 
the plane. 


18. Trace the cardioid whose equation is r=a(1+ cos 8), and find 
the area enclosed by it. 
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19. Trace the lemniscate whose equation is r?=a? cos 26, and find 
the area enclosed by one of its loops. 


20. Prove that in the case of the hyperbolic spiral whose equation 
is ré=a the area bounded by anarc of the curve and the radii vectores 
of the ends of the are is proportional to the difference of the lengths 
of these radii vectores. 


21. Trace the curve whose equation is r=asin 36, and find the 
area enclosed by one of its loops. 


22. Trace the curve whose equation is r=asin 58, and find the 
area enclosed by one of its loops. 


23. Find the area enclosed by the ellipse whose equation is 
Smee 
a+ ho ; eee x=asin >, then y=) cos ¢.] 

24. Any point on the cycloid is given by the equations = a(@ + sin 8), 
y=a(1+ cos 8), the axis of ~ being the straight line on which the 
generating circle rolls. Find the area enclosed between this line 
and one loop of the curve. 


25. Trace the curve «#+y%=a', and find the area enclosed by it. 
[ Hint.— Let c«=asin® ¢, then y=a cos? ¢.] 


26. Find the volume of a cap of a sphere of radius 10 in., the 
cone which has its vertex at the centre of the sphere and stands on 
the cap as base having a semi-vertical angle of 40°. 


27. Find the volume of the solid generated by the revolution 
of one loop of the curve y=sin # (a in radians) about the axis of x. 


28. Find the volume generated by the revolution about the axis 
of « of one loop of the cycloid of question 24. 


29, Find the position of the Centre of Gravity of a semicircle 
radius a. 


30. Find the position of the Centre of Gravity of one of the halves 
into which the axis of y cuts the ellipse otpah 

31. Find the position of the Centre of Gravity of one of the halves 
into which the axis of x cuts the ellipse Be 

32. ee position of the Centre of Gravity of a quadrant of 
the ellipse ath ik 
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_ 33, Find the position of the Centre of Gravity of a segment of a 
circle of radius a cm., the height of the segment being h cm. 


34, Find the position of the Centre of Gravity of a segment of a 
circle of radius a in., the are of the segment subtending an angle 
2a radians at the centre of the circle. 


35. Find the position of the Centre of Gravity of a hemisphere 
of radius a ft. 


36. Find the position of the Centre of Gravity of a cap of a sphere 
of radius a cm., the height of the cap being h cm. 


87. Find the M.I. of a circular disc radius a ft. and mass M lb. 
about one of its diameters. 


38. Find the M.I. of an elliptical disc whose semi-major and semi- 
minor axes are acm. and 6 cm. and mass M grams about its major 
axis. 

39. Find the M.I. of the elliptical dise of the preceding question 
about its minor axis. 


40. Find the M.1I. of the elliptical dise of the two preceding 
questions about an axis through its centre perpendicular to its plane. 


CHAPTER XVI. 
LENGTHS OF CURVES AND AREAS OF SURFACES, 
1. Practical calculation of length of curve. 


Consider the subjoined graph, in which we wish to obtain 
approximately the length of the arc of the curve. 


T 
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We can proceed in either of two ways: (1) by measuring 
the curve with a piece of string, as described in text-books on 
Practical Physics ; (2) by performing certain calculations. 

We shall deal with each of these methods separately. 
Mernop (1). By Measurement with a String. 
We shall quote the description of this method given in 
tintoul’s Introduction to Practical Physics. 
284 
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“A curved line may be measured by means of a flexible 
cord, such as a piece of cotton, in the following manner :— 
Suppose that we have to measure the length of the curve in 
the subjoined figure (fig. 161). Take a piece of cotton of 
sufficient length, and tie a knot near one end. Place this 
knot on the paper at A, and hold it tight with the left 
hand. With the other hand stretch the cotton along the 
curve to such a distance AX that the cotton coincides with 
the curve. (It is obvious that this distance AX will depend 
on the curvature—the greater the curvature the shorter 


A B 


A 


x 
Yi 
7L 


Cc N 
Fre. 161. 


the length of cotton which will coincide with the curve.) 
Hold the cotton down on the curve at X with the thumb 
of the right hand, let go with the left hand, and place the 
thumb or forefinger of the left hand close to the right at 
X. Holding the thread at X with the left hand, stretch the 
cotton another short distance XY as before. In this way tha 
cotton can be laid along the whole of the curve ABC. When 
C is reached with the thumb of the right hand, lift the cotton 
with this hand without allowing the cotton to slip, and lay it 
straight along the metre measure. Thus the length of the 
curve can be measured by measuring the length of the cotton 
which can be made to lie along it.” : 

If we carry out these instructions with regard to the above 
curve drawn on the squared paper and take the average of 
five readings, we find that the length of the curve is 9:08 in, 
approximately. ; 

What has actually happened in the foregoing process is that 
we have taken the measure of the inscribed polygon consisting 
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of the straight lines (or chords) AX, XY, YZ, etc. It is plain 
that the shorter the arcs AX, XY, YZ, ete., the more accurate 
will the above measurement be. But the above method can 
never (quite apart from practical disabilities) give us a 
perfectly accurate result. 


Meruop (2). By Graphical Calculation. 


In graphical calculation we proceed as follows :— 

Let, in fig. 162, PQ be a portion of the arc of a curve which— 
for practical approximative 
purpose 
sidered as a straight line. 
(In other words, if the 
“stretched string” method 
were being used, the string, 
if stretched between P and 
Q, would to the naked eye 
appear to coincide with the 
arc PQ.) 

Now PQ?= PK? + KQ?. 


* PQ=+/PK?+ KQ? 
= 1/ MN? + (difference of ordinates of Q and P)*. 


¥ 


Fig. 162. 


Let us now apply this method to the curye in fig. 160. Let 
us consider the series of points A, B, C, D, “ ie 
We read off and tabulate as follows : — 


Ordinate of A= 1:00 inches 


. Boll By aus 
¥ Cats Titeds 
5s (Deal ey aM 
oy De On7d pase, 
Fs Heol ey 
- G26: en 
’ H= 4:82 


” [= 5-10 


ART. 2 AREAS OF SURFACES 287 


Hence, applying the method of fig. 162, we get :— 
AB? = 17 + (1:15 — 1:00)? = 1.0225 
BC? = 174 (1°47 - 1:15)? =1-1024 
CD? = 124 (1:97 — 1:47)? = 1.2500 
DE? = 1? + (2°74 — 1:97)? = 1°5929 
EF? = 1? + (3°51 — 2:74)? = 15929 
FG? = 12+ (4:30 — 3°51)? =1°6241 
GH? = 1? + (4:82 — 4:30)? = 1:2704 
HI? = 124 (5:10 — 4°82)? = 1:0784 


Hence AB=17°01 inches 
BO = 1505 iae. 
CDEMrl2...,; 
DH=1°26 ,, 
BE =1:26" ,, 
FG=1°27_ ,, 
GH=1:13 ,, 
HI=104 _,, 


Hence the total length of the curve is 9:1 inches approxi- 
mately, which agrees very closely with the result given by 
the method of the stretched string. 


2. Exact evaluation of the length of a curve. 


O M .N 
Fig. 163. 


The above figure explains itself, except that ds is usually 
taken to denote the length of a short arc of the curve. 
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Then plainly, 
the arc PQ = {(3x)? + (dy)?}* (very approx.) 
Hence, approximately, the length of the total curve 
= >, { (bx)? + (dy)?}* (very approx.) 


by \7\?5 
= ») {1 + (2) \ dx (very approx.) 
dy\2\+ 
.. the exact length of the total curve = | {1 + 2) \ dx. 
j a 


Example. Sketch the graph of y?=a', and hence find by integration 
the length of the arc from x=0 to w=10. 


3 
BO tit SO Sos 


3. Area of a surface of revolution. 


Consider a curve AB and a line OX both lying in the same 
plane. Then if we imagine this plane to rotate about OX as 
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an axis carrying the curve AB along with it, the rotating curve 
AB will trace out a surface of revolution having OX as its 
‘line of symmetry ” or axis. 

To obtain the area of a surface of revolution, we shall begin 
as usual by considerg how we may find approximately the 
area of a surface of revolution traced out by a curve drawn on 
squared paper. 

Let us first of all consider the arc AB in fig. 165. The point 
a in its revolution about Ow describes a circle of radius an. 


J 
4 
t fo} ion ¢ 
8 
2 
B 
1 I 
i?) Tat 2 3 4 5 6 7 “8 
file. 165. 


Hence the distance described by a during the revolution of 
the curve is 27.an, 

Hence the area of the portion of surface traced out by the 
are AB in its revolution about Ow will be very approximately 
2Qran. AB. 

If we therefore treat each portion of arc, AB, BC, CD, etc. 
separately, and sum all the portions of surface thus obtained, 
we shall obtain very approximately the total area of the 
required surface of revolution. 

Let us, therefore, find in fig: 165 the lengths of the ares 
AB, BO, CD, etc., either by the “stretched string” or by the 
“graphical calculation” method, and let us tabulate our 
results as follows :— 
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AB=1-01 in. ; ordinate of a= 1-06 in. 
AO == IOS. P, B=1:30.,, 
CID NOK) 5, 8 zn y=1-68 ,, 
Dele as 53 = oan, 
HB elo tee 3; a COA. 
1 sel Whee ry G13 48s 
Gr AB O01... G ‘ n= 4°00 ,, 
tA ees kOe es 0=4:24 ,, 


Hence we obtain :— 
Portion of surface traced out by AB= 6°73 sq. in. 


+ Pee F nae. UO xeltare eg 
=~ A 5 oe CD SL Ose 
” ” ” ” DE= 16°31 ” 
i sp - oy LES BALSA | oe 
” ” 2) ” FG= 25:59 ” 
” ” ” ” GH= 27°39 ” 
” ” ” ” HI= 2851 ” 


.. total area of surface = 145-84 sq. in. (very approx.). 


4, Exact evaluation of the area of a surface of revolution. 


Let PQ=és be a very short arc of the given curve. Let y 
be the ordinate of G, the mid-point of the arc PQ. Then, as 
the arc rotates about Oz, the point G traverses a path of length 
2ry. The portion of sur- 
face traced out by the are 
PQ=0s is therefore 2zay és 
very approximately. 

Hence total area of surface 
= >2:y dbs (very approx.) 
= 27 Sy os (very approx.). 

Hence, in the limit, the 
exact value for the area of 


0 ie 
Fig. 166. 


? 
the surface of revolution is 2r| yds. 


V.B.—Mistakes are frequently made by taking the element 
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of surface of revolution to be 2ry $x instead of 2ry8s. The 
student may avoid this error once for all if he notes that the 
surface of revolution is generated by the arc 8s and not by da. 


Corollary. Gunpinus anp Pappus’ Turorem.—IJf the arc 
of a plane curve revolve about an axis lying in its plane but not 
intersecting wt, the area of the surface of revolution generated by 
the arc 1s equal to the length of the arc, multiplied by the dis- 
tance traversed by the centre of gravity of the arc during the 
revolution. 


Example 1. The parabola y?=16x 7s rotated about its axis. Find 
the area of the surface of revolution thus generated, which 1s intercepted 
between the vertex and a plane pernendicular to the aaxrs, and at a distance 
x=10 from the vertex. 


But 


10 ie 
AR Area=2x 4at 1+ de by (1) and (2) 
oe 


10 
=8r[ (4 +a) da 
0 
= 743°5. 
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Example 2. To prove that the area of the surface of a sphere inter- 
cepted between two parallel planes is equal to the area intercepted between 
the parallel planes of the part of the surface of the cirewmscribing cylinder 
whose generating lines are perpendicular to the parallel planes. 


Consider the area of the por- 
tion of surface generated by 
the small are PQ, and let the 
semi-angles subtended by the 
given parallel planes at the 
centre of the sphere be a and 6 
respectively. 

Then area of surface re- 
quired 


=2n | yds 
Fig. 168, | ’ 


B 
=2n [ asin 6x a dé (since ds=a 50) 


pe. 
=2na*} sin 6dé 


“(6 
=2rai| — cos 0 | 
ja 
= 2a" (cos a — cos B) 
=2rac 


(where ¢ is the perpendicular distance between the given 
parallel planes) 
=area of portion of circumscribing cylinder intercepted 
between the given planes (the generators of the cylinder 
being parallel to Oz). 


t=4 
Example 3. Evaluate 2a I y ds, given that «=at?, y=2at. 
t=0 
We have dx =2at dt, 
dy =2a dt. 


(ds)? = (de)? + (dy)? 
= 4a7t?(dt)? + (4a*)(dt)? 
= 4a2(#2-4+1)(dt)?, 
. ds=2an1+# db. 
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=0 


t=4 4 
a ar [ y ds=2e | Qat.2a/1+# dt 
t 0 
4 
=6ra! | tV1+ dt 
0 


4 

Sey 2) 
8ra | sae HY |, 
== aX17 N17 1). 


5. Given that the surface of a sphere of radius ris 47r?, 
to find the volume of a sphere of radius a. 


Consider the volume 5V bounded between two concentric 
spheres of radii r and r+ 67 respectively. 

If we imagine the substance intercepted between the two 
spherical surfaces to be made of very flexible india-rubber, we 
can suppose a cut to be made and the india-rubber to be laid 
out flat on a table without the inner surface of the rubber 
being either compressed or extended. Plainly, what was the 
outer surface will be compressed, and we will get a flat pair of 
equal surfaces of area 4rr*, whose distance apart is dr. 


o. Arr? dr< dV 
(since compression of the volume has taken place). 
In the same way, if we imagined the outer surface, whose 
area is 47(r+dr)?, to be flattened out on the table, what was 


the inner surface would be. stretched out from 4r? to 
4a(r+6r)?, and the volume would be increased from 8V to 
4n(r + Or)? or, 
J. Amr? br <8V <4n(r + dr)? br. 
Hence, proceeding to the limit, we obtain dV =4ar? dr. 


.. Volume = i aay, = [ ee dr 
7=0 0 


3 
=-7", 
3 


6. Integration by the Method of Reduction. 


It is frequently convenient, when an expression to be inte- 
grated is complicated, to express the given integral as the sum 


M.W, U 
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of an integrated expression plus the integral of a less compli- 
cated expression. We can illustrate by means of an example. 
Consider the following :-— 


d ; OAs 5 
cP a” sin «)=2" cos a+na"—! sin x. 
xv 


aS Je cos « dx =a" sin x — a sin x da. 


Hence |z"cosxdx has been expressed in terms of an 


integrated expression plus the integral of an expression of 
lower degree in a We can then proceed to “reduce” 


xl sin x dx in a Similar way, and hence finally the required 
integration will be effected. 


Example 1. Lvaluate | x cos ¢ dx. 


Let us differentiate some expression which will contain «3 cos x in 
the answer. Obviously, by inspection, « sin « is such an expression. 


We have “ (x sin ©) =x? cos x+ 3x" sin a 


¢ [ecosede= sine 8 [at sine de dees Nace oaeet (1) 


Let us next differentiate some expression which contains z? sin « 
in the answer. Obviously 2? cos z. 


d : 
We have ai (a? cos x)= — a? sin “+ 2x cos a, 
Me 


ote [etsine dem ~2t cos 2422 cosede esea ews sean (2) 


Finally, an expression which on being differentiated will contain 
“cos« is “Sin x, 


d . ; 
Hence —(x sin x)=“ cos“+sin a, 
da 
ae fe cos“ dx=a sin x— [sm x de 


= WBN Gr} COB ieivecd sss taeete es needs (3) 


ART. 6] AREAS OF SURFACES 295 
Hence, by (1), (2), and (3), 


fe cos x dx=a sin 2+ 3x? cos x— 6x sin x—6 cos x 


= (a3 — 6x) sin «+ (8a? — 6) cos a. 
Example 2. Evaluate | sin! a dz. 


An expression which on being differentiated will contain sin‘ x 
is plainly sin* x cos x, 


d (7. ; 
oe a, (Sint x COs x)= —sin* x+3 sin? x cos? x 
x 


= —sin'x+3 sin? “(1 — sin? x) 
= —4sintx+3 sin? a, 


ore [ssn x de=# | sin? x dx—} sin® x cos @. 

Hence | sin‘ g dx is reduced to depend on | sin? « da. 
Otherwise, | sin! ¢ dx= — | sin? x d cos & 

=-—sin’gcosx+ | cosxd sin? 

=-—sin? x cos #+ 3 [sin* x cos* x da 

= —sin’ x cos “+ 3 [sine x —sint «)dx, 

aes 4 [>in x da= —sin? « cos“+ 3 [sin x de. 

Hence [sm yh 1 [sin x da —t sin? x cos a. 


Example 3. Evaluate | /1 — a? da. 


Integrating by parts, we have 
[ui =e dx=aN1 = [oavime 


2 dee 
=o T—gt+ oe (1) 
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Al pase | Ee 
ea ; ae NS 


dx x? da 
ier: J1-2 
y x? de 
ssin-te— [7 fae hn. Pemderaeeaee (2) 


Hence, by adding (1) and (2) and dividing by 2, 


[vice du=to/1—a% +4 sin- x. 


EXAMPLES XVI. 


; 2 
]. Trace the graph of Y=5 from «= —5 to «=+5 as accurately 


as you can. 
(i) Obtain the length of the arc by the “stretched string” method. 
(ii) Obtain the length of the are by “graphical calculation.” 
(iii) State the percentage. difference in your two answers to 
(i) and (ii). 


2 
2. Trace the graph of yar from «= —5 to v= +5 as accurately 


as you can, and answer the same three questions as in question 1. 


3. Find by integration the length of the arc of the curve y?=23 
from c=0 to <=5. 


4, Find the length of the curve y*=«? from «=5 to s=12. 


5. Find the length of the are of the curve y?=42* from «=0 to 
ewe 


6. Find the length of the arc of the curve y2=3"7z3 from »=0 
to c=10. 


7. Find the length of the are of the curve y?=a%x3 from «2=0 
to z=, 


8. Find the length of the arc of the curve «=a*y? from «=0 
to v=a. 


9. Find by integration the surface of a right circular cone of 
semi-vertical angle 23° and of height 12 em. 


10. Find by integration the surface of a right circular cone of 
semi-vertical angle 19° and of height 20 em, 
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1J. The diameters of the cross-sections of a frustum of a cone are 
5 cm. and 8 cm. respectively, and the distance between them is 9 
em. Calculate the total surface of the frustum (using integration). 


_ 12. A round chimney-stack stands 30 ft. high. The diameter of 
its base is 6 ft. and of its top 1 ft. Calculate the total surface of the 
chimney. 


13. The figure represents a brick 
funnel of height 6 ft, and the 
external and internal diameters of 
the upper section are 6 ft. and 
5 ft. respectively. The corre- 
sponding diameters of the lower 
section are 2 ft. and 1 ft. respect- 
ively. Find by integration the 
difference between the outer and 
inner sloping surfaces. 


14. Find the area of zinc required to construct an ordinary bucket 
with a bottom and lid, given that the diameter of the lid is 14 ft., 
the diameter of the bottom 1 ft., and the height of the bucket 2 ft. 

15. Find the area of the surface of a sphere of radius 5 ft. inter- 
cepted between a diametral plane and a parallel plane 23 ft. distant. 

16. Find the area of the surface of a sphere of radius 12 ft. inter- 
cepted between two parallel planes at distances of 2 ft. and 10 ft. 
respectively from the centre. 

17. An upturned granite hemisphere of radius 7 inches is placed 
in the basin of a fountain in which the water is 5 inches deep. Cal- 
culate the wetted area of the surface of the hemisphere, 

18. Find how deep the water in an upturned hemispherical pot 
of radius 2 ft. must be in order that the surface may be half-wetted. 

19. Trace roughly the curve whose equation is af +4% a8 and find 

i) the length of its perimeter. 

ty the area of the surface formed by the revolution of the curve 
about the axis of 2. 
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20. AB is the diameter of a sphere and N isa point in AB. Prove 
that the plane through N perpendicular to AB divides the surface of 
the sphere into two parts whose ratio is AN: NB. 


21. The parabola y?=4aa is rotated about its axis. Prove that 
the area of the surface intercepted between the vertex and «=c is 


Ja {(ct+a)i—a}}, 
é 


22. Fig. 170 is a section of a napkin- 
ring by a plane through the axis MN 
where APC and BQD are semicircles. 

(The napkin-ring may be supposed 
es en N | generated by the revolution of APC 
about the axis MN). If the napkin-ring 
be 1 inch wide (ze. AC=1 inch) and 2 
inches in diameter (7.e. AB=2 inches), 
calculate the surface of the napkin-ring. 


Ee eS Seeetar re D 
Fig. 170. 


_ 23. An anchor-ring may be supposed generated by the revolution of 
the circle in fig. 171 about the axis XY. is the centre of the circle 


Fig. 171. 
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Given that OH=c, OP=a, PN=y, POR=6, HN=z, 
(i) Find g in terms a and 6. 
(ii) Find y in terms of a, «, 8. 
(iii) Find dx in terms of a, 6, dé. 
(iv) Find dy in terms of a, c, 6, dé. 
(v) Calculate (dx)?+ (dy)? in terms of a, ¢, 6, 8. 
(vi) Calculate ds in terms of a, c, 6, dé. 
(vii) Write down an expression as an integral for the surface area 
of the anchor-ring in terms of a and ¢. 
(viii) Find the surface-area of the anchor-ring. 
(ix) Explain a simpler geometrical way of obtaining ds in terms 
of dé than that outlined in (iii), (iv), (v), (vi). 


24, Obtain the volume of the anchor-ring in question 23. 
25. The diameter of the aperture of an anchor-ring is 2 ft, The 


radius of the generating circle is half a foot. Calculate the volume 
and surface (using integration). 


26. An anchor-ring is laid down on a table and a plane is taken 
parallel to the table and at a distance » ft. from the centre of the 
anchor-ring. ‘ The radius of the generating circle is a ft., and the 
distance of the centre of the generating circle from the centre of the 


anchor-ring is ¢ ft. 
(i) Prove that the area of the section of the anchor-ring by the 


above plane is 
dnc Na? — x, 
(ii) Hence show that the volume of the anchor-ring is 


+a > eA 
i Amc Na? — a? da. 


—-a 
(ii) Evaluate the integral in (ii). 
27. An anchor-ring whose generating circle is 1 ft. in diameter, 


and the diameter of whose aperture is 2 ft., lies on the deck of a 
ship in 4 in. of water. Calculate the area of the surface wetted. 


28. A spherical dome stands on a circular base of diameter 10 ft. 
The height of the dome is 3 ft. Find the cost of covering its surface 


with sheet lead at 44d. per sq. ft. 
29. Find the length of the arc of the curve 
x= a(+sin 4) 
y =a(1+ cos 8 
us 


from @=0 to 9=9. 
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30. Find the area of the surface generated by the revolution of 
ee 
the ellipse atpel about (i) the axis of x, (ii) the axis of y. 


31. Find the position of the centre of gravity of an are of a circle 
of radius a which subtends an angle of 2a radians at the centre of 
the circle. Hence deduce the position of the centre of gravity of a 
semicircular are. 

32. Find the position of the centre of gravity of the surface of a 
sphere of radius a which subtends at the centre of the sphere the 
solid angle of a cone of semi-vertical angle a radians. Hence deduce 
the position of the centre of gravity of the surface of a hemisphere. 


33. Evaluate (i) | zt cos ada, (ii) | x sin «dx. 


as =i be 
34. Prove the formulae | cos” 6 d@= 51m 8 cos” an et | cos"—? 9 da, 
n n 


cos@sin®™-!6@ m—l1f . 
+— | gin”-? 6 d6. 
mT) n 


| sin” 6d@= — 
OD: Rind the value of 


(i) i cos? @d@, (11) l cos® @d0, (iii) | cos’ 6d@, (iv) He cos? 6 dé. 
0 0 0 0 
36. Find the value of 


wa 


Ls 
2) 
cos 6d@, (iv) i cos! a dé, 
0 


(i) [ * costa de, (ii) | * cost de, (iii) | 
37. Find the value of 
(i) [ “sin 9 de, (ii) i * sind @ de, (iii) i ino deo GY) [ Aw bie. 
38. If m is a positive integer, find ne value of 
(i) [ sin?” 6 dé, (ii) lk cos?” 6 dé, 
39, If m is a positive integer, find the value of 


(i) i sin?”+1 6 9, (ii) ( cos’”+1 9 da, 
0 


w 


aca OE 4 
40. Evaluate +a? and tant x da. 


CHAPTER XVII. 


DIFFERENTIATION AND INTEGRATION OF 
LOGARITHMS. 


1. To find the gradient of the tangent to the curve 
y = log, x, where it crosses the axis of x (i.e. at x= I). 


0-2 7 


i 1 | 
i fale 
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Fie. 172. 


From the graph, we note that the gradient of the tangent 
at x= 1 is 0:43 very approximately. 
We can verify this from a table of logarithms. 
For log,, 1:00=0 
log,) 1:01 =0-0043 
logy) 1°01—log 1:00 0°0043 
: 101-100 ~ 0-01 
More approximate methods of calculation will show that the 
gradient of the tangent to the curve y=log,, 2 where it crosses 
the axis of x is 0°43429448, correct to evght places of decimals. 


(See Elementary Practical Mathematics, by Prof. John Perry, p. 86.) 
301 


= 0:43. 
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2. To find the ratio of the gradient at x to the gradient 
at X, for the curve y = log,, x. 

Let P and p be the points on the curve whose abscissae are 
X and « respectively. 

Let P’ and p’ be points 
taken on the curve very 
near to P and p respect- 
ively, and such that 


x ae coltty 
Fe ee Py oegdeuue il 
aa (1) 
- where X’, a are the ab- 
SO) a“ : / c 
scissae of P’, p’ respect- 
ively. 
; Hence 
ow, X’-X w#-«x 
Fig. 173. SS ce 
16 x 2 (2) 


Then we have: 


radient of chord pips HOE a 
uw —2 
a 
log es 


oa 
logy 
Al dient of chord PP’ = , 
30 gradient of chor VnX 
H erediont Ob chon om ieee 
poe gradient of chord PP’ a2’ —a y (1) 
x 
== by (2). 
By Me) 
Hence, proceeding to the limit when the chords PP’, pp’ 
become the tangents at P, p respectively, we obtain: 
gradient of tangent atp X 3 
gradient of tangent at P) 2 7" (3) 


If we take P at the point where the curve crosses the axis 


of x, 7.e.at X=1, we know that the gradient of the tangent 
thereat is 0'4343 by Art. 1. 
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Hence, from (3), 
gradient of tangent atp 1 . dlog,,x 0:4343 
0°4343 Stee te dz ee er 


The numerical factor 0:4343 is very awkward in calculations, 
and hence we try to get rid of it as follows, by changing to a 
suitable logarithmic base. 


Corollary. If we choose as our logarithmic base the 
number e=2°7182818285 (correct to ten places of decimals), 
we find that the gradient of the tangent to the curve y=log, x 
where it crosses the axis of x is unity. Hence, reasoning as 
above, we obtain: 


The above value for e may be conveniently obtained as 
follows :—Let us choose a new base e, at present unknown, so 


that = log, = z Then by the elementary laws of logarithms 
xv ic 


logy) «= log,, e x log, x. 


d a 0°4343 1 
Tas log,)  =log,,¢ x ee log, x. ee = 10gi9 e =; 
Hence log, ) @=0°4343. ere = 2/7183: 


Conversely : [2 = 2°3026 log,, «= log, z, 


where 2°3026 is the reciprocal of 0°4343, each correct to four 
places of decimals. 

N.B. (1). The integral of a7}. 

The student will have noticed that hitherto we have given 


no formula for | a1 da. 


n+1 
If we generalised from | ai dar = —— oe should obtain 


-1+1 0 
a-ide=~___=~., a nugatory result, 
-l+1 0 


304 DIFFERENTIATION AND INTEGRATION  [cHap. xvii. 


The result of Art. 2, however, enables us to solve the 


problem of evaluating i ede: 


N.B. (2). When the work of integration involves logarithms, 
it is best to be provided with tables having logarithms calcu- 
lated to the base e, on account of the simplicity of the forms 
dlog,# 1 zi 

dz 2 
thus much numerical computation is saved. We give some 
examples of using tables of logarithms to the bases 10 and € 
respectively. 

We begin by giving Peas: of using tables of logarithms 
whose base i is 10, 


nd | Cet log, x, there being no numerical factors ; 
x 


. 52 
Example 1. Hvaluate i ~** de, 


13 


52 52 
Weiave [ i= | (5+1) ae 
Jig & 13 \@ 
52 
= | 23026 logy, x +2 
he 13 
= 5°28, 


Example 2. Find the work done by a gas in expanding from 3 to 
4 cub. ft., the pressure and volume being connected by the law pv=constant, 
gwen that the pressure 1s 2000 lbs.-wt. per sq. ft. when the volume is 
0°3 cub. ft. 


[N.B.—The work done is measured by [ p dv ft.-lb.] 


We have v= constant = 2000 x 0°3 
= 600. 
ee 
Vv 


Hence work done in ft.-Jh. 


4 
= [paw 
3 


4 
= O00 
3 v 
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= 600 x 2°3026 logy, 4 
= 600 x 2'3026 x 071249 
=172°6. 

Work done by the gas in expanding is 1726 ft.-Ib. 

Example 3. <A body 1s projected with a velocity of 2°5 ft. per sec., 
and moves in a medium where the retardation 1s proportional to the 
velocity. If the equation of motron ee =-—3'4v, find the formula 
giving v in terms of t. Find also the formula gwing t rn terms of v. 

dv 


We have A 
dt 
34a: 
v 
PSAP 4-0 = 92-8026 1085 Ueva:...5saemesetoul® (1) 


But when ¢=0, v=2°5. 
4, O==2°30286 log ig B°D.casvectvesdsossenoone (2) 
From (1) and (2) by subtraction 


— 3:4t =2°3026 log; ss" 
5 


ee t=0°677 1 oes 
9810 om 


Hence ¢ is expressed in terms of v. 


5 3t 
Again, logy ao 
3t 
5 10? 
a 108 


* V=2'0 xX LO-1, 
And we have expressed v in terms of ¢. 


We now give an example of using tables of logarithms 
whose base is ¢:— 


9°2 e 
Example 4. Lvaluate i er: da, 


92 9,2 ae 
hey L+@ fe eae 
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92 i As 
= Lo 
is ( 1 rr) 
92 
E — log, (1+ 2) 
17 
[9°2 —log, 10°2—1°7+log, 2°7] 
=7°5—log, 10°2+log, 2°7 
=7°5 — {2°3026 + 00198} +0°9933 (using tables to 
the base e) ; 
=6:1709. 


ll 


I 


3. The following integrals are important :-— 


te [tan a dx. 
We have fin adx= jae 
COs & 
aun ye d cos x 
J COS® 
= — log, cos x. 
ie foot ax dx. 
We have foot xdxz= tears 
J sing 
ie? dsin x 
sin x 
= log, sin x. 
db 
sin 6 
_ dO 
sin 6 ENO. aw 
2 sin — cos — 


dividing above and below by cos? 4) 


2 


ll 
bo! 
a 
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6 
dtan — 
: an 5 
tan Q 
2 
= log, tan : 3 
oho) 
[EY (ff 
| cos 6 
[ dé do 
J cos @ 


sin (§ + @) 
G+) 

af G sin (56) 
= Tog, ton & +5) 


4. Differentiation of powers of 10. 


d 


Consider y = 10%. 
. logs y=. 
Hence, differentiating with respect to y, we get: 
0°4343 da 
(ee oie 


. ee 23026 x 10°, 


je, F10" _ 9.3096 x 10%, 
da 


More accurately, we have: 
d 10" 3:3025851 x 10* 
da 


and i 10* dx =0°43429448 x 10”, 
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Much more conveniently for purposes of computation, using 
tables of logarithms to the base e we have: 


and Je dx = é, 
where ¢= 2°7182818285 (correct to 10 places of decimals). 


Example 1. Find the greatest value that the expression x e-* can 
have. 


On tracing the graph of the function y=ae-* we obtain—- 


0:3: c 


Pia. 174. 
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The maximum value of y=e-* is got from the equation i) 
ae 
1.e. €-*—Ge*=0, t.e. =1, which is in agreement with the drawing. 
Example 2. Find the slope of the curve y=e-*sinz at the 
. Tv 
pornt 2° 
We have dy _¢- cos ©—e-* sin & 
da 
ot ca 
=—e2 when t=5 
= —0°2078, 
. tan y= + = — 02078. 


? eet 16. 
Example 3. Lvaluate | ae dx. 


We have fer da= E de® 


v 


ane [e da 


=27 e* — & 
=e(x—1), 


EXAMPLES XVII. 
1. If y=log,, 2, find a when « has the values 0°5, 1°7, 3°48, 8:264, 
fy 
1001, 137-4, giving each answer correct to two places of decimals. 


2. If y=log,)x, calculate when « has the values 0°72, 2°31, 


3°76, giving each answer correct to two places of decimals, 


3. If y=log,)%, prove that we ae 0. 


4, Differentiate (i) log,)(1 +22), 
(ii) logy) (1+2+27), 


(ili) log, (3+ 4), 
x 
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(iv) logy, (5x? — 3a” —2), 
(v) log,)sinz (win radians), 
(vi) log,y)cosw (# in degrees), 
is log,)(8sinw—4cosa) (# in radians). 


5 Fj Ww r 
5. Evaluate a @ tog. sinz, when #=0°7 radians ; vs radians ; 
a” 


. Tv . : vias 
On radians ; ae radians; w=1'2 radians, giving each auswer 
correct to two places of decimals. 


6. Differentiate log ,)(tan x) (# in radians). 


da WAR TD As : 
7. Evaluate i — and — (to two places of decimals) 
eg oe ya 


5 dx 
8. Evaluate I —— 
» ite ” u 
8 dec 
9. Evaluate —— 
h Q+a ” ” 


8 dx 


a5 ” ” 


is 
10. Evaluate i 
13 


11, Evaluate i o he * 
12. Evaluate "Tas Pe - 
13. Evaluate i er * As 
14. Evaluate ne ¥ ¥ 


15. Evaluate 


16. Evaluate re | 1 ” ” 


Daye ) 
1 
ie eer Cay a+] i 
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de 
17. Evaluate ie SEE G (to two places of decimals). 
1 1 1 
| Hint. are— ~ (2—2\x—8) 2-3 3 | 
dx 


23 (+ 1)(e-2) 


19. Evaluate iG Gre 


81 
18. Evaluate [ 


20. Trace the graph of Y=T> and find the area intercepted in 


the positive quadrant between the axes and the curve. 
21. Find the area intercepted in the positive quadrant between 


a—x : ae 
the axes and the curve y= ea. where @ is positive. 


22, If y=10%, fina # when o= i 


23. If y=10*, find : when #=2°3. 
24, Ify=10%, find | when a=1, 62. 


25, If y—10!™, find when 7=4°6. 


a2 
26. Given that the equation a =6y is satisfied by a solution of 


the form y=10”, find two possible values of a. 

27. Given that the equation 124 =7'3y is satisfied by a solution 
of the form y=10%, find two possible values of a. 

28. Express 37 as a power of 10 by means of your tables, and 
hence find = when y=387" and c=0°3, 

29. Express 15°2 as a power of. 10 by means of your tables, and 
hence find - when y=(15'2)* and 7=1°8, 


d 
80. If y=loge x, find when #=2°7. 


37. 
38. 


39. 
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d 
. If y=log.«, find iL when «=7'2. 
dy 

. If y=wlog.a, find 7 when «=1-7. 
» Liy=27 log, a, find 2 - ! when 2=2'1. 

aioe Gnd whens 4 
. Lf y=(@? +1) loges, fin dz When e=3'4, 

dy 

5 hi gees saharel ae when «=0°7. 


d 
. If y=2 &, find = when c=18, 


If y=", find eo when «=2'8, 


If y=e*, prove that y satisfies the differential equation 
dy dy 
qa? ~ dg 8 =O 


: : ; ; ae “dy 
Given that the differential equation 7a—57, +6=0 is satis- 


fied by a solution of the form y=e%, find a watt: for a. 


40. 


41. 


42. 


43. 


10 
Evaluate I e* dx to the nearest integer. - 
0 


2 
Evaluate if e** dx to two places of decimals. 
0 


5-7 
Evaluate | e” dx to two places of decimals. 
12 


51 
Evaluate [ (1+2)e* dx to two places of decimals. 
Jo 


44, Calculate the minimum value of « log,)x to three places of 
decimals. (Q.P.M.S.T. Adapted.) 


45. 


Prove that the area hi the curve y=ae-**sin a and the 


axis of a, from c=0 to s=7, is ___ The +1). (Q.P.M.S.T.) 


a 
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46. If in the last question a=1 and b=0'1, prove that the decrease 
of area, when 6 is increased by a comparatively small quantity a, is 


approximately 2°6a. (Q.P.M.S.T.) 
47. Prove that loge ate is not less than 1 for any positive value 
of aw. (Q.P.M.S.T.) 
Aa valnate [ : = de x (QP.MS.T) 


49. Sketch the curves y=e” and y=ae* between w= —1l and #=1, 
and calculate the area enclosed between portions of these two curves 


and the axis of y. (Q.P.M.S.T.) 
50. Evaluate the integral | CU” Oa. (Q.P.M.S.T.) 
51. Evaluate the integral [ -”.™ P.MS.T 
. Evaluate the integra | ra (Q.P.M.S.T.) 
52. Show by sketches the general form of the curves 
mae 
b+a 
y= os 
x 
y=asin 5 
for positive values of «. (Q.P.M.S.T.) 
x dx 
53. Evaluate ise . (Q.P.M.S.T.) 
54. Differentiate ¢%™’* with respect to a. (Q.P.M.S.T.) 
55. Find the fourth differential coefficient of ¢* sin x, with respect 
to a. (Q.P.M.S.T.) 
56. Evaluate fe log. w da. (OE Sa.) 
(Q.P.M.S.T.) 


dx 
57. Evaluate 9-4a° 


58. A line rotates uniformly through a complete revolution about 
a fixed axis at one end, and its length increases uniformly from 1 in, 
to 2 in. during the revolution. Find the area swept out by the line. 


(Q.P.M.S.T.) 
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59. Draw the graph of logy 2-+= from x=} to x=8. Find the 


equation to determine the minimum value of this expression, and 


solve this equation graphically. . (Q.P.M.S.T.) 
x 1 
E erate ———= ———= i ] 
60. Integrate at and Vea and find numerically the values 
4] 5 : 
of i ane da and I x sin a da, ~ (O.P USE) 
+ 0 ; 
61. Find the ditierential coefficient with respect to a of (i) log tan 2, 
See Wires : 
GQ) ar (Q.P.M.S.T.) 
62. Evaluate (i) Wee ae daz, (ii) fe sin % dx. 
Prove that eos. dx =0°288. (Q{RIMESST5) 


63. Differentiate with respect to x 
1+32 
(i) ae 6a 


Find the slope of the curve y=e “to sin 5a at the point (x, 0). 
(Q.P.M.S.T.) 


64. Evaluate (i) lecaae are (ii) [rea (Q.P.MS.T.) 


65. Differentiate e’ sin 3t with respect to ¢. 


(i) log. (tan #+ sec 2), 


66. Differentiate “— with respect to a. 
sin & 


67. The tangent at a point P(a,y) on the curve y= (ates) 


makes an angle y with the axis of z Show that y cosy=a. 
If the tangent cuts the axis of y in the point U, show that 


pu=“!. (Q.P.M.S.T.) 


68. Evaluate 


ada nn fF Lesa 
je ce (ii) | sin @ cos 2x da, (iii) Je loge x de. (Q.P.M.S.T.) 
0 
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69. Plot the curve y’x?=36(%¢—2)(10—2%), and show that the 
volume generated by revolving this curve about the axis of x is 
119'32. (Q.P.MS.T.) 


70. Find the first and second differential coefficients of y with 
respect to « if 


y=eX*(A sin ux +B cos ux), 
and show that these satisfy the equation 


dy dy 
BESO e 24 42\y—0,. 
7 2 ant +p?)y=0 


Given that, when x=0, y has the value 4 and a the value zero, 
x 


find the values of A and B. (Q.P.M.S.T.) 
71. Evaluate 
2 2 dix 2 93% SI 

[ re rde [ a Fe o dex. (Q.P.M.S.T.) 


72. Find the first and second differential coefficients of 2? loge « 
with respect to x. 


73. Evaluate the integrals 


gi ES de 
(i) I wloge (1+«)da, (ii) | Cae (Q.P.M.S.T.) 
2 ax . 
74. Find the values of 2B and oe) when y=e sin ba. 


1 (a@+1)da | 

(w+ 2)(a+3) 

76. An electric condenser of capacity K farads and leakage re- 

sistance R ohms has been charged, and the voltage V is diminishing 
Vv 


75. Evaluate i (Q.P.M.S.T.) 
0 


; dV 
according to the law ee 
Express V in terms of the time tsec. If K=0°8 microfarad, if V 
is noted to be 30, and 15 sec. afterwards it is noted to be 26:43, 
find R. 


77. y=e™ is a solution of d’y +3 dy | oy =0 : find two values of a 
; da? da 4 


78. y=e% is a solution of - +6 oY 4 8y=0 : find two values of a. 
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2 } 
79. y=a" e* is a solution of ay —4 dY + 4y=0 : find values for 
dx? dx 
nand a. 
80. Yy=x" em is a solution of as +6 ot + 9y=0 : find values for n 
and a. 


81. Find | p dv if pu’=c, a constant, (i) when s=0°8, and (ii) when 
S—de (Bd. of Educ.) 


82. The rate (per unit increase of volume) of reception of heat by 
a gas is h, p is its pressure, and v its volume; y is a known constant. 


(i) If pu’=c, sand c being constants, find h if h ah foes yp \ 
(ii) If h is always 0, what must s be ? (Bd. of Educ.) 
83. A particle moves in a straight line under the influence of a 
retarding force which acts so that the law of motion is ue — 2°30, 


where v is measured in cm. per sec, and ¢ in sec. The particle 
starts from the origin with a velocity of 10 cm. per sec. 


(i) Find the formula connecting v and ¢. 


(ii) Find at what time the particle is moving with half its original 
velocity. 


(iii) Find the velocity of the particle after 2 sec. 
(iv) Find the formula connecting v and s. 
(v) Find how far the particle is from the origin when its velocity 
is 7 cm. per sec. 
(vi) Find the formula connecting s and t. 
(vii) Find how far the particle is from the origin after 3 sec. 


84. A particle moves in a straight line under the influence of a 
retarding force so that the law of motion is 


dv 
Fhe ae SUN 
where space and time are measured in cm. and sec. respectively. 
(i) If the velocity of the particle is 12 cm. per sec. at the start 
of the motion, and 8 cm. per sec. after 2 sec., calculate K. 
(ii) Find how far the particle is from the origin after 3 sec., and 
what velocity it has then. 


(iii) Find at what time the particle is 1 cm. from the origin, 
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85. If p dynes per sq. cm. be the pressure of the atmosphere at a 
height of x cm., then it is known that 


d 
A =~ f where H =7-988 x 105 x (1 + 0°00366t) 
at a temperature ¢° Centigrade in the latitude of Greenwich. Find 
the height at which the atmospheric pressure is halved, the tem- 
perature remaining constant at 5° C. 


86. In question 85 the pressure at the ground level is found to be 
10° dynes per sq. cm. at a temperature of 10°C. What is the pressure 
at a height of 1 kilometre, supposing the temperature unchanged ? 


87. Newton’s Law of Cooling states: ‘The rate of cooling of a body 
is proportional to the difference between the temperature of the body 
and that of its surroundings,” 7.e. if the temperature of a body is T° 
Centigrade at ¢ sec. from a given instant, and if S° Centigrade be the 


; ‘ d : 
temperature of its surroundings, then p= a) where k is a 


constant. 

If a body takes 5 minutes to cool from 80° C. to 70° C., how long 
will it take to cool from 30° C. to 20° C., the temperature of the 
surroundings being 11° C. ? 


88. A body cools from 20°3° C. to 19°8° C. in 182 sec. ; it cools from 
T° C. to 241° C. in 10] sec. Assuming Newton’s Law of Cooling, find 
T, the temperature of the surroundings in both cases being 14°7° C. 


89, A metal cylinder long in comparison with its radius has a 
circular hole right through its axis. Through this hole passes a 
current of superheated steam, while the outside of the cylinder is 
cooled by cold water circulating spirally round it. If the cylinder is 
lcm. in length and kis the conductivity of the metal of which it 
consists, while Q calories of heat is supplied per second by the steam, 
then if T° Centigrade is the temperature of the metal at a radial 


aaa) 


distance r cm. from the axis it can be proved that -k7 =97 7. 


Find T in terms of r, assuming that the radius of the circular hole is 
1 cm. and the temperature of the steam is 6° Centigrade. 

90. In question 89, if k= 1-05, 1=30, Q=1'94 x 104, 6=120, find the 
temperature of the metal 3 cm. from the axis. 

91. In question 89, if the bar be of iron whose k=0'164, /=28 cm., 
Q=3x 103, 6=150°, find the distance from the axis at which the 
temperature is 40° C. 

92. Find the area intercepted between the curve xy=49 and the 
ordinates e=7 and «=12 and the axis of . 
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93. 1 gram of hydrogen occupies a volume of 11,610 c.c, at 12° C., 
and exerts a pressure of 1014 megadyne to the sq.em. Find in joules 
the work done in compressing the gas to half its volume without rise 
in temperature, the gas obeying Boyle’s Law. 


94. In a submarine cable the radius of the cross-section of the con- 
ducting wire is 7, cm., and the radius of the cross-section of the in- 
sulating materialisr,cm. If V is the electrical potential at a distance 
r cm. from the axis of the cable (7,>7r>7,), and Q the charge on 1 cm. 
unit length of cable, while K is the specific inductive capacity of the 

dV ; 


insulating material, then it is known that ip Ky the potential of 
r r 
the outside of the cable being zero. 


Find the potential of the conducting wire of the cable. Defining 
the capacity per unit length of the cable as Q find the capacity per 
unit length of the above cable. 


95. A cable consists of a wire 2°2 mm. in diameter and insulated 
with guttapercha to a thickness of 35 mm. For guttapercha K= 
4:25, What is the capacity of 1 kilometre of the cable ? 


96. If u be the coefficient of friction between a rope and a circular 
drum upon which it is wound, and if T lb.-wt. be the tension of 
the rope at a point such that the length of rope between it and the 
free end at which the tension is least subtends @ radians at the axis of 


the drum, then we know that eae 


Express T in terms of » and @ and Ty, the least tension of the rope 
at a free end. 


97. A weight of 50 1b. is being lowered slowly down a shaft by 
means of a rope which passes over a fixed circular drum and is then 
held horizontally by a man. If the coefficient of friction between 
the rope and the drum be 0-227, find the pull the man has to support. 


98. A rope makes 3} complete revolutions on a fixed wooden drum, 
and one end is held by a man who can exert a pullof half a hundred- 
weight. If the coeflicient of friction between the rope and the drum 
be 0°208, what pull at the other end of the rope can the man hold ? 


99. What is the coefficient of friction between a rope and a drum 
when a man pulling 40 lb.-wt. can hold a team of horses pulling 
1 ton, the rope being wound 3 times round the drum ? 


100. How many turns on an iron bollard must a man pulling 56 
Ib.-wt. take in order to hold a boat making a pull of 5 tons? The 
coeflicient of friction of rope on iron is\0°179. 


CHAPTER XVIII. 
EXPANSIONS AND CALCULATIONS. 


1. Consider the trigonometrical functions. It is easy to 
calculate their values corresponding to 0°, 30°, 45°, 60°, 90° by 
the methods of elementary geometry. It is not easy in general 
to calculate intermediate values. The object of this chapter 
is to explain how to calculate intermediate values by the 
method of Brook Taylor in his book Methodus Incrementorum 
Directa et Inversa (published in London, 1715-1717), and Colin 
Maclaurin, Professor of Mathematics at Edinburgh, in his 
treatise on Fluxions (published in 1742). The method can be 
used to deal with other functions as well as those presenting 
themselves in trigonometry. 


Use of the tangent to a curve for approximative purposes. 


Fia@. 175. 


Let us consider the tangent at the point P, on the 
above curve. 

For a considerable distance along the curve, the tangent 
and the curve appear to coincide. Hence we may take 
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the ordinates of points on the tangent to have the same 
values as ordinates of points on the curve for approximative 
purposes. On the other hand, if we move away from P, 
some considerable distance, the tangent and the curve no 
longer appear to coincide. In fact, the error committed in 
taking QN as an approximate value for PN is plainly PQ, 
which soon becomes appreciable in value as PN moves away 
from P,N,. 

We therefore form the equation.of the tangent to the curve 
at the point P,, and use this as very approximately repre au 
the curve in the neighbourhood of Pi 

We shall now give some examples ‘of taking the tangent to 
represent the curve at a particular point, and so finding 
approximate values. 


Example 1. Jt being known that sin 30°=0°5, required to calculate 
sin 30° 27’. 
We have y=sin « (# in radians). 
_ dy 
7 = 008 &, 


Hence the value of u when (= 30°)=— radians, is a 


The point on the curve corresponding to 30° is (% 0%), radian 


measure being used. 
Hence the equation of the geometrical tangent at the point 


(§.05) 3 oe 


Thus when 7=30° 27’ =— ane 007854 radians, 


nt 5 + 0°866 x 0:007854 
=0°5068015. 
N.B.—The Tables give 0°5067863. 
Example 2. It being known that log, tan 45°=0, required to cal- 
culate by the method of the “ opproaumating- tangent ” ‘logio tan 45° 49’, 


logy) tan 46°, log, tan 50°, log), tan 55°, log, tan 60°, and to tabulate 
the results thus obtained. 
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Consider y=log,) tan x (win radians). 


Plainly y=0 when z=45° =i radians. 


e ¢ 0) is a point on the curve .............c0000 (1) 
Also ae 0°4348 sec x cosec & 
dx 
=0°8686 when o=7 OU me td a (2) 


Hence by (1) and (2) the equation to the geometrical tangent at 
the point (7,0) is 
4 


If we therefore insert instead of aa the radian :alues for 

/ ° ° ° ° si 49 a eS 
49’, 1°, 5°, 10°, 15°, viz. ee a ree? as is = radians re- 
spectively, in (3), and make the necessary calculations, we get the 
following table :— 


Bie ee, 5 5 . || 45° 49’ | 46° 50° 55° 60° 


Calculated value of || 9.0194 |o-0152 |0:0758 |0°1516 | 02274 
log,) tan % 


Value of log, tan : 01% 2 : ; 
Pon the Pables \ 0:0124 | 0°0152 | 0:0762 | 0:1548 0:2386 


1 
Number of places of Gna? 
decimals to which 4 4 3 2 er Ben d 
you are correct place. 


We thus see that as we get further from the point (3 0) along the 


curve, the computation by the method of the approximating-tangent 
becomes less and less accurate, 
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Second approximating-curves. 


If we wish a closer approximation at the point (#,, y,) on the 
curve, than that given by the tangent (y—y,)=m/(«-«,), we 
use a ‘second approximating-curve ” of the form 


(Y — 9) = (8 — &1) + PG — Hy)? vecresscceees cee (1) 
where mand p are constants. a find the numerical values 
of m and p, we calculate 2 and £4 7 and then find the values 
of these for the function at the otic (2,, ¥,). The values of 


mand p are thus pet) obtained, since the values of e and 
zx 


oe are the same for both the original curve and the second 
approximating-curve at the point (a, 7,). 
By (1), Oe, Hopi 'n Vela eee ee (2) 
da 
ay 
By (2), aa) OP RCE CER Erte Morte cheers coche 3 
y (2) Fi 2p (3) 


From (2), (2 a has the value m at (a, y,), a8 is easily seen by 
putting «=z, in (2). 
2 
From (3), 2p has the value a at the point (x, 7,). 
oe 


Thus the numerical values of m and p are easily found when 
the function to be evaluated is given. 


Example. Given that cos 30° 3, required to calculate cos 30°27’, 


using the second approximating-curve. 


Since 30° =F the point on the curve y=cos x (z in radians) under 


consideration is @ ). 
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ART. 1] 
Hence ow -5 | 

: _ | when — vag emuecarsatsan smaeetsersn (ail) 
and Ce =a 

a2 2 

Let the equation to the second approximating-curve at the above 
point be: 
= )=m(e-§) 40-3) 
(y=) =mle-G) te § 


Hence, differentiating the equation of the second approximating- 


curve, we get: 


dix 
and oe 
Hence, for the second approximating-curve 
Hom 
Py. WHEN = a oseeeevesceseesnsererereoes (2) 
Fe cae 
Oa) are each to have the 


Hence, identifying (1) and (2), since y, 7 die 
same values for the given curve and also for the second approximat- 


ing-curve, we get: 
1 
m>=-—-- 
2 
J3 
aes 
Thus, the required equation to the second approximating-curve is : 
(y- 42) = —}o-2)-“8(e-7) AL ts otal (3) 
2 2 6 4 6 
PA Tes ‘ 
Bo 180 radians, 


Now the interval under consideration is 27’, 2.¢ 


1.6. ee radians, 
Hence, putting «— ae in (3), we obtain : 
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al} NB vi l/r =e 
I~~y ~~ 3 400 108 
i.e. y=0'8620717. 
From the Tables we obtain : 


cos 30° 27’ =0°8620717. 


Example 2. Given that tan 45°=1, calculate by the above method 
tan 50° and tan 55°. 


ADS a 

4 

and bane bmaal 
*. the point G 1) lies on the curve y=tan a, where « is measured 


in radians. 
Let us take as our second approximating-curve : 


d 1 
As before, <i = m+2p (2 = Al Pe eet OR rORO CCE (2) 
d*y 
d Fee Deideg es djetsaidesccs ceases etanecasnasosd eer: 
an Ta 2 (3) 
ne — one valle Obs wile lyre satenerearese (4) 
and 2p=the value oe when a=7 soringodassngnoucod (5) 
But y=tan x. 


e ot sect 2 


=2 when oat HaEe's silesies Soieig de ucemaceshs Wane (6) 
Al dy 9 sec? at 
50 ee ec @ tan & 
=4 when a=7 sae sealer saicieals Seisctec see sloncem are eee (7) 


Hence, by (1), (4), (5), (6), (7), the equation to our “approximating- 
curve” becomes : 
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CasE I. tan 50°. 


In this case the interval is 5°, ie. aa radians. Hence we put 


am A in (8), obtaining : 


4 3 
7 aw \2 
“. y=1'1897638. 


From the Tables, tan 50°=1'1917536. The calculation is therefore 
correct only to two places, and is only two out in the third place. 


Cast Il. tan 55°. 


In this case the interval is 10°, we. aa radians. Hence we put 
Tiron iy 
pe 


a 18 and obtain : 


T ue E 
y—1=2. #+?(qB) 


= 0°3490659 + 00609240. 
y= 14099899, 


From the Tables we get tan 55° = 1-4281480, a result correct only 
to one place of decimals. 


Note I.—¥or a third approximating-curve at the point (a, y,), we 
use a curve of the form ; 


(Y= Yi) = me) + PG — BP + ge — ay)? 
. dy d?y dy 
and proceed as before, making the values for y, pt ~ a3 at (a, Y) 
coincide with those of the given curve. 


Note IJ.—If the tangent at («,, y,) be parallel to the axis of 2, m 
has the value zero. The second and third, etc., approximating-curves 
then lack the terms in («—4,), and have the forms: 


y=p(e— x) + o("—2a,)’, ete. 


Note III.—lIf the tangent at (x,, y,) is parallel to the axis of y, m 
has the value o, and hence we cannot assume the expansion in 
(a—x,), (e©—24)?, (w—2)’, etc., for the approximating-curves. For 
approximating purposes, in the case when the tangent at (,, y,) is 
parallel to the axis of y, we take our approximating-curves in the 
form («—a%)=m'(y—y,) + p(y — Ys) +7 — 1) ete. where m'=0. 


M.W. ») 


log a. 


Or] LI 
Lt i ae 
a a 
| 
7} 1] 1 2415) 3k 
U (8) 0:5) CT a 
ane 1S 
CI - Be 
=O°5 
on 
{ | im 
im | 
tA 
rt a [ fF 
CI Bee 
HoH ie 
Fie. 176. 
iF L aE H+ 
i 
PREECE EEE H E 
ae 
fag 10 (el es 
Ho a 
| 5 |_| Wa 
Baa I 
| im 
: =e 2 Siam wi 
IANS +10 0, 10 15- oe. 
EEE Ht oot 
Ty fp LL 
At - if 
=10 
TT 
H HHH [ 
1 
{ +7 
=! 


Fie. 177. 
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Note IV.—Where the value of y is infinite, as in the case of the 
curve y=log « when «=O (fig. 176), and of jes when s=1 
Lig _ 
(fig. 177), we cannot draw geometrical tangents to the curves at the 
points corresponding to «=0 and x=1 respectively, and hence the 
above methods of approximation at such failing cases cannot be carried 
out. The methods for such cases are too hard for discussion here. 


2. The graphs of approximating-curves. 


We shall now exhibit some diagrams showing the rapidity 
with which approximating-curves approach the curve itself, and 
also giving some idea of the range of values of x for which the 
approximations hold good. 


Example 1. ind the first, second, and third approximating-curves 
to y=cosa° at the point (0, 1), and trace these curves all on the same 
graph from c=0° tox=90°. Make any remarks that the graphs call 
forth regarding the goodness of the various approximations, and through- 
out what intervals the graphs show them to be fairly good approximations. 


The first approximating-curve is y=1, and the second and third 
2 
approximating-curves are the same, viz. y=1— +(80) a, We there- 


fore obtain the subjoined diagram :— 


ahs 
1 
0-8 
+ i ie i 
0-6 ry i 
H | y=tCOS 
i 
O-4 i 
Dh ete 
0-2 vietenons 
ime ‘a 
EEE SEE oe 
r ct 
be ‘=! 
o 10° 20° 30° 40° 50° 60° 70° 80° 


Fria. 178. 
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From the graph we see that y=1 is a very fair approximation for 
y=cos from 0° to 10°, and then a considerable divergence begins ; 


2 
but y=1 -3(,5) a? is a good approximation for y=cosz from 0° 
to 40°, and a very fair one from 40° to 50°. 


Example 2. Trace the graph of y=log. x from c=1 to x=9 (on as 
big a scale as your squared paper will allow). Draw the first, second, 
and third approwimating-curves at the point (1, 0) where the curve cuts 
the axis of x Remark on the rapidity of the approximation of the 
successive approcumating-curves, 


i ee : 
palittieat eeardy kao" (dam 
2 stent 
Pane 

1 

ae eri 

SRESSBELESEGES read 
0; 2 3 4 5 6 7 ear) 


Fra. 179. 
The first, second, and third approximating-curves at the point 
(1, 0) are respectively : 
y=e—-1, y=(@—1)—3(@—1)P 
and y=(e@—1)—3(@-1)P'+-4(e-1)*. 
The graphs show that all are good approximations between the 


values 1 and 1°5 of w, and fairly good between 1°5 and 2, but from 
“=2 upwards are worthless. 
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3. To find the first, second, third, etc., approximating- 
curves to the curve y = f(x) at the point (x,, y,) on the curve. 
2 3 
Let us denote a UF (#) a etc., by f(2), 7 (2); 
dx 


da? * 
f(x), ete. 
We shall find the third approximating-curve by way of 
illustration, but the method is perfectly general. 
Let the third approximating-curve be : 


Y — Y= M(x — xy) + p(w — ,)? + Q(x - 2,)%. 


Hence a = m+ 2p(x — #1) + 39(a - x,)? 
AP) 
aa OP + 69(x — a) 
dey 
ee 6 
dass : 
-. ay 
te has the value m when =a, .........-..00 (1) 
6 
@ 
oe oS: re) age ee a tc (2) 
dey 
aa Ode st tigre 3 
dx ” > q ( ) 
ty dé 
But the values of y, LI) are going to be the same 


da dx” dx? 
at the point (z,, y,) for the third approximating-curve and the 
given curve y=/(z). 


Hence Whe (AY AON ae peated go ese Ch) 
DAR TAO OMI alhcel - eis Clee seen atten (2) 
G a FEAL) ar dash ai eteciny seememaee (3) 


Hence the third approximating-curve to y=/(x) at the 
point (#,, y,) is: 
Y ~ Y= (@— &y) f(a) + He By)? P(e) + He — MPP) 
or, as it may be written, since y, =/(#,): 
Y =F (ay) + (ey) f (ey) + EH By)? L(y) + EH — Hy)? FH). 
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Corollary. If | denote the product of the first n natural 
numbers, viz. 1, 2, 3, 4,..., the n* approximating-curve 
to y=f(x) at the point (a, y,) is: 


y =f (ay) + (e— ay) f(a) + See) ar | ue) 
tit Cao) 


4, To estimate the error in using any given approximating- 
curve. 


a 


We shall require the following results :— 


I. Jf A and B be two points on a curve, then at some point 
on the curve between A and B the tangent to the curve vs parallel 


to chord AB. 


Fig. 180. 


This result is evident from the above figure, since the 
tangent at C is plainly parallel to AB. 

Let y=f(xz) be the equation to the above curve, and let the 
abscissae of A, B, C be a, , c respectively. Then the gradient 
of the tangent at C is /’(c), and the gradient of the line AB is 


fo) fla) 
b-a 
Hence sa aid = Ten 


where c lies between « and 6. 


art.4] IN USING AN APPROXIMATING-CURVE 331 


Il. The n® moment of an area about a given line. 
aA 
e- 
P 


Fig. 181. 
If dA be a small portion of a given area and z the perpen- 
dicular distance of dA from the given line, we define | z"dA 


(taken all over the given area) as the n™ moment of the given 
area about the assigned line. The m** moment of the area is the 
sum of all the small portions of the given area, each multiplied 
by the n™ power of its perpendicular distance from the given line. 


To find the n* moment of the area of a trapezium about the 
longer of its parallel sedes. 


H = ---7-NN---- 3K 
Fia@. 182. 

Let AHKU be the given trapezium, right-angled at H and K, 
and let PN, P’N’ be lines parallel to AH and very close to one 
another. Let KN=xand NN’=ée. Let HK =h, AH=g, and 
the gradient of AU=tan yw. Then the x" moment of the area 
PNN’P’ about KU is plainly PNé« x NK” very approximately. 


i.e. (p+h—x tan W) da x x” very approximately. 
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Hence the nz" moment of the area of the trapezium AHKU 

about KU is: 

ph” +1 Arve tan Wy 

“n+l (n+1)\(n+2) 


III. Zo find the exact value of the error in using the n' 
approximating-curve at the point «=a to caiculate the value of 


I(x) at x=6. 
We have 


M0) = sa) = [7"(w) de 
= -[7 (x) d(b — 2) 


: sake (6 - x) | + [eo — x) f(x) dx (integrating 
by parts) 


[e "(po +h—x tan w) dx 


=(b—a)f'(a)— [7 (at) A(b — ax)? 


Sy ea op +} [e- wn)?" (a) dex 
= (b-a)f(a)+40-a)'7"(a) +4 [-a)¥V"(@) de 
= (5 a)"(a) + H(8~ a)¥f"(a) - 1, | 7”"(w) db a 
= (b-a)f"(a) +40 a)2f"(a) + 319(6-a)9f"(a) 


1 u aft 
+o) 0-2 (x) de. 


Proceeding in this way, we get the pea Shak ; 
, Oi a)? ” (6— a)? yt 
J) Ha) = (0~ af (a) + 97") Fa) + 


CaO) ee [e a) f(a) dt ecerees (1) 


Hence the exact value of the error committed in using the n™ 
approximating-curve at x=a to calculate the value of f(«) at 


+ 
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b 
£=bis =| (6— 2)" f(a) dz, i.e. the n™ moment about the line 


x=b of the area included between the ordinates x=a and x= 6, 
the curve y=f"*"(x), and the axis of x, divided by |n. 

In most cases it is impossible to calculate this error exactly, 
and in such cases an upper limit to the error has to be found 
for practical purposes, by either of the following two methods, 
whichever is the more convenient for the given case. 


I. Lagrance’s Mernop. 


I=f” WR < 
| 


FIG. 183. 


Let, in the above diagram, AB represent the are of y = f"*"(x) 
lying between «=a and #=6, and let AE be parallel to HK. 
Then it is plain that we can replace the nm moment of the 
shaded area AEB, lying between AE, EB and the curve, by the n™ 
moment of the triangle AKU where AU cuts the curve at P 
somewhere between A and B, and where the m™ moment of the 
shaded part PUB cut off is equal to the n™ moment of the 
unshaded portion lying between the straight line AP and the 
arc AP. But, by IL, the n moment of the trapezium AHKU 
about KU is: 

Ate EC tan yy 
n+1 * (a+ lyn +2) 

; Db ¥ ace) ra Fo Nae as ayer (6 = ye tan W 

c.f B—ayt fa) dn EN Gu 

1.€ (6 = q)rtt fet) (a) (6 a q)nr? frt?)(¢) 
a n+1 (n+ 1)(m+ 2) 


334 CAUCHY’S METHOD [CHAP. XVIIL 
since at some point on the curve y= f(a) lying between 


A and P the tangent to the curve is parallel to the chord AP. 
Let the abscissa of this point be ¢, 


(n-+1) 

sais any - 2) when «=c. 
a 
(b-a)? 


Hence, by (1) and (2), 
f(b) ~F(ay=(b- af (a) + 2 p"(a) + COTO) to 


pGaarrpnrm(a) (b= ayrapeem(o) 
|u+1 |n+2 : 


N.B.—Usually f"**(c) cannot be calculated exactly because 
ec is not known, excépt that it lies between a and 6. What is 
usually done is therefore to obtain by inspection the biggest 
value for f”*?(x) within the interval z=a and x= 6, and to use 
this in obtaining an upper limit to the error required. 

We therefore obtain the following practical rule :— 

If the n™ approximating-curve at the point A on the curve 
y =f(«) be used in order to calculate the value of the function at B, 


_q\nti 
a where 
n 


then the error committed vs certainly less than 


G ws any convenment number (obtained by inspection or otherwise) 


ntl 
Gey within the enterval a — b, 
Ry 


greater than every value of arti 


Il. Caucuy’s Meruop. 


Let us trace the curve y=(b—2)"f"*"(x) from =a tox=6, 
Then plainly a line can be drawn parallel to the axis of 2 and 
cutting this curve at a point whose abscissa is ¢ such that 
the area bounded by w=a, x=), y=0, y=(b—c)*f"""c) is 
equal to the corresponding area bounded by w=a, x=, y=0, 
and the curve y=(6—«a)"f"*"(x). Hence: 


b 
(6—a)(b—)"f"*N(c) = i (6—a)"f"' (w)dx. Hence the error 


a eae n £(n+1) 
a (6—a)(b : As bod (3) for the n*” approximating-curve, 
n 
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Example 1. Use the first approvimating-curve of y=sin x at the 
pornt (0, 0) to calewlate sin 2°, and find to how many places of decimals 
the approxvmation is correct, using Lagrange’s Method. 


The first approximating-curve to y=sin a at the origin is y=2, 
where is measured in radians. 


But Y= radians =0:03490659 radians, 


Substituting e=0'03490659 in y=a, we get y=0'03490659 as our 
value for sin 2°. 


But Py _ —sin 2. 


da? 

Be Bon certainly numerically less than 1 throughout the interval 
0° to 2°. Hence the error committed in using y= is certainly less 
than 2( al te. less than 00005. Hence the value of y found 
above is correct to at least three places of decimals. 


*, sin 2°=0°035 for certain. 


Example 2. [ind the second approxumating-curve to y=sec x at the 
point i J2). Hence obtain sec 45° 41’, and sec 46° and sec 50°. 


Estimate the errors involved in each case, and hence state the number of 
places of decimals in each case to which your calculation vs correct, 


d : 
We have y=seca. ., Y=seca tana, 
da 
2, 
os OT ee a tan? %+ sec? x 
da? 


=2 sec’ x— sec @. 
3 
Ze) a _¢ sec’ @ tan ©—sec x tan & 
dix? 


==SeC' LAN! (6 SEC" G1)... ssessensecrecseen (1) 


ed Sabah a 
e y= V2, = V2, sa=3 V2. Hence the 


Thus, when «=; 


second approximating-curve at G v3) is: 


y— Vim S82 F) 48D) acters 
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Again, sec x and tan x both increase as x increases from 0° to 90°. 
3y 
Thus in the intervals considered, viz. 49°-50°, is less than its 
value when x=60°. 


dy 
Hence a <2/3x 23 by using (1), t.e. <80. 


(1) The interval is 4 == x me 


0:0119264, 


apie 3/2 
. y= V2+ /2(0:0119264) + 5 (00119264)? 


= 1°4142136 + 00168665 + 0:0003017 
=1°4313818. 


The error is less-than (0-012), 2.é. 18 less than 0:000023. Thus 


the result is certainly accurate to four places of decimals. 


(2) The interval is 1°= ga 0174533. 


3V2 


we y= N24 /2(0-0174533) +> 2 N’* (00174533)? 


= 14142136 + 0°0246827 + 0:0006462 
=1°4895425. 


The error is less than (o018¥, 2.¢. is less than 0:000078, Thus 


the result is certainly accurate to three places of decimals, 
(3) The interval is 5° = 55 = 00872665. 


sa 


. y= N24 V/2(0:0872665) + —Y =(0-:0872665)? 


= 14142136 +0°1234134+4 0° eee 
=1°5537818. 
The error is less than (0°08), 2.e. is less than 0'0091. Thus the 


result is certainly accurate to one place of decimals, and the second 
place cannot be more than “one out.” 
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EXAMPLES XVIII. 
1. (a) Find the equation of the tangent to the curve y=sin & (w in 
radians) at the point ( ney) 


(ii) Hence calculate the values of sin ¢ for the following angles 
and fill in the following table :— 


Gao’ : z 5 | 60° 10’ | 60° 23’ | 60° 35’ | 60° 48’ | 61° 


Calculated value of 
sin & 


Value of sin x from 
the Tables . 


Number of places of 
decimals to which 
you are correct 


2. (i) Find the equation of the tangent to the curve y=cos @ (a in 


1 
3 27 

(ii) Hence calculate the values of cosa for the following angles 
and fill in the following table :— 


radians) at the point e 


fe : : . || 60° 17’| 60° 38’) 61° O2pen ROOM On 


| Calculated value of | 
cos & 


Value of cos a from 
the Tables . 


Number of places of 
decimals to which 
you are correct 


3. (i) Find the equation of the tangent to the curve y=tan # (# in 


1 
radians) at the point ( 2 Wie ). 
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(ii) Hence calculate the values of tana for the following angles 
and fill in the following table :-— 


oot Uae ee . || 30° 5’ | 30° 18"| 30°37’ ate | Bo Nea 


Calculated value of 
tan @. 


Value of tana from 
the Tables . 


Number of places of 
decimals to which 
you are correct . 


4. (i) Find the equation of the tangent at the point (Q, 0) to the 
curve y=« é. 


(ii) Hence calculate the value of (0-08) e°%. 


5. Find the tangent to the curve y=sin~'¢ at the point (0, 0). 
Hence calculate sin-1(0°004) (the angles being measured in radians). 


6. Calculate sin-!(0°502), giving your answer in radians. 

7. Calculate 25°53, 

8. Calculate 36°. 

9. Find the equation of the tangent to the curve y=log,cosa at 


the point e log, 0°) Hence calculate the value of log, cos 60° 37’. 


10. Calculate the value of log, sin 60° 54’, 
11. Calculate the value of log, tan 45° 27’. 
12. Calculate the value of log,, 10°04. 


13. Calculate by ordinary methods the square root of 37, and 
hence find 379° by the ‘Taylor approximating-curve method. Use 
only the geometrical tangent. 


14. Find the equation of the tangent at the point (0, 0) to the 
curve y=log,(1+3z2). 


15. Find the equation of the tangent at the point (0, 0) to the 
curve y=log,(1+2?), 
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16. Find the equation of Taylor’s second approximating-curve to 
y=sin « at the point , a Hence calculate as accurately as you 


can sin 60° 37’ and also sin 63°. Find from the Tables to how many 
places of decimals your calculations are correct in each case. 

17. Find the equation of Taylor’s second approximating-curve to 
y=cot x at the point (3 1), Hence calculate cot 45° 33’ and cot 50°. 


Find from the Tables to how many places of decimals you are 
correct in each case. 


18. Calculate Taylor’s third approximating-curve at the point 
(0, 1) toy=e Hence calculate co" and e-°". 


19. Calculate Taylor’s third approximating-curve at the point 
(0, 0) to y=log.(1+). Hence calculate as accurately as you can 
log, 1:03 and log, 0:996. 

20. We know that 16+=2. Hence calculate 16° by using 
Taylor’s third approximating-curve. 


21. Find Taylor’s third approximating-curve to y=(1+<)! at the 
point (0, 1). Hence calculate (1:05)# and (0-998)*. 

22. Find the equation of the second Taylor approximating-curve 

1 
at the point (} Fz) on the curve y=sinw. Draw on squared paper 
the graph of y=sing and also the Taylor curve at the point 
1 ; 

(4, is on as big a scale as your paper will allow. Make any 


remarks that you deem fit on the closeness of the approximation, 
and say from your diagram throughout what range the approxima- 
tion is reasonably good. 


23. Find Taylor’s third approximating-curve at the point (0, 0) to 
the curve y=sin~1a (angles measured in radians), Sketch on as big 
a scale as you can on squared paper the graphs of y=sin~!a and the 
above Taylor curve. Through what range of values of a is the 
approximation reasonably good ? 


24, Apply Taylor’s theorem {o express sin rt) in the form of 


a series in ascending powers of x; and show exactly how many terms 
must be included, in order to give a result which is correct to five 
places of decimals for all positive values of a not exceeding the 
circular measure of 2°. (Q.P.M.S8.T.) 
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25. Write down Maclaurin’s series expressing f(w) in terms of 
ascending powers of , and use it to determine the series for ¢. 
From this series find an approximate value for e, summing we 


first 8 terms of the series. (Q.P.M.S.T.) 
26. Prove that the value of (0°99)? is 0°82, correct to two vinces 
of decimals. (Q.P.M.S.T.) 


N.B.—Use Taylor’s approximating-curves for y = #° at the 
point (1, 1).] 


27. Calculate the value of (0°567)' to three places of decimals. 
(Q.P.M.S.T.) 
[N.B.—Use Taylor’s approximating-curves for y=(0°567)* at the 
point (0, 1).] 
28. Assuming that log,(1+) can be expanded in the form 
2 
2s +2 ete, evaluate log, 1:01 correct to the sixth decimal place, 


Hence, being given that log,, 1°01 is 0°004321, find an approximate 
value of logy é. (Q.P.M.S.T.) 


29. Write down the form of Taylor’s series which expresses 
f(a+) in a series of ascending powers of a, and derive from it the 
first four terms in the expansion of sin (a+). 

Apply this to determine sin 31° correctly to four places, being 
given sin 30°=0'5, and cos 30°=0°866. (Q.P.M.S.T.) 


in ascending powers of g, and by means of 


1 
30. Expand Jiee 


Be he 1 i 
this expansion obtain an approximation to the value of wi’ taking 


three terms of the expansion. (Q.P.M.S.T.) 
31. Use Maclaurin’s series to show that the expansion of log, (1 +2) 
in terms of # is a— eer 
Calculate to four significant figures the value of log, 1°08, having 
given that log, 1O=2: 3026. (Q. P.MS.T. ) 


32. Find the percentage error made in taking the approximate 
expression (1+3x) instead of the true expression (1+)? when 


a=0°05. (Q.P.M.S.T.) 
33. Use Taylor’s series to find the expansion of tan z in ascending 
powers of w as far as the term containing 2”. (Q.P.M.S. T. 5 


34. Find the value of (1:01)!* — 1-016 to five significant figures. 
(Q.P.M.S.'T.) 
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35. Apply Maclaurin’s theorem to expand log,(1+sina) in 


powers of « as far as a, (Q.P.M.S.T.) 
36. Prove that correct to the term in 2 
B 8a 2? «323 
el —3a+ 29? t= 1 = 7 oS ~ 16° (COTES WIS SAN.) 


Illustrate the above approximation by drawing on squared 
paper the graphs of the right- and left-hand sides and so obtaining a 
diagrammatic idea of how good the approximation is. 


37. Plot the graph of y= 5O( ex +e 0 2) from c=0 to x=10. 


and plot the new graph on the same axis. (Q.P.MLS. 


Rewrite the equation by expanding the exponentials as far as a, 
4k 
Discnss the closeness of the above approximation. 


38. Write down Maclaurin’s series for the expansion of f(x), and 
apply it to expand ¢™* in a series of powers of as far as the term 
in «°, (Q.P.M.S.T.) 


CHAPTER XIX. 
POWER SERIKS. 


1. The Geometrical Series. 
Consider the expression : 
y=ltatartart ... 420%. 

If we multiply both sides by 1 —z it is easy to show that 
‘ it = grt 

l-« 

If « be numerically less than wnety, it is easy to see that, 
as nm increases, 2”t' becomes very small. For if we proceed 


indefinitely taking only a fractional part of a given object, 
it is perfectly plain that that fractional portion will soon 


be very small indeed. For example, se 0:125, =) = 0°015625, 
1 
88 
zeros immediately after the decimal point rapidly increase in 


y=ltetertor+...+ a= 


= 0001953125, and so on, it being easily seen that the 


number, as we take higher powers of 5 


If, therefore, we make x infinitely big, we see that 
1 


St 


yaltutar?tort+...+a%+...ad 0 = 
We note that y=l+ea 
y=l+a+a? 
y=l+u+a?+ 2%, ete. 
are the first, second, third, etc., approximating-curves to the 


curve y= = -, within the range of values «= -1 to x= +1 
—2 


(since in the above discussion 2 was assumed to be numerically 
less than unity). 


342 
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We also note that the above discussion does not hold when 
a= —1 and when x= +1. 


The subjoined diagram exhibits the curve eee and its 
-2 


first three approximating-curves. 


i | | im [ 
oH no ane he 
im [ | ( 
| as 
1 | 
| 
i bed 
mer 
[ xy 
HN 
a 
Za 
BI 
aa 
| 
Syte 
2 | 
Tae C 
Demy, | | i] 
IRE Ea eal 1 i 
910:81-0-71-10:6-0-5=0-4 =0-31-0-2/-0-1 p O=1 SLO: 30} +4+0'8440-9, 
ry; | 
Fig. 184. 


When z is positive and greater than unity, it is plain that, 
as n becomes infinitely large, x” becomes indefinitely large, 
and hence the expression 


y=1l+et+arto+...+a” 


becomes infinitely great as n becomes infinitely large. 

When z is negative and greater than unity in numerical 
value (eg. t= - 2), it is evident that xz is very large and 
positive when m is very large and even, but 2” is very large and 
negative when 7 is very large and odd. Hence the expression 


1 —gth 


=ltet+e?ta? +... +¢"= 
Y l—@ 
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is very large and positive when n is very large and even, but 
very large and negative when m is very large and odd. 
We can see, therefore, very plainly that it is only withen the 


range «= —1 tow= +1 that the curve age a 
indefinite series of approximating-curves. 

Ran@e or Vauipiry.—The range x= —1 to «= +1 1s called 
the “ Range of Validity,” within which the curve Petes 
an indefinite series of “ approximating-curves” of the type de- 
scribed above, approaching to wt indefinitely close in the limit. 

2. Power Series, 


The above example of the Geometric Series is merely a 
particular instance of Power Series in general. 

Power Series are of very great utility in all branches of 
mathematical work. 


Tet Y = Ay +A, 2 + Mot? +... + Ant”, 


where a, 41, M, A, ... are known constants, independent of x. 
If, within the range «= —h to x= +h, the expression 


Y =A) + aye4+ a0? +... + ann" 
approaches indefinitely close to the curve y=/(a) as n becomes 
indefinitely increased, we regard 
Y=, +a," 
Y =A) + A,7+a,07 
Y =A) + G42 + dyn? + aa 


etc. 


as the first, second, third, etc., approximating-curves to the 
curve y=/(x) where it crosses the axis of y. In fact, we find 
it convenient to regard y=/(x) as the « * “approximating- 
curve” and to write it: 


YHA taet ant... +¢,2"+...ad 0 = f(x) -h<w< +h). 
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Such an expression as 
Ay + 4,0 + Aye? + ...+Ayx" +... ad 


is called a “power serves” in x. 
Such an expression as 


by + b,(% —c) +b,(a—c)? +... +0n(x-—c)"+... ad o 


is called a “‘ mower series” in x —c. 
The expression 


Y =f(L) Sa, + a,0 4+ aye? + ...4+0n2"%+...ad 


regards the curve y-=-f(x) as having an infinite series of 
approximating-curves where it crosses the axis of y. 
The expression 


y = f(x) =b, + b,(a —c) + b(a-c)? +... +b,(" —c)™+... ad oo 


regards the curve y=/(x) as having an infinite series of 
approximating-curves at the point on the curve y=/(#) corre- 
sponding to z=c. 

Examples of power series are: 


2 an 
pee ef, ies ee ALL OD 
nN 


124 277 + 37a? +... + (n+ 1)2a"+...ad 


1.2+2.3(e—c)+3.4(a@-c)?+...+(m+1)(n+2)(a—c)” 
+...ad 0, 


- 3. Example. To find the range of validity within which 
f(z)=sin« can be represented by a series of approximating- 
curves according to the method of Taylor and Maclaurin. We 
have, as explained in Chap. XVIII., Art. 4, 


Hee) = 0) + 2f 0) + FPO) + bf FOO) + 


where ¢ lies between 0 and a, and where we are considering 
the series of approximating-curves at the point where the curve 
y =f(x) cuts the axis of y. 
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Plainly Aa) =i sin % “to tO) en 
Teles sos FOS 
Ff (a) = — sine FF (Ov 9 OU 
f. (en) = = cosa SEOs 
fe) =) sine fuROjero 
etc. etc, 
; ge Co See 
Hence Bee sa bara Be ea | » dantcaete (1) 


where » must be odd and the sign before each term depends 
on whether it is an odd or even term counting from the 
beginning. 

Now, since sin c is always less than 1, it is plain that the 
a” 
|n 


error committed in stopping short at (x odd) is numerically 


less than oor which becomes indefinitely small as n becomes 
indefinitely great, whatever be the value of ¢ (0<c<~). 
Writing (1) in the form: 
sin ¢ eat WB tet a” 
ST ee eee ee 2 
CES Ge Gaal bike ee a ) 


and proceeding to the limit on both sides of (2), as becomes 
co we obtain : 

eee ee 
sin %=a”— [3 + 5 _ [7 +...adc whatever be the value of a, 


sin w+ 


2.é. the range of validity is —o to +o. 
4. Integration of Power Series. 


Let in fig. 185 the curves 
marked (1), (2), (3), etc. be 
the first, second, third, etc., 
approximating-curves to the 
curve y=f(x) marked (oo), 

Let N be a point on Ox 
inside the range of validity. 
Then plainly the areas ONP,H, 
Fic. 186 ONP,H, ONP.H, ete., approxi- 
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mate indefinitely close to the area ONPH (where in each 
case the arcs of the curves act as the upper boundaries to the 
respective areas). 


Let the given curve be 
¥ =f(v) Ha) + 4,0 + ag” + a,x? + a,a*+ ...ad co 


and let ON =z. 
Then the equations of the approximating-curves are respect- 
ively: 
(1) y=ay+ ayn 
(2) y=a,+a,2 +0,x* 
(3) y=ay + a,x + ann? + ayn? 
etc. 


(0) y=a,+4,0 4+ aon? + a0? +... + ant" +...ad co. 
Hence, integrating, we have: 


2 
(1)’ area of ONP,H=ayx+ as 


a x 
(2)’ area of ONP,H =a,4+ Ayo +423 


2 3 4 
(3)’ area of ONP,H =a,%+ a5 + aig + any 
etc. 


(a )’ area of ONPH = [ re) da. 
0 


Hence, since the areas ONP,H, ONP,H, ONP.H, etce., 
approximate indefinitely close to the area ONPH, therefore 
the curves 

Pe: 
YHAUC+ AD 
ae eo 
YH AE+ yy + Org 
a8 xe 


2 
Y = Aye + i) ab a3 ats Pan 
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approximate indefinitely close to the curve 


y= [ fle) de, 


or, as it is usually written : 
oe x? x at hare q 
i Te) dit = At + Ayo +Ae3 +As4 +... Ss ae we) 


provided that x lies wethen the range of validity of 
Y=Ay +a, e+ a,074+ ...F4,0"+...ad ao. 


Example 1. We have proved in § 1 that 


1 
Ta +0+074+03+...+0"+.., 

provided that « lie within the range of validity —1 to +1. 

Hence, integrating both sides from 0 to a, we get : 

a? a8 oft ae 
log, (1—«)= hao ea ea eau pares fae ado, 

where « must lie within the range of validity —1 to +1. 

N.B.—This series is of the greatest practical utility in calculating 
the values of logarithms to the base e. 


Example 2. By the geometrical series we know that 


Tepe tat (= 1p. ad o (—l<a< +1). 


Hence, integrating both sides from 0 to x, we obtain : 


A 
neta —o = 


fins al 
Ss OY 


41 
++ (=I +...ad @ (=l<a< +1). 


5. Differentiation of Power Series. 


In the diagram of Art. 4 it is plain that, if we draw the 
tangents to the respective curves at the points P,, P,, Ps, ... P, 
then the gradients of the tangents at P,, P,, P., etc., will 
approximate in value indefinitely close to that of the tangent 
at P. But 


ART. 5] EXAMPLES XIX. 349 


gradient of tangent at P, =a, 


i e P, =a, + 2a,x 
x a P, =a, + 25x + 3a,%? 
Ph Fr P, =a, + 2aox + 3a,x? + 4a,x° 
etc. 
- 53 P =/"(x). 
Hence the series of curves: 
Y =a, + Zax 


¥ =a, + 2a,K + 3a,x* 
¥ = 4, + 2a,u + 3a,n7 + 40,08 
etc. 


approximate indefinitely close to the curve y=/f"(x) provided 
that x lie within the range of validity of 
Y =A +A, L+ a0 + ...4 4,0" +...ad 0, 
or as it is usually written : 
Sf (@) =a, + 2agx + 34,0? + ...4+na,v"*+...ad 0. 


Example. We have 
7! +otattas+...ta"4...ado (—l<e<l), 
Hence, differentiating both sides, we obtain : 
1 — q 
Te ee ae 14...ad ao (—1<az<1). 
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_ grt é ae 
1. Given that : ;  =l+at+e+...+2", find by differentiating 
—% 


both sides the value of 1+2a+32?+...+na"—1, 


2. By differentiating both sides of the result thus obtained, find 
the value of 1.2+2.30+3.4a?+...(n—1)nar-®. 


3. Use the calculus together with the fact that 
1l—attl 


=l4+epot+... a 


1-2“ 
to find the value of 124 2?x+ 37a? +...+ 7a", 
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4. Given that ae ltote+et+.. bay ...ad ow, where « lies 


between —1 and a 1, find the value of 
1.2.3842.3.404+3.4. 50+ ...4+(m—2)(n—1)na"? +... ad 


5. Given a 


£ is. 6 ie e 5...(2n—1) 
i a2 3 aaNet ies/4p a 
y= +4045" Sea Bites + 2 ae ad co, 
where @ is eta less than unity, prove that (1— aye af — By = 0. 


Hence find the value of y in terms of a. 
6. Use the ae of the previous ae to prove that 


1.304 1.3.5 (2 — 1) on a 
Nia =14 54h ee CS a6 tet Bn ee ae 


where x is numerically less than unity. 


elon ne 


7. Use question 6 to obtain a power series whose value is sin=! a, 
valid within the range = —1 tov=+1. 


8. Given that y= 1 +n2 + "C= Wy) pip CA co 2) get... 


4 Mn— had: Txt) a 


+...ad 0, 


for values of # lying within the range z= —1 to x= +1, prove that 


(1+2) o =ny. Hence obtain an expression for y in terms of a. 
x 


9. Given that y=1+a+~% Fee as ae 2" +...ad 0, for all values 


[2 [3 fic 
of a, fina 2Y a Y in terms of y, and thence obtain a simple expression for 
a 


y in terms of x. 


10. Expand 5 


5 28 a power series in w, integrate both sides, and 
hence find a nak series for log, V1 +22. 


11. Expan 


ie both sides, and 


hence find a reat series for log, Vite +a. State within what range 
of values for x the expansion is valid. 


12. Express (1 —«?)~) as a power series in a, integrate both sides, 
and hence find an expression for another power series. 
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13. Given that 


1 1.3 16 P23: 0...20- 3) 
Sets odaer won Saas6- Credo” ae : 


within the range <= —1 to x= +1, find the value of * 2 fas a simple 
function. Hence obtain a simple ot for y in pee of x. 


: eit se AES Ge lata 
14. Given that y=a— mate +(-1) oe jteada, 


for all values of x, prove that shy +y=0. ‘Hence obtain a simple 
expression for y in terms of a. 


4 
15. Given that y=1— aa Be +(- nat sae a 


all values of 2, prove that = +y=0. Hence obtain a simple 


expression for y in terms of z. 


CHAPTER XX. 
DIFFERENTIAL EQUATIONS. 


1. A differential equation involving x, y, a but nothing 


d?y d®y 


ia? da? etc., is called a differentia] equation of 


higher such as 
the first order. 
: ; 4 pale! 
A differential equation of the jirst order im = represents 
ae 


geometrically a singly infinite family of curves. 
Consider the differential equation of the first order 


dan tf)a0 


Choose a point P,=(%, Y) on the squared paper, and solve 
y Ce) ACAEE) 10% os from the above equa- 
a 


tion. We get one or more 
dy : 
values of —. Choosin 
va aa sing 
any one of these values; 
we draw a short line from 
(%» Yo)» Whose gradient is 


Fic. 186. 


equal to the value of = above obtained. 
a 


Let us proceed a very short distance from P,=(a,, y¥)) to 
P,=(#,, y,) along this line. Then, using the differential 


equation once more, we find that value of ey corresponding to 
2 


the point (x,, y,), which differs very slightly from the gradient 

of the short chord P,)P,. We then draw in the direction thus 

obtained the short chord P,P,. Inserting (y, Yo) in the differ- 

ential equation once more, we find the corresponding value of 
352 
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2 which differs very slightly from the gradient of the chord 


P,P,. We draw the very short chord P,P, parallel to the 
direction thus obtained, and so on. In the limit, the series of 
short chords P)P,, P,P,, P,P,, etc., become a continuous curve. 

In the same way, if we start from any other point 
P, =(%, Y% )» we obtain a curve which is the limiting position 
of the series of short ares P,'P,’, P,'P,, P,P;, ete. 

Hence the differential equation of the first order is represented 
graphically by a sinyly-infinite serves of cwrves. 

Example. ind the series of curves that represents graphically the 


differential equation oe 
da 


anu oe 
ai | 
‘- 4 
| 
30 
+H, 
ry cd) 
yy 
SJ 
20 % 
AHH 
A739, 
5 % 
ay a 
Y/ 
#0. Ct ay | 
is ot f yt + 
ui 1 
-4 -3 -2 -1 fe) 1 2 3 4 


Fig. 187, 
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We have dy =6z dx. j 
oe Yesoee tC. 
Fig. 187 exhibits some members of this family. 


2. To solve differential equations of the type 


dy 
P 
ag 1 PY = 


where P and Q are functions of x only. 


Multiply the given differential equation all through by U, 
where as yet w has not been determined. 


We obtain : u—-+uPy = uQ, 
dx 


which can be written : (wy) + (uP - yy = uQ. 


Let us now choose w so that the coefficient of y shal] vanish, 
v.€. uP — a =0. The equation then becomes E (wy) = uQ. 


du 


Hence — = Pda, which can at once be integrated as soon as 
WU 


P is known. 
Thus the value of w in terms of x is found, and on being 


inserted in £ (uy) = uQ, the integration of the given equation 
a 


can be effected immediately. 
NV.B.—The simplest value of w that will satisfy this equation 
ought to be chosen. 


Example 1. Solve the differential equation Bs +y =o. 


We have uw uy Us, 
aed du\ _ 
1.6. S(u)-+y(u-$) =u AEE ERED EAS JOA (1) 
du du . 
Choose u so that u— =O, 4 te. = =dx, ve. log. u=x, Hence 
u=e* is the simplest tee of w that can! be’chosen.............c.:0.--- (2) 


Hence J (ye)= axe* by (1) and (2). 


ART. 2] 
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=. Ye=C+ [ve dx. 


. yet =C+ xe — e, 


1.€ Y=(%—1)+Ce-*, 
The subjoined diagram exhibits graphically some members of the 
family of curves defined by the given differential equation, 
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8: 
by OE i 1 
1 Ht 
TS 6tE 
Ay 
HH : 
<4 i 
as 
nd 3 
1 | BEG) 
SS 
x 
1 H 
<6 Statist 2 ECE 
1 — 
== Lp 
v 
4 H 
Hi 1D 
es pee | 
H rT 
fF 1 4} 
‘ 4 J | 
Fig. 188. 


Example 2. The following equation occurs in dealing wrth electrical 
circuits, L being the coefficient of self-induction, R the resistance, E the 
external electromotive force wn the circuat : 


da : 
—+Ri=E. 
Lot a 


Solve for the current 2, vt being given that L, R, E are known constants. 
We have OPeey 


L 
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Gio Wb, 18 
Hence cB ee Pa 
_ Uw) (RK du\_ # 
or +i(Eu-G)=L" Bopp dandcbacy nade sdappodapadadond (1) 
R du _ 
Let gp ae Bia 
du_R 
Sad 
R 
log. u=— t. 
O82 =F 
R, ; 
Werle UP eran crsigetatansetocenet nse aesise (2) 
R R 
Hence : 5 (wh! aE a by (1) and (2). 
R E® 
et’ =C+5 ch 
E 


3. To solve differential equations of the type 


dy ax+by+c 
dx ax+by+c™ 


Transfer the origin of coordinates to the point of inter- 
section of the lines: 
axz+by+c=0 
az+b'y+c =0, 
be’-be ca - 2 
ab’ —a‘b’ ab’ —a'b/ 


z.e, to the point ( 


be’ — b’c 

Let eK a ae 
: m ean: 
and aN oe 
ab’-ab 


Hence, substituting in the given equation, we obtain: 
dY_ aX+6Y (1) 
GX ERPY Oe 
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To solve this, equation, putsV = Vis 20s) awisti digas ea teae (2) 
He GN pace Vj 
a a X ax* OR er RASC aot) (3) 


Hence, by (1), (2), and (3), 
x WV yi at bv 
dX a+b'V 
adV_ at+(b-a)V -8'V? 
dXete a +6'V ; 
(a +bBV)dV aX 
“" a+(b-a)V-BV? xX” 


Hence the variables are separated and the equation can be 
integrated, 


Example. Solve the differential equation : 


dy __ 24—y—1 

dx 2%+3y—11 
The two lines 2e—y —1=0 
and 2+ 3y—11=0 


intersect in the point (2,3). We transfer to parallel axes through 
this point as origin by putting 
t=X+4+2, 
y=Y +3. 
dY %X-—Y 
dX X+3Y 
Hence, substituting Y= VX, we obtain: 
dV 2-V 
aluner L439, 
do ON UNO? 
papeiad )6 1+3V 
. (14+3V)dV dX 
* 9—-2V—3V2: xX” 
Nes as 
g-8V—-V2 xX" 


M.w. 2A 


Hence 


+V= 


v.€ 
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Hence, ‘completing the square” in case of the quadratic expres- 
sion in V, we oblain: 


(J+V)dV _dX 


ae , UV +d #} _ dX 
(Ae) ev i ae Ss 
-. slog C—$ log {((V +4) — $} =log X, 
1.e. 4 log =log X. 


ar a 
(V+3P—$ 
Oy ee EO “. 9C=(BY +X)? — 7K2. 
(VH=3 pee 
Several members of this family of curves are shown below in 
fig. 189. ; 


PENT Epo iO 


£ 


Fia@. 189. 
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I. Geometrical aspect of the system of curves representing the 


differential equation Ss = a ‘ 
av 
a+b X 
The equation can be written x 


Fig. 190. 


Consider the line (1). oe is the gradient of any curve of the 


system at the point (X, Y), and hence all the curves of the 
system must have the same gradient at points of the line (1) 


since = is constant for all points of the line (1). 


Starting from points on the line (1), we therefore draw a 
series of short parallel lines to meet the line (2) (it being 
supposed that (2) is very near (1) ), these short parallel lines 
representing the gradients of the tangents to the curves of the 
system where they cut the line (1). 

Reasoning as above, we see that similarly all the curves of 
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the system must have the same gradient at the points where 
they cut the line (2). We therefore draw a series of parallel 
lines representing the gradients of the curves of the system as 
they cross the line (2). 

But in the limit P,P,P,P,P;P., Q,9.9.9,9,9,, R, R,R,R,RR,, 
etc., are curves of the system, and they possess the property 
of being “similar and similarly situated curves” according to 
the geometrical definition, the origin O being the Centre of 
Similarity. For if one of the curves of the system be given we 
can obtain all the others thus: 

Let P be a point on the given curve. Join O to P and pro- 
duce OP to Q so that OP: OQ is constant. Then if we do this 
for a number of points P, we obtain a number of points Q on 
the new curve, which can then be sketched. The figure to the 
example of this article shows graphically the above property. 

II. All the flewes (t.e. points of inflexion) of the family of 

6 GX OY 
dX aX+UY 
lie on one or other of two straight lines passing through the 
origin. 


curves represented by the differential equation 


: Git. 
At a point of inflexion on a curve —— is equal to zero. 


aX 
Hence, differentiating the given equation, we obtain: 


aY aY 
te X48 (a4be x) zs (aX +0Y)( a! +05) 
qx (@X Top 
(ab! - a'b)(¥ - ) 

f aX 
TT eee 


2 
If, therefore, oe vanishes, we have Y— ee =. 


Hence, eliminating — between this result and the given 


Y aX+b6Y 


tion, we h tae 
equa 100, we have X aXa0yV bY 


The pair of lines required are therefore : 


aX? +(b-a’)XY - BY? =0, 
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N.B.—Since ry at a flex, we note that the gradient of 
d 


the curve at a flex is equal to the gradient of the line joining 
the origin to that flex, z.e. the tangent at a flex passes through 
the origin. 


4. Useful principle. 


The following represents a very useful principle, especially in 
dealing with the graphical solution of differential equations :— 

If o(2, Y; oY) =0 be the differential equation under investe- 

e 

gation, then (a, y, C)=0 represents the locus of points at which 
the gradients of the curves of the system represented by the 
differential equation are each C. 

The subjoined diagram will make this plain. Consider the 
i 


Curvesty Hace ee 
ax 


e Sy 1 
Or es BA UP HIN ECL 


Sts 


{24 LC i hd 


uf 
Fig. 191, 
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differential equation y= ie -2?, The locus of points at which 
ae 


the gradients of the respective curves through them is | is 


Y=2— x (putting = = 1 in the given differential equation ). 
o 


5. Clairaut’s Differential Equations. 


To solve differential equations of the type y = fe + (Z a) . 


Meruop (1). By Geometry. 


The straight line y = Cx +/(C) represents the locus of points, 
the tangents to the curves of the family through which have 
all eradients equal to CO, 

Consider the points P, Q, R, S, T, etc., lying near one 
another on the line y= Cx + f(C). Let us draw, by the method 


FIG. 192. 


of Art. 1 of the present chapter, the curve of the system 
passing through P. The gradient of the tangent to the curve 
through P is C. But the gradient of the above line is ©, as is 
easily seen from its equation. Hence the short line PQ isa 
very short are of the curve through P. Reasoning in the same 
way, we see that PQ, QR, RS, ST, etc., are all short ares of 
this curve. In fact, the curve through P is simply the line 
y = Cx +f(C). 

Hence the family of curves satisfying the differential equation 

= ol +1(@ Lis the family of strarght lines y= Cu +J(C). 


“dat 
Corollary. Jf the above family of straight lines all touch 
the same curve Sp, this latter curve is also a solution of the given 
differential equation. 
Tor let the line 7 be one of the lines of the system, and let 
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it touch the annexed curve §, at the point L. Let L=(a, y), and 
let the gradient of the line 7 be C. Then plainly a, y, 2 =C 
a 


L 


FI. 193. 
satisfies the given differential equation. Hence the point L 
and the gradient of the tangent to the curve S, at L satisfy 
EG 


the given differential equation. Thus the equation to the 
curve S, is a solution of the given differential equation. 
Jote 1.—S, is not a member of the system of curves 
y=Ca+f(C), which are straight lines. 
Note 2.—S, is called a “ Singular So’ution,” since it is not 
a member of the family of curves that are usually considered 
to be the solution of the given differential equation. 


MerHop (2). By Analysis. 


a @ (4) 
Consider y= 2 +f Fee aaa (1) 
Differentiating to x, we obtain: 
dy dy dy | ,,(dy\ Py, 
da" dat” de aieal x a? 


iP ) 
Hence, either $4 =O, 8. EO. leet (2) 


or a+ (2) ZR MO CAL A ho (3) 


364 GRAPHICAL SOLUTION OF [CHAP. XX. 


From (1) and (2) we obtain the general solution 
y =Ca+f(C). 
From (1) and (3) we obtain the Singular Solution. 


6. Graphical solution of differential equations. 

Just as, in ordinary equations, it is often impossible to solve 
them algebraically, in which case an approximate solution has 
to be obtained by means of squared paper, so in the case of 
differential equations, we have often to obtain an approximate 
solution graphically. 

Consider the differential equation ola, Y, w) =(0). 

Consider also the system of curves (a, y, C)=0 obtained 
by giving different values to C. 

As explained in Art. 4, the curves of the family that satisfy 


(2, Y, “) = 0 each have the same gradient C at points where 
ie 
they cut (a, y, C)=0. 
(x,y,C4)=0 P(x,7,Cz) =0 
ye 7) (I; C,)=0 
Y mi 
RUN /0 Timea eee 
x’ 0 a 


Fig, 194. 


Let the thick curves in the above diagram be several 
members of the family $(z, y, C)=0 not very far apart (ze. 
let C,, C,, Cz, Cy, etc., be values of C differing by a small 
amount). Let the dotted curves be sketched so as to lie as 
nearly as possible half-way between the thick curves. Take 
any point P on ¢(a, y, C,)=0 and draw a short line Pu 
whose gradient is C,. From w draw a short line wQuv whose 
gradient is C,. From v draw a short line vRw whose gradient 
is C;. From w draw a short line wS whose gradient is C,, and 
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soon. Then sketch in as carefully as possible a curve touching 
Pu at P, wQv at Q, vRw at R, wS at S,and so on. The curve 
PQRS thus obtained is very approximately the curve through 


dx 
Example. Solve graphically the differential equation y= all — ot 


P satisfying the differential equation ola, Y, 2) = 0. 


and obtain approximately the curve of the system that passes through 
the point (2, 3). 
Putting s=2, y=3 in y=Ca—-’, we find that C=3'5. 
(1) y=3'5e—a2, (2) y=3°7a—2?, (8) y=3'9e—a%, (4) y=4-la—2*, 
(a) y=3'6x—2?, (8) y=3'8a—a, (7) y=4a~—a%. 
Gradient of Pw=3°5, gradient of uQv=3°'7. 
Gradient of vRw=3°9, gradient of wS=4'1. 
Thus PQRS, practically a continuous curve, is the graphical solution 


f y=aWd — 22 
ol y ae 
G5) 
cI (3) 
7 v 
) Q 
los, 
5 Bel | 
we oj 1 2 3 x4 
y 
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7. Differential Equations and Approximating-Series. 


The method of approximating-series can also be applied to 
finding approximate solutions to given differential equations. 
We give some examples. 

Example 1. Given the differential equation ol =y+t+a?+y?, find 


the third approximating-curve to the curve of the system (as defined by 
the ahove differential equation) that passes through the pount (1, 1). 


The third approximating-curve is 


(y- =(H) @- 1 )+4(Gat) (= 144(Fe) @- Live aay 


d 2 dj 2 3 
where (i ay (ee) ( z). are the values of EN Lah ee 


respectively at the point (1, 1). 


We have at SY a as nan cerca ome aeen eee eee (2) 
Differentiating (2), we obtain : 
ye + oY a + 20+ ayo, 
1.2. ae Y = 20+ 2904 pA Hh 5 Orin: i Oo (3) 
Iso differentiating (3), again we obtain : 
ht hana yr Haan) aun VED Cee? (4) 


From (2), putting <=1 and y=1, we obtain: 


dy 
(a),=8 


From (3), putting c=1, y=1, re =3, we get: 
fea 
(ma) =8 


3 
and from (4): (a) =28. 
1 
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Hence the equation to the third approximating-curve at the point 


(iy bya: 
(y —1)=3(@—1)+4(@—1)?+44(a- 1). 
To find the value of y when «=1:03, we insert for x in the above 
and obtain : 
y — 1=3(0:03) + 4(0-03)? + 34(0-03)8. 
*, y=1-094 (to 3 places of decimals). 


Example 2. Show that of the system of curves defined by the 
differential equation 


dy\2 dy a 
(20+ (a) - Le Hety+4)=0 


two pass through any gwen pownt. 
Find the first approaimating-curves to the two curves Gr the system 
passing through the points (0, 0) and (1, 1). 


If we assign values to x and y and treat the differential equation 
thereafter as a quadratic in 4 we obtain. two values of a correspond- 
x ol 


ing to a given point (a, y). Hence two curves of the system pass 
through any given point. 


I, The point (0, 0). 
If we put «=0 and y=0 in the equation 


dy\? dy 
1 — 102% +(6 —4)= 
(20+ (e) 10a 7 +( x+y —4)=0 


we obtain a) =4, 
da 
“3 we +2 or —2 


Hence the first approximating-curves to the two curves of the 
system defined by the given differential equation (passing through 
the point (0, 0)) are 

y=2e and y= —2a. 
II. The point (1, 1). 
Putting z=1 and y=1 in the given differential equation, we obtain : 


3(jt) ~ 10g +3=0. a te 3 on 0°33. 
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Hence the first approximating-curves through the point (1, 1) are 
y—1=3(@—-1) 
and y —1=0°33(a—- 1). 
Example 3. Find the second approximating-curves to the differential ‘ 
equation of Example 2 through the points (0, 0) and (1, 1). 
Differentiating the differential equation, we get : 


2, 
a(t) + 2(204 Ty eg 1005. o+6+ WY 0, 


dx da? da ae 
When L—ONy—0 ae) then ot = 
z=0 4=0 W__2 ASS ry 
z= y=l V3 ; 7 4=038 
a=1 y=] ty 033 y 7 = 0-40. 


Thus the second approximating-curves are : 
(1) y=20+0:5a? 
(2) y= — 20+ 4a? 
(3) y-1=3(@—1)+0°19(@—1)? 
(4) y—1=0°33(@—1)+0°2(a—-1) 


} through (0, 0). 
} through (1, 1). 


Example 4. Using the results of Hxample 3, calculate the values of 
y corresponding to =0'05 wm the case of the curves that pass through 
(0, 0). 
Calculate also the values of y corresponding to c=1-02 wm the case of 
the curves that pass through (1, 1). 

Give your resulis to two places of decimals, 


(1) y= 2(0°05) +-0°5(0:05)2=0°10 to 2 places. 
(2) y= —2(0°05) + 4(0:05)2= — 0-09 ray ee 
(3) y=143(002)+019(0°022=1:06 


(4) y=1+0°33(0:02) +0:2(0:02)?=1-01 __,, 3 
8. Differential Equations of the Second Order. 
A differential equation of the jirst order is an equation 
dy 


between a, y, —. 
da 
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A differential equation of the second order is an equation 
dy d*y 
da’ da 
A differential equation of the third order is an equation 
dy dy dy 
da’ da? dx 

And so on. 

We have seen that the general solution to a differential 
equation of the jirst order is an equation between 2, y and one 
arbitrary constant C. 

It will be seen that the general solution to a differential 
equation of the second order is an equation between a, y and 
two arbitrary constants A and B. 

More generally, the general solution to a differential equation 
of the third order is an equation between z, y and three arbi- 
trary constants A, B, C. 


between 2, y, 


between x, y, 


3 
Example. Solve ao a differential equation of the third order. 
xe 


, em 42 
We have qa ft 
4 dy _p vA: a3 
and iP +Au+ 5° 
4A 
Finally, y=C+Ba+ AS cgi lap 


24 


a solution which contains three arbitrary constants A, B, C. 
We can explain this result as follows :— 
Consider ORE We, ca aestan toes ounanta need Ae (1) 


We wish to eliminate C. 
Differentiate once, obtaining : 
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Hence, to eliminate one arbitrary constant C, we need only differ- 
entiate once; that is, our final res Jt without C will be a differential 
equation of the /irst order. 


Again, consider Oa reel SN Br SpER oaSEE AS URO CO UECIIOR TR OIG RE (1) 


We wish to eliminate A and B. 
Differentiate once : 


Differentiate twice: 


Hence, to eliminate two arbitrary constants A and B, we have to 
differentiate twice ; that is, our final result without A and B will be 
a differential equation of the second order, 


d?x 
5 ol lve —— + n2x=0. 
9. To solve ae + 


We have already solved this equation in Chap. XIII. Art. 5, 
and explained its relationship to vibratory motion. We 
shall now deal with it as an example of the principles of 
the last article. 


Consider a=Asin nt+Bceos nt. 


It is easy to see that this satisfies the above differential 
equation, and as it contains two arbitrary constants A and B, it 
will be the general solution. 


Corollary. 7'o solve _ + nee =n*e. 
dx 


We have Tz +n?(«—c)=0. 


d? 
-. =y(#—c) +n*(x—c) =0. 
dt? 


Hence the complete solution will be: 
x—c-Asin nt+ Boos nt. 
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ax 
To solve an nx = 0. 


The general solution is plainly : 
x= Ae™ + Bem: 


2 

To solve = — nx = ne, 
eye . 2 ‘ 

Writing equation Nisee) —n*(a#+c)=0, we see that 


ateo= Ae + Ben 


10. Linear Differential Equations with Constant Coefficients. 
A linear differential equation with constant coefficients is 
one of the type: 


dry d’y Ch 
Mociagn + Magar + Aagia=8 t «- + Any =F), 


where a, @, @, ... Gn are known constants. 
We shall first of all show how to solve such equations when 
the right-hand side is zero, viz. : 


d’y ad" ty gy 
Agron + Oy gomat + deg + ++ + ny =0, 


Let us take as a trial solution y=e™”, substitute in the 
given equation, and cancel out.¢”. 
We obtain: 
ayn” +a,m" "+ a.m"* + ... +4, =0. 


Suppose in the first instance that all the roots of this last 
equation are real and ditferent from one another, and let them 
be 7, 1% Mg... My. Then e%*, e*, 7, ... e™* will each be 
solutions of the given differential equation, there being n 
solutions in all. The complete solution will therefore be: 


y = Aye + Ane + Aye” + ee + A,e"”, 


where A,, A,, Az, ... A, are m arbitrary constants, and these 
will be sufficient since the degree of the equation is n. 
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: 5 CEM ON) 
Example. Solve the eq wation 75 — 5a, +6y=0. 


Assume as a trial solution y=e”“, and substitute in the given 
equation. We obtain, after cancelling e”, 


m? —5m+6=0. 
Hence m=2 or 3. Thus e* and ¢* are each solutions, and the 
general solution will be y= Ac*+ Be, since the given differential 


equation is of the second degree, and therefore there will be two 
arbitrary constants in the general solution. 


Repeated Roots for the equation in m. 


Let us now consider the case when all the roots of the 
equation in m are real but some are repeated. In that case 
we should not have nm independent solutions for the case of a 
differential equation of degree n. 

We find, however, that if m=m’ is a root of the equation 
in m repeated twice over, then e”® and xe™® are each solutions 
of the given differential equation, and the part of the final 
solution corresponding to the twice-repeated root m’ is 


mee +. Bree, 

Similarly, if m’ is a thrice-repeated root of the equation in 
m, then e™®, gem®, xem’= are each solutions of the given 
differential equation, and hence the part of the final solution 
corresponding to the thrice-repeated root m’ is 

Aem@ 4 Burem’@ 4 Cy2em’@. 
And so on, for roots repeated more often. 


This principle is easily proved as follows :— 
Let the given differential equation be: 
d"y ad" ty q7-2 
Bogan t Waal + Ugg ae + ++ + ny = 0 BERIODUC ETO (1) 


which may be written: 


| aaa) i alt) Bs AC aie ears an y = 0......(2) 


If y=e™ be taken as a trial solution, the corresponding 
equation in m is: 


aym™ + a,m™14 am"? +... +a,=0 
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If the roots of (3) be m,, m,, ms, ... Mn, then the equation (3) 
may be written : 
apm” +a,m" + am" +... + An 
= a)(m—m,)(m — m,)(m — M3)...(m — My). 


Hence, changing m into a we see that (2) may be written : 
a 


d d a d 
a( - m) & - my )( = mg)... 2 =m, )y ze Oo .5.0( 4) 


Suppose now that m,_,;=m,=m’, in which case m’ is a root 
repeated twice over. We have to deal with the equation: 


a,( & - m) (= - my). : (< - maa )( - wy =0 .,.(5) 


Plainly y =e” is a solution. 
Consider next y = xe™®, 


Then fae - m \wer’a = © (agem'e) — m'xe™®, 
dx = die 
< (2 - mi Jue AE 
da 
Hence, operating on both sides of this last equation by means 
of —— m’, we obtain: 
dz 


. @ 2 a, ae Ca Gis! * nem’ — () 
ON dre hie), ae ee a Ne i ; 


Thus we” is another solution of (5). 

Hence, since e* and xe™® are each solutions of (5), it is 
plain that the part of the final solution corresponding to the 
twice-repeated root m’ is 

Ae™® + Brem®, 
M.W. 2B 
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3 
It is easy to show that & — nm) xem’ vanishes identically, 
a 


and hence that in the case of a thrice-repeated root m’ the 
corresponding solutions are e”®, we™®, we™’*, and there- 
fore that the corresponding part of the final solution is 
Ae™® 4 Bue™’® + Cu2e™’®, and so on. 


Example. Solve completely the differentral equation : 
dy dy, 6ty 
eed ee 2 
aa Ube eg oa —12y=0. 
Putting y=e” as a trial solution, we obtain m=2, 2,3. The cor- 
responding solutions are : 


Ch Aad oe 
Hence the final solution of the differential equation is: 


y = Ae* + Bue + Ce*. 
Imaginary Roots for the equation in m. 


We require the following results established in last chapter 
by Taylor and Maclaurin’s methods: 


sin ¢=2— a ait oF apt ad oo 
er ie 
gpk? sgh 

SE ee rel Pea Westy 2) cond 


ae eae 
nie mea ad oo. 


It can be proved that the last result holds good even if x be 
imaginary. Let us put «=76. 
G2 Uh. Goa ~ OF 
SO at : 
3. C8 = L406 — [2 TEE et ae 
aN se : on Ge 
Eu ee ge Seis. a eiby : 
( gat -ad 00) +(8 ea ad ca) 
e —cos6+7 sin 6. 
Similarly e~ — cos O—wsin 0. 
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: iO — e-i0 
Hence sin 0= — 
2a 


0 =—i0 
ev +e 
cos 6 = — 


a 


Suppose now that two of the roots of the above equation (3) 
in m are not real, and that they are a+7@ and a—7f, where 
a, 6 are both real. The corresponding solutions are : 


eats and e@-‘s*, 
tc. eer’ and ox eH 
we. e%(cos Ba+7sin Bx) and e%(cos Bx —7sin Bx). 
Hence their sum (which is free from the imaginary 7) 
4 {e”(cos Ba +7 sin Bx) + e**(cos Bx —asin Bx)} te. e% cos Bx 


is also a solution of the given differential equation. 
Similarly, their difference (also free from 7) 


3 {e%(cos Pat+rsin Bx) — e*(cos Bx —asin Bx)} ce. e* sin Bx 
40 


is also a solution. 
The part of the final solution corresponding to the above pair 
of conjugate unreal roots is therefore 


Ae* cos Ba + Be sin Bz, 


an expression not containing the imaginary 7. 


Example. Solve the differential equation a) 5+ we +y=0. 
Let us assume as a trial solution y=e”*, We obtain: 


path! be T1- /8e 


m+m+1=0, 1.6 m= 


The corresponding solutions are : 


14+ V7 3i -1-V3i 
=z a 
e ? ande 2 
x 4 A Bice _& _N Biz 
ne. € * 46. MeRand eee xe 


x ps fea, 
1.e. € “#(cos N32. isin Dee and c2( cos wos —isin a 
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Hence plainly ens cos ve and e 2sin ne are also each solutions. 
The final solution is therefore : 
E3 Cy _& 2, 
y=Ae 2cos MB, Be 2sin ie (free from “). 
We shall now show how to solve differential equations of 
the type: 
dy 


q”r-1 y Gy 
0 gn 


Y ag 
Ldgn-1 ©? dan-2 


+a +... + Any = f(x). 

We first of all obtain by trial or inspection a solution 
y = $(x) as simple as possible. 

We then take y=z+(x) and substitute in the given 
equation. We thus obtain a differential equation in z in which 
the right-hand side is zero, since ¢(v) is known to be a 
solution of the given differential equation, and proceed as 
explained above. A few examples will make the method of 
procedure plain. 

Py _ oly 
. Solve —4 — 2-4 — 8y = 27. 

Example 1 ve a a 

Trial Solution.—Since an expression in x of the fourth degree 
when differentiated twice gives an expression in # of degree two, let 
us assume as a trial solution that y is of the form az*+ ba? + cu? + dz +e, 
and substitute in the given equation. Substituting in the given 
equation and collecting coefficients of the various powers of a, 
we obtain : 

— 8ax* — (8a+ 8b)x* + (12a — 6b — 8c)u? + (6b — 4c — 8d) 
+ (2c — 2d — 8e)=2". 

Hence, equating the coefficients of the various powers of « on both 
sides, we get the following series of equations in a, 8, c, d, e: 


—8a=0 
—8a—8b=0 
12a —6)-—8c=1 
6b — 4c — 8d=0 
2¢— 2d —8e=0. 
Hence AO. JS oatate ae fale 2 
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A particular solution is therefore : 


- aq(82? —4x%+3). 


Let us take, therefore, y=z— mk 8a? —4%+3) and substitute in the 


given equation. We obtain an equation in z whose left-hand side is 
zero, since — -(8x2— 47%+3) is known to be a solution of the given 
equation. Hence: 


Solving as before explained we get: 

a= Ae*+ Be-™, 

i 1 
. y= Ae + Be-™ —— (82? — 4dr + 8 
y= Ae* + Be ra x +3) 
is the complete solution of the given differentia] equation. 
2 

Example 2. Solve a — a +5y=sin 3t. 


Trial Solution.—We know that sin 3t or cos 3t when differentiated 
any number of times give sin 3t or cos 3¢. _We therefore assume as 
a trial solution @ sin 3t+6 cos 3¢ and insert in the given differential 
equation, obtaining : 

— 9(asin3t + b cos3t) — 6(a cos3t — b sin 3t)+ 5(a sin 3t + b cos3t)=sin 3t, 
2.€. (—4a+6b) sin 3t+(— 4b—6a) cos 3t=sin 3t. 


Equating coefficients of sin 3t and cos 3¢ on both sides, we obtain : 


—4a+6b=1 
—6a—4b=0, 
: 1 3 
ity OS ay WE 
“h= ( Eat ~"s 20 
Ace sin 3¢+ . cos 8¢ is a particular solution. 
Hence, put y= 2— 1 gin 3t-+ > cos 3t, 
i NSiiys 26 
Qn 
fe Tits tol pee 0, 


dt = dt 
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Putting z=e™, we have m?—2m+5=0 
or (m—1)?+4=0. 
 M=1 +22. 
“, 2=e(A cos 2t+B sin 2t), (free from 2). 


Henee finally y=e'(A cos 2¢+ B sin 2t) — i sin a+ cos 3t 


is the general solution, free from the imaginary 1. 


EXAMPLES XX. 

1. Find the general equation to the family of curves defined by 
the differential equation as and interpret these curves geometri- 
cally by drawing a few of them. 

2. Find the general equation to the family of curves defined by 
the differential equation y a= 0, and interpret these curves 
geometrically by drawing a few of them. 

8. Obtain the general equation to the family of curves wet =0. 
What is the geometrical interpretation of this family ? 

4. What family of curves is defined by the differential equation 
© - +y=0? Sketch a few members of the family on squared paper. 


5. Prove that two members of the family of curves represented by 
the differential equation x $Y) 3( tH) 4 2y= 0 pass through every 


point of the plane of the axes. 
Find the angle at which the two members passing through the 
point (1, 1) cut one another. 


6. Prove that two members of the ey of curves represented 
by the differential equation (a? — ee y- — 3a H+ ye=0 pass through 
7 


every point of the plane of the axes. 
Find the locus of the points, the curves through which cut at 
right angles. 


7. Find the eee 5 points at which the tangents to the family of 


curves (32 — 4y +5) 7 =(«—2y+8) are parallel to the axis of a. 
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8. In the preceding question, find the locus of points at which the 
tangents are parallel to the axis of y. 


9. Solve the equations: (i) dy 1 l+y? =0, (ii) = vy Bey y 


0, 


dx 1+22 tan x 
dy _(1+a) dy _(1—y) i (ES 
(iii) dz (l- (1—y)” et v) dx ~ +a)” (v ) ee 


10. Solve the equations: (i) OY aly =a, (ii) OY + ay =a, 
(iii) a z+ § » (iv) a +yY cos Z=sin & Cos @, 


(v) oY —y sin x= —sin x cos &. 


11. Solve the differential equation 


(e+1Xe+! 2) 4 2y=(e+2)(0-+3). (Math. Trip.) 


12. Solve the linear equation A 42 tan x=sin «, and show that, 
if y=0 when x=4r, the maximum value of y is }. (Math. Trip.) 


13. Given Os wat, find z in terms of ¢, given that «=0 when 


t=0. Find also the value of « when t= 


‘14. Given that OY + ay =a, a being a constant, and that y=0 when 


x=O0, find y in terms of «, and also the value of y when v=o. 


15. An electric current of C amperes is being driven through a 
coil of resistance R ohms and self-inductance L henrys by a cell 
whose electromotive force is E volts, The differential equation 


. 
giving the current before it becomes steady is Lo +RO=E. Find 


the current after ¢ seconds, and its ultimate value when ¢ is very 
large (1.e. t= ). 


16. Solve the differential equation nee 4a”. 
a7 et 
17. Integrate completely the differential eq tation. - —y tanx=1. 


18. Integrate cos x oe +ysina=1, 
ny 
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dy 
19. Integrate sin x Fn Ys +1=0. 
20. Integrate —y=e cos &. 


21. Integrate tan x ae y=sin* 2. 


dx 
22. Find the family of curves represented by = oY = BES - oak 
23. Integrate the differential equation aes aA 
dx w-y 
24. Integrate the differential equation aH — 
25. Solve the equations a) ga SiGe) ee “ar 


26. Integrate y=pa—5p*%. What is the singular solution? 
aly 
[¥a-omg | 
27. Integrate y=px+(1+p?). What is the singular solution ? 
28. Integrate y=px-+p+p. What is the singular solution ? 
29. Integrate y=px+3p?. What is the singular solution ? 


30. Bis the general solution of the differential equation 
y = pee —. What is the singular solution ? 
bu 


31. Solve the equations : 
d 2) 4 
Gyno Qt {ish GiyyoHl ed 


di dy 
dx 
vey AY, (dy _ (dy?) : dy {o dy, (dy 
or las ss Wr ay PO) ee tg) } 
dy 
aa dx 
adit Meg 
ae) 


giving both general and singular solution. 
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32. Solve graphically the differential equation (x+y)? = =25, and 
/ My 
obtain approximately the curve of the system that passes through 
the point (3, 4). 
33. Prove that, if y3—3ac?+23=0, 
Th, UE 
a 
Show that the curve given by the above equation is everywhere 
concave to the axis of x, and that there is a point of inflexion 


where =3a. (Math. Trip.) 
34. Prove that 3(35 cost«—30 cos?~%+3) ranges in value between 
unity and —#, and has also $ asa maximum value. (Math. Trip.) 


35. A certain curve passes through the origin and is such that the 
rectangle contained by a fixed line a and the subnormal is always 
equal to the square on the abscissa. Find the equation to this curve. 


36. There is only one type of curve whose subnormal is propor- 
tional to its subtangent. Find this type. 


87. There is only one type of curve whose subnormal is propor- 
tional to its ordinate. Find this type of curve. 


38. Find the species of curve which possesses the property that 
its subnormal is proportional to its abscissa, 


39. A curve passes through the origin and possesses the property 
that the sum of its subnormal and subtangent is always equal to 2. 
Find the equation to the curve. 


40. Find the curve which passes through the point (1, 1) and is 
such that the subnormal is always equal to the abscissa. 

41. A certain curve touches the axis of z at the origin and is such 
that the radius of curvature at any point is equal to (1+2%). Find 
the equation to the curve. 

42. Find the family of curves whose subtangent is constant. 


43, Given that p cos z=1, x in radians, and that the curve touches 
the axis of a at the origin, find the equation to the curve. 
Ne 


2 
44, Solve completely aa ae 


@V dV 
stele) = 
45. Integrate completely r dr aU ap 


0. E ant.—-Let 


ay. 
dr -v.| 
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46. Obtain a first integral (‘ an integral involving a) of 


d?u pe 
der ye 


[N.B.—This equation occurs in discussing the motion of the planets. ] 


where » and h are each constants. 


47. Solve UY = 4 4 4y=0 
° Oe aa ome at 


48, A particle starting from rest a very long way off moves towards 

the earth under the influence of gravity with a motion defined by 
ys 2 
the differential equation 22 - ny where r is the distance of the 
dit 

particle from the centre of the earth after time t, a is the radius of 
the earth, and g the value of gravity at the surface of the earth. Find 
the speed with which the particle would reach the surface of the 
earth, and also its distance from the centre of the earth after time ¢. 


49, A particle moves so as to have its motion retarded in such 
a way that the retardation is proportional to its velocity. The 
differential equation defining the motion is aon . If the 
particle has a velocity v at the start of its motion and starts from the 
position w=a, find its position « at any time t. Also find v in terms 
of x. What will be the exact state of affairs after a very long time 
(1.2 t=a0)? 


50. (i) Obtain the third Taylor approximating-curve to the curve 
passing through the point (0, +1) as defined by the differential 


equation “e =ytor+y?. 
ax 
Gi) Hence calculate the value of y when x has the value 0:03, 
giving your answer correct to four places of decimals. 
51. Find the fourth Taylor approximating-curve at the point 


( 1) to the curve of the system =e cOse%+y. 
a 


52. (i) Find the third Taylor approximating-curve to that curve 
of the system (3x+ 4) a =(4«%—2y+5) which passes through the 
0 


origin. 

(ii) Hence calculate the value of y when «=0:04, giving your 
answer correct to five places of decimals. 

(iii) Find also the third Taylor approximating-curve to that curve 
of the above system which passes through the point (1, 1). 
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53. In the theory of the simple pendulum occurs the differential 


2 ( 

equation te sin@=0. Given that s vanishes when @=a, find an 
a 

expression giving & in terms of @ and a. 


[N.B.—The equation obtained cannot be further integrated unless 
one knows Elliptic Functions. ] 


54. A particle moves so as to have its motion retarded in such 
a way that the resistance varies as the square of the velocity. 
The differential equation defining this motion is known to be 


2 2 
a - (#) . The particle starts from a distance a with a 
velocity V. Find v in terms of x, and # in terms of t. 


55. A particle moves in a straight line under a retardation Ku™), 
where v is the velocity at time t. Show that, if w is the velocity at =O, 


and obtain a corresponding formula for the space described in terms 
of v and w. 

A bullet fired with a horizontal velocity of 2500 ft. per sec. 
is travelling with a velocity of 1600 ft. per sec. at tlfe end of one 
second. Assuming that m=4, calculate KX and the space traversed 
in the first second, neglecting the effect of gravity. (Math. Trip.) 


56. The following equation occurs in studying the motion of a 
smooth ring on a vertical circular hoop under the action of an 
elastic string : 


Br f A) r) 
sin 6=—— sin —( 2acos = —1). 
ab +g sin 6= —— a $( @ C08 5 ) 
Express 6 in terms of 8, given that 6 vanishes when 9=a. 
57. Find the linear differential equation satisfied by © cos (Hx + a) 


for all values of A and a. (Math. Trip.) 


58. A curve is determined by the property that the tangent to the 
curve at any point P meets a fixed straight line in T, so that the 
length PT is constant. Show that the radius of curvature of the 


TPA SEINE 


curve at P is —, where PN is the perpendicular from P to the 


PN 
fixed straight line. (Math. Trip.) 
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59. The following equation occurs in studying the motion of a 
ball projected vertically upwards with a chain of indefinite length 
attached to it, e being the height of the ball above the ground : 


d Eo 
£{ (+2) a I =—(c+2)g 
Obtain a first integral of the motion. 


2 
60. The equation Tat He—a)=0 represents the motion of a 


particle tied to an elastic string on a smooth table. Find the com- 
plete integral. 


d2x 


61. Integrate completely qe7° 
ped 
dep J 


62. The following equation occurs in connection with the rotation 
of a glass tube in a vertical plane, with a bullet moving inside it : 


De 
s 5 wr —g sin wt. 
Integrate completely. 

63. Integrate completely way 


dy _ 
at 
64. Integrate completely 4 lace 19% +92=0 
Se dt ; 
65. Integrate © z +5 - —6y=0. 


66. Integrate 8 ae -14 av 5y=0. 


dy dy 
67. Solve Be ee — 6y= 2a, 


68. Solve se a7 +12y=30+4+4, 


d? di 
69. Sol Y _ 9 Y _ 1 5y— 3a. 
9 Oe ab 15y=3e 


70. Solve = a aes 4We3 sin 2a. 
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71. Solve es —3 Ol 4 2y=sin t 
2s Solve 4 r+ 4y= et, [Hint.—Put y=ze*.} 
= t_ 32t 
oe Solve @ a 9y = Qe! — Be, 


74, Solve & Y49 . 2s Sy=te. [Hint.—Put y=zet] 


MISCELLANEOUS EXAMPLES Ii, 
Cuaps. XI-XYV. 


106. If y=a sin x, prove that oe = att +y (a? +2)=0, 


107. The portion of the curve y=5 sin 2a between a=0 and a 


revolves about the axis of « Find the volume of the solid formed, 
and determine the position of the centre of gravity of the solid. 


(Q.P.M.S.T.) 
2 
108. Determine the function ae 
a+ 2b'e+¢ 
values 2 and 3 when «=1 and «= —1 respectively, and has the an 
2°5 when «=0. (M.T.) 
2 
109. Prove that the minimum value of 172+” js 3 
lear 5 


110. A circular disc can turn about a smooth pivot. through its 
centre on a rough horizontal table. The pressure of the dise on the 
table is distributed uniformly. Show that, if « be the coefficient of 
friction and W the weight of the disc, the least force that will turn 
the disc round the Sie is 3uW. (Queens’.) 


=, prove that (1 — obeys 0. 


3 
112. Evaluate ne (sin pu + cos px) dx. 


113, Find the area of the loop of the curve y= al oe 
‘Q P.M.S.T.) 


114, If =3 sin 2¢— cos 2t, where t represents seconds, what is the 


2. 
least value of the time for which a and what is the value of es 


at that time ? (QP MiSs) 
386 
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2 
115. If y= tan! 2, prove that (1 +a 2. 
ar 


116. A right circular cone is to be constructed with a given curved 
surface, so that the sphere inscribed in the cone and touching its base 
may be as large as possible. Show that the vertical angle of the cone 


must be 2 sin-1(/2—1). (St. Catherine’s.) 


117. Sketch the curve oe a and prove that the area of 


a loop of this curve is $a?. 


118. In a range-finder the base line AB is 10 yards long. The 
line AP, to the point whose range is wanted, is at right angles to 
AB, while the angle PBA is 88°2°. 

If the measurement of the angle PBA was wrong by the tenth of 
a degree, what would the error in the range be ? . | Army, 


119. Find the differential coefficients of 
; ea—2 

(1) n/ 2x? — 204-5 
1-+2? 
l+a> 


120. An angie a is divided into two parts so that the ratio of 
the sines of the parts has a given value K. Show that as a changes 
from 0 to w, and K is fixed and less than unity, the less part has a 
maximum sin? K. (Pembroke.) 
asin 2+ b cos x 
csin £+ €cosx 
for all values of z or else decreases for all values of #; and find the 
condition to be satisfied by the constants a, b, c, ¢ to provide that it 
shall always increase. (Q.P.M.8.T.) 


122. A, B, and C are three stations on a level piece of ground. 
AB has been measured accurately, and its length is known to be 
1251 links. The position of C has been determined by measuring 
the angles BAC and ABC. The angle BAC has been measured as 
45° 40’, and this is taken to be accurate. The angle ABC has been 
measured as 60° 30’, but it is supposed that there may be an error 
of 8 minutes in the measurement. Express the possible error in 


(ii) sin 


121. Prove that, as # increases, either increases 


AC as a percentage of the length AC. (Army Adapted.) 
d?y 
hy 2dy dx’ 2 ar 
aa 5 tio ge ee P.M.S.T. 
123° Ty ae prove tha asain (Q ) 
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124. Differentiate e-*(A cos~+Bsin«z) where A and B are con- 
stants. Choosing suitable values for A and B, hence find the value of 


Tv 


| “e-* cos x dx. (M.T.) 
0 
125. Sketch the curve y?=«%(1—*), and show that the area of 
either loop is 4. (Oxf. and Camb. Joint Board.) 
rl 
126. Evaluate | Se SONS ty C1. (Oxf, and Camb. Joint Board.) 
0 


127. Trace the Lemniscate of Bernoulli given by the polar equa- 
tion r?=cos 26, and find the area enclosed by a loop of the curve. — 
(Army Adapted.) 


128. Sketch the shape of the curve y=a cos? r , and show that the 


area of each of the regions bounded by the curve and the z-axis is 
drab. (Q.P.M.S.T.) 
qe 2 

129, Show that a tan—! (4 tan Dy war ae ania 

(Oxf. and Camb. Joint Board.) 

130. A ladder is to be carried in a horizontal position round a 
corner formed by two streets a ft. and 6 ft. wide meeting at right 
angles. Prove that the length of the longest ladder that will pass 
round the corner without jamming is (a® +b%)! ft. 

(Oxf. and Camb. Jvint Board.) 
131. Evaluate the integrals: 


(i) cE sin? da 
on Ee 
we) I 1+a+2? 
z 
(iii) | sin x sin Ya da. (Q.P.M.S.T.) 
0 
: A sche etetl 
132, Find the maximum and minimum values of ae ,and 
oe | 
the corresponding values of z Illustrate by a figure. (Trinity.) 
eB dx 


133. Prove that | —=—————=7. 
1 V(2—«)(a—1) fe 
134. If p, the pressure, and v, the volume of a gas are connected 
by the relation pv'4=constant, find the percentage increase in the 
pressures corresponding to a diminution of 4% in the volume. 
(Oxf. and Camb. Joint Board.) 
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al leva} 
135. Prove that ees d= 5 tan-+ (a5) 
(Oxf. and Camb. Joint Board.) 


. 


136. Evaluate [ * sin? @ cos? @ de, (Selwyn.) 
0 
137. An arc of a circle of radius a is of length aa. Find the volume 
generated by revolving the are about its chord. ~ (Magdalene. ) 
1 —— 
138, Prove [ V1 —a? du=0°307... (Trinity.) 
$ 


139, The deflection at the centre of an iron rod of length J and 
diameter d, supported at its ends and loaded at the centre with a 
weight W, is known to be proportional to What is the per- 
centage increase in the deflection if the load W is increased 3%, 
the length / is increased 14%, and the diameter increased 1% ? 

(Q.P.M.S.T.) 

140. Find the volumes of the following solids: 

(i) The shuttle-shaped solid generated by the revolution about OX 


sin « 
between «=0 and w=m. 


of the curve y= 
(ii) The lens-shaped solid generated by the revolution about OY 


of the curve y= between «=0 and «= (Q.P.M.S.T.) 


wv 
2° 
141. The a, y coordinates of a point are given by the expressions 
x=1—cosd 
Y =cos 6+4 cos 28, 
Prove that # is equal to —2 cos? 40; and sketch the path described 
da 
by the point as @ increases from 0° to 180°. What is the path of 
the point as @ increases from 180° to 360°? (Q.P.M.S.T.) 


x 


142. Show that the expression tan-! a— noe is always positive 
a 


as « changes from 0 to a (Q.P.M.S.T.) 


143, Prove that the equation of the tangent at the point 
(4am?, 8am*) of the curve ay?=«* is y=3ma—4am*. (Downing.) 


144, The base a and base angles 9, » of atriangle are given. Find 
the error in the altitude of the triangle due to small errors in the 
measurements of @ and 9. (Pembroke.) 


M.W. 20 
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145, Evaluate | 2° cos % da. (Oxf. and Camb. Joint Board.) 


146. Find the volume of the solid formed by a complete revolution 


about the axis of w, of the portion of the curve y=a sin between 


e=0 and a=). (Q.P.M.S.T.) 


= 1 _* 
147. Prove that i Sunscae d=. | 
(Oxf. and Camb. Joint Board.) 


3 x cos 6 dé sin-!g 
148. Show that i lacoste ae 


a 
149. Find the equation of the tangent at the point ( 0 2am) on 


the curve #*y=2a', and prove that it meets the curve again in the 
: a 
point (-aa Sam?) 


150. In a triangle one side is measured as 16°3 inches, another 
side as 10°5 inches, and the angle between them as 56° 30’. Calcu- 
late the area of the triangle. 

If the correct lengths of the sides are 16°5 inches and 10°4 inches, 
find the percentage error in the calculated area. 

Also find the percentage érror in the calculated area arising from 
an error of 2 minutes in the measurement of the angle, the sides 


being taken as correctly measured. (Q.P.M.S.T.) 
1 /1—a? wR 
151. Prove i da = 0685... (Trinity. ) 


152. Find the area A between thecurve y=a(sinx+4s8in3e-+ tsin 5z) 
and the z-axis between the limits 0 and z, and the volume V obtained 
by rotating this area about the a-axis. Prove that 4V=°aA. 

(Math. Trip.) 


153. Prove that [10 n= | ie —«) dx. 
0 0 


nT 
"2 sine t SOs 5a 
sineg+cosa "= 4° 


(Oxf. and Camb. Joint Board.) 


154. (i) The angle C and the sides a, b of a triangle are measured 
and found to be 90°, 2000 ft. and 3000 ft. respectively. Find the 
greatest possible error in the estimate of area based on these figures, 


Apply this theorem to prove that 
0 
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having given that the measurements of the sides may each be in 
error by +, ft. 

(ii) It is found that the actual error in the estimate of area is 
about twice the greatest amount derivable from these errors in the 
measurements of the sides ; what is the least error in the measure- 


ment of the angle that will account for this? (Q.P.M.S.T.) 
155, Evaluate i * sin ma. sin nx da. (Math, Trip.) 

0 
156. Evaluate ik sin? ma dx. (Math. Trip.) 

0 


157. Find the area included between the axis of # and one semi- 
undulation of the curve y=c sin (a—a)/b. 
(Oxf. and Camb. Joint Board.) 


5 /9—2 7 
0 


158, Show that i yak 
(Oxf, and Camb. Joint Board.) 


MISCELLANEOUS EXAMPLES IV. 
CHaps. XVI.-XX. 


159. Given that (ds)? =(dx)?+ (dy)? and pete, show that for 
a 


the cycloid z=a(t+sint), y=a(1—cost), the length of the are, 
measured from the point for which t=0, is 4a sin $t, and the radius 
of curvature is 4a cos $t. (WB. a=", ete.) (M.T.) 

160. If z is so small that its cube and higher powers may be 
neglected, show that 


(9+ 50) =a) _ 37) 14, 380594 
are eee: 1t+oo- S55 | (QPMS.T)) 


161. In the surface formed by the revolution of y?=a about the 
x-axis, what is the rate of increase of the surface cut off by a plane 
perpendicular to the axis of « when a=2? 


162. Discuss by means of the differential coefficient the variation 
in value of xlog, x for positive values of «, and show that wlog,a=c 
has one real root if ¢ is positive, and two real roots if ¢ is negative 
and numerically less than e~. (Pembroke.) 


392 MISCELLANEOUS EXAMPLES IV. [CHAPS. 


163. Evaluate (i) | x sin? x de 


(ii) | FS de 


ee cee me IE 
(iii) [ : ViEe (King’s.) 
164, Trace the curve 3ay?=«(a—«x)?, and find the length and area 
of its loop. (Oxf. and Camb, Joint Board.) 


ni 
(Ce oe 
165. Evaluate  @eaeray 


166. Plot the curve 
(1 +22) =(3-a)(e—2), 
and show that the volume generated by revolving this curve about 
the axis of x is 


515 log. 2 —2—10 tan— $1; (Q.P.M.S.T.) 
167. Show that approximately, when x is small, 
1G Bie 
% coba=1 a AB 
higher powers of « than 2° being neglected. Find cot 5° to four 
decimal places, (Oxf. and Camb. Joint Board.) 


168. Show that the distance from the origin of the centre of 
gravity of the area included between the curve (a?+c?)y=c? and the 


whole length of the axis of z is rn (Oxf. and Camb, Joint Board.) 
169. Find the indefinite integrals of sec a, Pras as , and show that 
1+ cos « 
ee Oxf. and Camb. Joint Board 
i rane ). (Oxf. and Camb. Joint Board.) 


170. Show that the length of one quadrant of the curve «#+y?=a? 
is equal to =, and find the length of one quadrant of the curve 


(Z)+ (2) <1 (M.T.) 
a, b 

171. State Taylor’s theorem, and apply it to express sin (ta+ 6) 
in a series of powers of @. (Math. Trip.) 
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172. Differentiate (i) log. (tan a+sec x), 
es 1432 
G) Gere 


Find the slope of the curve y=e ™sin 5x at the point (x, 0). 
(Q.P.M.S.T.) 
x dt 
J (@+1)@—-1) 
174. Trace the curve given by the equation r=a(1+cos@). Find 


the length of the curve and the area enclosed by the curve. 
(Oxf. and Camb. Joint Board.) 


173. Evaluate 


2a4+3 : ; 
175. E —— j 
75. Express een the sum of its partial fractions, and find 
. 22+3 
the integral | _——~ "da. 
e integra | Siem (Army.) 


176. Evaluate 


RO OA ol Lee pera Ee ae 
(i) I pay (il) i sin cos 2ada, (iii) tog da, 

177. Plot the graph of the equation y=100 log,,«—2 from «=10 
to ©=150. 

From the graph determine approximately the gradient of the curve 
at the points for which «=20 and «=60. By aid of the calculus 
calculate these values more accurately, and also find the value of « 
which makes y a maximum. (Army Adapted.) 


178. Prove the formula for the determination of the length of an 
arc of a curve whose equation in polar coordinates is given. 
Find the length of the arc of thte curve 
r cos’ @=asin? 9 


cut off by the straight lines @=0, 3 tan = ,/5, 
(Oxf. and Camb. Joint Board.) 


179. Use your exponential tables to trace roughly the curve 
r=3e% on squared paper. 

(i) Calculate the angle between the radius vector and the tangent 
at any point P on the curve, and hence show that the value of this 
augle is constant. 

(ii) Prove that the area enclosed between the curve and the radii 
vectores OP, and OP, is }(r.?—1,”). 

(iii) Prove that the arc P,P, is equal in length to V2 times the 
difference between the radii vectores drawn to P, and P, respectively. 
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180. Expand by Maclaurin’s method tan?a in ascending powers 
of # as far as a. 


181. The equation of a rectangular hyperbola is zy=6. Calculate 
the area included between the curve and the part of the a-axis from 
c=1toxe=6. You may take e=2°718. (Army.) 


182. Evaluate i i at da (sketching the graph first of all). 
i : 


183. Show that as x increases from the value —1 the function 
A ; 


(1+) * assumes once and once only every value lying between 
0 and 1. (M.T.) 


184, Evaluate the integrals : 
(i) [or-ay tas 
(ii) | (yet. 


185. (i) Find two independent solutions of 


de, oda 
—+3— —107=0 
Hai ae 


by substituting c=e™, 
(ii) Hence find the solution of the above eyuation for which c=a 


and 2 =v when t=0, (Adapted, M.T.) 


186. Find the values of dy and of dty when 
dx: ada? 


(i) y=e* sin 3a 
(ii) y= V1 +0402. 
187. Trace roughly the curve cot « -* on squared paper, and hence 


show graphically that there exists a tangent to the curve where it 
cuts the y-axis. 

Hence find Maclaurin’s third approximating-curve at the point 
where the curve cuts the y-axis (t.e. expand as far as «”). 


188. Show that the surface generated by the revolution of the 


cardioid r= a(1—cos @) about the line 6=0 is 32 na (Trinity). 
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189. Find the first and second differential coefficients of 
(i) (1-22) log, (12) 


--, L—sine 
(ii) Tian (Q.P.M.S.T.) 
190, Find by Maclaurin’s theorem the expansion of - as far 
(Gol 
as the term in 2°; and show that no even powers of « can occur in 
the expansion to any number of terms. (Math. Trip.) 
191. Evaluate the integrals: 
1 
(i) i mlogaiayes 
0 
is dx 
(ii) eee aera), (Q.P.M.S.T.) 
192. Find two independent solutions of the equation 
aa da 
= — 9 —37=0 
ane ve 


by substituting s=e™, 
193. Prove that logee+_is not less than 1 for any positive value 
£ 
of x. i (Q.P.M.S.T.) 


194, Determine the stationary values of the function y=e—“ sin bz, 
where a and b are positive. 
Show that these values form a geometrical progression whose 


Ta 
common ratio is—e % ; and illustrate your results by a figure. 


nS) 
195. Show that the function | 
y=ax?+2br+c+A cos ma+ B sin mx 
satisfies an equation of the form 
dty , y2d?y _1 
ae aa 
and determine the values of & and J. (Trinity.) 
196. Integrate with respect to x: 
-. e+] 
ees 
ai (a%#+ ay 
(ii) ae 


(iii) cos® 2a sin 3a. (Peterhouse.) 
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197. Calculate the maximum and minimum values (if any) of 
v? log,)« to three places of decimals, Show that each negative value 
of this function corresponds to two distinct values of x, and each 
positive value of it to only one value of x. For what value of a does 


the curve y= 2 touch the curve y=log,) 7? (Q.P.M.S.T.) 
a 


198. Obtain five terms of the infinite series by which (1+)? can 
be expanded in ascending powers of « when «is small. Apply it to 
calculate (1°15)? to three decimal places. (Army.) 

199. Using the method of “integration by parts,’ evaluate 


e* cos 8a dx and i x sin x da. 


200. Prove that the values of x corresponding to the maxima and 
minima of points on the curve y=ae*sin px are the values of « 


satisfying the equation tan pom te 


201. Trace roughly the curve y=e-*sin# on squared paper, and 
prove that the maxima and minima occur at regular equidistant 
intervals. 

Prove that, if Y,, Y,, Y;, Y4,... are the maximum values of y, 
they form a series in geometrical progression. 

4 
Prove that Y,+ Y,+Y,+Y,+... ad —— , and evaluate 


Th ers ) 
this expression correct to two places of decimals. 


Tv 


Lee (2 dx 
02. Evaluat = aoe Peda, 
202 valuate ['e Ji a da, lax a [ee dx 
(Q.P.M.S.T.) 
203. Draw the graph of x logy, n+2 from 2=4 to c=8. 


Find the equation to determine the minimum value of this ex- 


pression and solve this equation graphically. (Q.P.M.S.T.) 
204. Obtain the complete solution of the differential equation 
UD THO ys pes 
FE eri tek 


and determine the constants so that =0 and pep when t=0. 
( 


From the complete solution, or in any other way, show that, when 
x 18 expressed as a power series in f, 


o=h?— 38414... (M.T.) 
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205. Obtain the first few terms in the expansion of Nae by 
—2 
means of a Maclaurin series. Hence calculate the value of log, a 
correct to six places of decimals. 
206. (i) If l= [ tan” « da, 
J0 
show that Ti Oe ei 
m—1 
(ii) Given that r=3'141592..., log. 2=0°693147..., show that 
a 
I tan>« dz=0'09657... 
0 
7 
[om x dx=0'11878... (Math. Trip.) 
0 


207. Obtain the series for e*+* in ascending powers of K, and give 
an expression for the slope of the curve y=e* at the point where 
v=a, 

A chain hanging free hangs in the form y=<( e+e°), Find the 
equation of the tangent to the curve at the point where =a, and 
show that the point O where 7=0 is the lowest point of the chain. 

(Army.) 


208. An anchor-ring is generated by the revolution of a circle of 
diameter 6 in. about a line in. its own plane situated 8 in. from 


Fa. 196. 


its centre (1.e. OX=8in.). It lies in an inch of water. Calculate 
the area of the surface of the anchor-ring which is wetted. 


209. Evaluate (i) | x logew da 
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(ii) fron x de 


(iii) | sec? a da. (Selwyn.) 
210. Prove that xloge(1+a)—a? decreases as a increases from 
0 to a. (King’s. ) 
eed ged 

211. If ey=Ac?+B+42? log x, prove that x ie bes ye. 
(King’s. ) 
212. Expand e%™* in ascending powers of « as far as the term 
involving a. (Oxf. and Camb. Joint Board.) 


1072 de 
a+ 


in order to obtain a rough check of what to expect). 


da (first of all drawing a rough graph of 


213. Evaluate i 
0 


oP) 
y+ 


214. A motor car is driven by a constant force at all speeds, but 
the air-resistance increases according to the square of the velocity ; 
show that its acceleration on the flat is given by the equation 


dv 
dt =k(vy? — 0), 
where v, is its full speed. Deduce, by integrating the expression 
dv/(vp? —v?), that the time taken in getting up the speed v from rest 
: 1 Utv 
10 ( “or 

is equal to Iv, g %-0 

The mass of a motor car loaded is 5000 lbs., its H.P. is 50, and its 
full speed is 75 miles an hour. Calculate the time required to get 
up a speed of 50 miles an hour (starting from rest) by means of the 
above formula, (Army. ) 


215, Assume that w, the weight of a cubic centimetre of air at 
a height « cm. above the earth’s surface, is given in terms of wp, the 


a 
weight of a c.c. at the earth’s surface, by w=we %, where h is a 
constant ; and that p, the pressure of a gas in kilograms-weight per 
sq. cm., 1s connected with w by the relation p=wh. 

If, at the earth’s surface, the air weighs 000129 gram per c.c. and 
the pressure there is 1:03 kilogram-weight per sq. cm., calculate the 
value of h. 

Hence by aid of the calculus find the rate of diminution per cm. 
rise of the density of the air at (i) the surface, (ii) 500 metres, (iii) 
1000 metres, (iv) 2000 metres above the surface. (Army Adapted.) 
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216. If y?=ax?+c, differentiate with respect to « the functions 
log. (ax+y), vy, and express the results in terms of y. 
Hence or otherwise evaluate the integrals | | y da. (M.T.) 


2°5 
217. Prove that f J/e—4da= = — 2 log, 2. (M.T.) 
2 


218. (i) Prove that the area between the curve 


y=ae—* sin & 
“_(¢ 41). 
ie Pai a 
(ii) If in last question a=1 and b=0'1, prove that the decrease of 
area, when 6 is increased by a comparatively small quantity A, is 


and the axis of a, from «=0 to w=z7, is 


approximately 2°62. (Q.P.M.S.T.) 
219. Change the independent variable from x to t, where t=loga, 

2 
in the equation a +05 +y=0. (Peterhouse. ) 


220. If y=e-** sin 2x, show that oe + oe +13y=0. (Downing.) 
la x 


221. An open rectangular tank whose depth is y and base a square 
side « (inside measurements, in feet) is to have an inside capacity 
a’ cub. ft. It is made of two pieces of metal, riveted at the four 
sides of the base and along one of the vertical sides. If the cost of 
riveting is £b per foot length of riveted seam measured inside, prove 
that, for the cost of riveting to be a minimum, the depth of the tank 
should be twice its width. (Downing.) 


222. Prove that 
} e — -4 
©) [ a(a-+ 1) 1p 8+? 
(ii apes gdb | lx =loge 2 (Trinity.) 
) 0 Jit er a) f cota : 


223. Find the radius of curvature at the point (2, y') on the curve 


ye ae 
ye +e ‘) 


and give the co-ordinates of the centre of curvature for that point. 


(B.E.) 
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224, Find the points of inflexion on the curve WOKS (B.E.) 
225. Solve the equations : 
dy _«w-y 
(i) in aa 
o 102+ 8y—-12_9 E 
(ii) rg Tat By a9 i (B.E.) 


226. Solve the equations ; 


(ii) a1 +00) — (1+ 802)y =a? — a, (B.E.) 
227. Show how the equation 


may be reduced to the linear form, and hence find its solution. 


(B.E.) 
228. Solve the following equations : 
(i) d iN oe meee 
(i) $ ae a +5y=4 cos 3a 
(iii) - is E ay 1 yd tat (B.E.) 


dx dx? dx 


229. An electric condenser, of capacity K farads and leakage 
resistance R ohms, has been charged and the voltage v is diminish- 
ing according to the law 


Express v in terms of the time ¢ seconds. If K=0'8 microfarads 
(we. 0°8 x 10-*farads) ; if v is noted to be 30 and 15 seconds after- 


wards it is noted to be 26°48, find R. (B.E.) 
230. Solve at 14:97 ot 40,0002=0, given that «=0 and S =10 


when t=0, (B.E.) 


XVI.-Xx. ] MISCELLANEOUS EXAMPLES IV. 401 


231. Solve the equation ty (i 
e 


ao? — Qa’ 
and give the equation of that particular curve of the system which 
passes through the point c=4, y=3. (B.E.) 
d xy 1 
D S 1 y y = ° . 
232. Solve eae ol) (B.E.) 


233, Solve the equations 


2, 
(i) TY 4S syne 43 cos 4a 


i) Py dy ¢ dy 
SS I Giz == 999 : Lie 
Ghillie oe re 
234, In a hollow cylinder of nickel steel subjected to internal 
pressure p, and no pressure outside, when the material is all yielding, 
if p is the radial compressive stress and f the hoop tensile stress at 
a point whose distance from the axis is r, and if 
f +ap= b, 
where a and 0 are constants for a particular kind of steel, and if we 
also have the usual relation 


dp 
ps =0 
Pe eid 


find p as a function of r.. If the inside radius r, is 3 inches and the 
inside p, is 30 tons per square inch, what is 7), the outer radius? 
[Take for nickel steel a=#, b=30.] 

235. ABC is a triangle, in which the sides 6 and c are known 
exactly, but there is a small error (or uncertainty) 5A in the 
angle A :— 

(a) Draw AD at right angles to BC; if da is the consequent error 
in the side a, show that 5a is to AD in the ratio of 5A to the unit of 


circular measure. 
(b) If 8r is the error in the radius of the inscribed circle, show that 


adr=r(a cot A—r) dA. (B.E.) 
236. Integrate the equation 


and give the solution satisfied by the simultaneous values x=0, 
y=1. (B.E.) 
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237. Integrate the equation 


dy _( w—y-1 ii 
ee F en) 


238. Solve completely “ = — 4a 2 + 4a?y=5 sin Qa, 


(B.E.) 
239. 


system. ‘Gees the natural vibrations to have been damped out. 
Take n?=49, r= One tm eats 


& +e ee ante asin gt expresses the forced vibration of a 


ANSWERS. 


EXAMPLES I. (p. 13.) 


1. 5 sec. 2. 6 ft. per sec. 3. —6 ft. per sec. 
4, The graph is symmetrical about the ordinate through 5 seconds. 
5. The particle moves with uniform velocity 1-5 ft. per sec. 
6. The motion is uniform, the velocity being 1-5 ft. per sec. 
7. The motion is uniform, the velocity being 1-5 ft. per sec. 
8. The average speed is 51 miles per hr. : 
9. The average speed is 21 miles per hr. 10. 195 ft. per sec. per sec. 
LY. | Timewmnisec.) = - - - - | 1 | 2 | 3 | 4 | 5) 
Velocity in mm. per sec. - - - | 40 | 75 | 116 | 163 | 216 
Acceleration in mm. per see. per sec. | | | 44 | | 


12. 


13. 
14, 
15. 
16. 
17. 
18. 
19. 


20. 


Speed is greatest after 0-15 hour and least between 0-3 and 0-35 
hour where it is zero. 


—25 ft. per sec. per sec. 

The gradients at «=0, 1, 2 are respectively 0, 3, 0. 

5:8 ft. per sec. per sec. 

24 min. after the cart passes the milestone and 2 miles beyond it. 

1 hour 20 min. 

The acceleration is constant and equal to 32 ft. per sec. per sec. 

(a) 1-7, (6) 1-4, (c) 1-2, (d) 0-7 min. per day earlier, (e) 0-7 min. per 
day later. 

(1) 40 ft. per sec., (2) The train reaches the station B, running 5290 ft. 
before it stops. 


EXAMPLES Il. (p. 32.) 


1, 4x, 62°, 1229, 17a'*,) ma, Qnx2"-1, (Qn+-1)a. 

2; 6x, 63828, 11Qx1%, 8a, 3x, 1-522, 3. 4, 9a, 6a — 127, 

4, $+8u, $a-4a?, 0541-4a. Os) 12: 6. 8. Che NER, 

8. 52. 9. 2. 10. 0. 11. 1, 4. 12. 0°9. 18. —0°4. 


M.W. 2D 


ii ANSWERS 


16. 3°62, 1°38. 17. 75°39. 18. 201-06. 19. 1°25. 20. 0:21664. 


y 
21. 5" =16x, 0, 1°6, 8, 32, 0°, 58°, 82° 52’, 88° 13’, 


22. 1Y 8x - 3, 91°20’, 98°8’, 86°55’, 87° 16’. 
23. «=0°28. 24. x=0°43, 25. «=0'11 26. «=0°88, y= — 0°06. 


87. a= - 2°83, y=58. 885A =Sro a eal ASo om 
29, 5, 78° 41’. 80. 4, 75° 58’. 
t 
31. bu 1 05 | 0-25 | 0-125 | 0-0625 
Hd 7 4°75 | 3-8125 | 33906 | 3-1914 
4 


ge 81° 52’ | 78° 7’ | 75° 18’ | 73° 34’ | 72° 36° 


bx 0-2 0:02 0-002 | 0:0002 | 0:00013 


ay 3°64 | 3:0604 | 3:006 | 3:0006 | 3:0004 


9 14. 388% 71> 54 1 71° 36" | 71> 347) Tl 3k 


At a=l, ce 7—3 and w=71° 34’. 
32. ty (0:40 +0°5) +0-2 da. 34. P is the middle point of AB. 
35. P is the middle point of AB. 86. 0:5. 
87. | ba 0°5 0-05 0-005 0-0005 | 000005 
I 


by 1:25 | 0°1025 | 0:010025 |0:00100025 0°00010000 


— 2°5 2°05 2-005 20005 200005 


sz || 0-3 | 0-03 | 0-003 | 0-0003 | 0-00003 | aver 


oy 0°69 | 0:0609 | 0:006009 |0:00060009|0-000060001 


ag 
4087 


8 | 93 | 903 | 2-003 2-0003 


2:00003 | vie 


bx 
dy _» Infer that °” approaches dy in value as 6x approaches 0 
aa 5 PP da PP 5 


38. 
40. 
43. 


48. 


49. 


50. 


51. 
52. 


58. 
56. 
57. 


58. 


59. 
61. 


ANSWERS il 


0-5774. 89. 2-8 ft. for the square, 2-2 ft. for the circle. 
10 +362. 41. -0-3-—2%+2-1a?, -144-2z. 42. 0, -—4°8. 
1-02. 44, —31. 45, 2. 46. 0-7. 47. 0:2, —5. 


dl CLA tecy a tA CUE ib ee 
af eaas \ne Oo Bird VO ta \) a, FO e\) of Ls 
als ) Face: a3”) ale") ana” +2), 


a (Ons d d 5 d 
Me (Age 3p |, gs 5 08 wit: (eres GE (a _ Oy, 
rae =) i x? + 4a) ri Gan 92), aa 2007) 
“= —3, x=2, 120° 58’, 59° 2’, y= —2, 18°26’. 
1 
x | 4 | 6 | 12 | 15 | 24 
y | 0-079 | 0-172 | 0625 | 0-928 | 2 


0:0039 0 


Curvature = es | 


0:0087 | 00078 | 0:0052 


0866. 

A depth of 1 ft. and a width of 2 ft., the discharge then being 
2 cub. ft. per sec. 

£11 5s. 54, £8 188. 7d. 55. 1185 cub. in. 

1-7 ft. for the triangle ; 1-3 ft. for the square. 


x by (20-22) by (20-2x) inches, Vol. =a(20-—2x)? cub. in., 
592-6 cub. in. 


For a maximum #=4:36 in., for a minimum x=13°31 in. 
2 cub. ft. 60. 2:55 cub. ft. 
P is at the middle point of AB. 


EXAMPLES II. (p. 44.) 


1. 32, 64, 96, 128, 160 ft. per sec. 
2. 11-7, 30-5, 49-3 cm. per sec. ; 9:4 cm. per sec. per sec. 
3. le degrees Centigrade per min. 4. - cm. per ft. rise. 
5. o Ib. per sq. in. per degree Cent. 
(Yes o Tb. per sq. in. per cubic foot. 
By, f 


° lb. per sq. foot per 1 mile per hour, 
v 


0-3 Ib. wt. per cwt. 


. 


ANSWERS 


. 2x sq. ft. per foot when the side of the square is x feet. 

. 322 ¢c.c. per cm. when the side of the cube is x cm. 

. 80 —32#, 48, 16, —16, —48, —80 ft. per sec., —32 ft. per sec. per sec., 
after 2:5 sec., +56-6 ft. per sec. 

. After 0-625 sec., after 3-125 sec., 156-25 feet. 18. 93025 ft. 

. (15 —4t) deg. per sec., 11, 7, 3 deg. per sec., 15 deg. per sec., —4 deg. 
.. per sec. per sec., 3-75 sec. 

. 44 m. per hr. 16. 2-6 revolutions per sec. 

. =0-682y, velocity of N=0-682 velocity of P, 2-046 cm. per sec., 
11-73 ft. per sec. 

. 40°42 m. per hr. 19. 17-5 ft. per sec. 


. y=8-—2x, W’s velocity and acceleration are respectively double 
those of w. 

ORD 5 ape atthe 5 fe 
=O 0585 aie 105 aro 12°6 feet per sec. 
. ¥+9x=3. The level of the upper tank falls 9 times as fast as 
that of the lower rises. 


. Rate of rise of lower tank : Rate of fall of upper tank =0-11 : 1. 


5s Wailea. ay 5 5S, 0:2 ft. per min. 
. 0-28 ft. per min. 26. 1-75 cub. ft. per min. 
EXAMPLES IV. (p. 57.) 
d 
: 44 -(1 420) oe 2. “4-15 sq. cm. per sec. 
dy _ dV dx 
7 = (8x3 — 10x +3) @ = : 4, ea 5. 1:5 ¢.c. per hr. 
. 314 cc. per sec. nue S = (0°92? -0° 20 , 0:2642. 
. 0251 sq. em. per hr, 9. 0:02 metre per ue 
. 51°3 miles per hour. 11. 43°6 yards per min. 12. 0:00071. 
j d ‘ : 
. a= ae at ~3°75 cm. per sec. 14, r=5t miles, 5 miles per hour. 


a dr 
. 13:42 miles, r=N25t?— 18249 miles, 5 Phe * (251-9) miles per hour, 
4-92 miles per hour. 


. — 2°268 in. per sec. 17. 200 sq. ft. per sec. 18. 11. 
. — 222 metres per min. 20.9°5. 21. y=6x-2. 22. y=4a. 
Subtangent=1°3. 24. Subtangent=}4. pies 


b 


\ 


ANSWERS v 


26. Subnormal = 204. 27. Subnormal =2. 28. Ratio=1. 
29. pate 80. p=8. 81. 2°5 ft. persec. 82. 2-24 tol. 


38. 2°5 cub. ft., 60x? cub. in., oY = 1202 2 cub. in. per min., 
2° in. per min. 


84, V=30y? cub. in., _ =60y = cub. in. per min., oY -3-4 in. per min. 


35. V=60S cub. in., 3 144 sq. in. per min. 


ae 
86. V=0°138723 cub. in., oY =0°41612* & cub. in. per sec., 
de 66-2 in, per sec 
ai ts 
87. S=1'217xz? sq. in., 24340 . sq. in. per sec., 
dS 
dt 5°84 
av = J 2 = 2021 sq. in. per sec, 
dt 


d 4 7 
38. as 17(1+2)}6, 39. 7 =30(8x -4) 40. w= ~ 63(5 —7x)8. 
9 da 


dy _ Cx dy _ 2)9 dy _ 2)6 
41, dee LOU + #) AT 42. dg ee hte"). 43. dee 00%(8 — 4a)". 


dy _ ae Ae 14 dy _ oe 3 aya U0 
44, SY — 15 (3x? 2x)(n8—a?+3)4, 45. = 9(3 - 162%) (Sx — dat). 


ee iS ae 
dt (6x — a?) 
47. 0°48 cm. per min., 0'065 cm. per min. 


46. ft. per sec., 0°04 ft. per sec, 


EXAMPLES V. (p. 73.) 
1. - 32-4, =, 25, 360%, -da-4, —5a8,  -4x-2- 102-3, 
8-—5a-2, (-n+3)a-"t2, 


at = —} 1-4 " 
2. Sat, Sai, 3ea8, betiad -x 3, aoe ‘3 5 eee 2 


16-26 5 9 10 § iz 

cae sa as p 3. 9° 4. 0°46 

on Seale Lb 7 . a 
th Sip pe a 8 ~ aati g 16. 9. — 2x, ~ Bye 


vi 


11, 


ANSWERS 


a(1-+a2)3, Sa(1+a%y ~3e a(l +22) 8, 2(8442) 2, 3(3-+4a) 4, 
-£(8+4e) 4 9 (dar — 8) (222-3047) 4, 2 (dar -8)(2u® - 30+ 7), 


-—52x(1 ~ 228, =a - a2)*, Qu (1 —2?)-2, (10+ 242)(4 — 5a — 62:7) -8, 


: (24102) (3 — 2m - 5a?) 
2 


oe 15, — 14-04. iv. y=(20+8 ) ft. a= fb 
b Oe (20+8 Jf. a rectangle 1°73 ft. deep and 3°46 ft. wide. 


. A cube of 10 ft. edge. 
. Side of the sq.=12-6 ft., height of cistern =6-3 ft., cost=£8 18s. 7d. 


21. The length of the Sa teed must be 4 ft. 8 in., and radius of its 
circular ends 2 ft. 4 
22. 25 sq. in. 98, 8°48 cm. 24. 40 in. 
25. «=0-5282. 26. x=0-866. 
27. 8050 cub. ft. per foot draught. 29. 1-97 ft. per sec. per deg. Cent. 
30. 2, ak 53 alge - Qa 7 9-2, 10 3 4 V4? 
Ce ol Ate OA a 1s 2 3 
81. 131-3 ohms increase per 0-001 inch decrease of diameter of cross- 
section. 
82. The sides of the triangles must be 2 ft. and length of trough 1-73 ft. 
38. 0-05 sq. cm. per min. 84. 0:25 ¢.c. per min, 
85. S?=367r V2, aY -0: 31V* c.c. per sec. 86. 0-68 cm. 
87. 8-66 m.p.h. 88. 19-5 ft. per sec. 89. 2 ft. per sec. 
40. 165° 58’, 104° 2’. 41. OT=2TN. 48. 24 square units. 
44, 1280 sq. mm. 45. 146mm. 
48. 0:0215 gram per c.c. per min. 


47. 5 ft. 6-9 in. from the 32 c.p. lamp. . 
48, 0-43 in. per min. 50. V2z. 
‘EXAMPLES VI. (p. 88.) 

5. C=3. 6. C=4. Ta =as 

Pn CL? eo Wa eee a feck. 0! By a Baar as d 
8. (i) (Fs Gi) Zeax)s Git) 20s iv) Sega); v) 2 as 

1 ye Aes aed ca: fs ae rer 

(vi) age) (vii) ag te +25 (viii) agit +38): (ix) Gg + 3@)s 


(x) S (ge + 22 +22); (xi) Steel; (xii) o- 40-9); 


ANSWERS vii 
see d eat eRe ye ad = 
(xiii) a +5y-2); (xiv) 5 Tee + Ae 1); (xv) o (a + 3)°}5 


(xvi) 4 iy (42-+3)*}; (xvii) inet (xviii) S {s+} 


d wyhuntpcei 
(xix) = ae (~+38)5 3}, (xx) oy e-7) }s (xxi) 5, (8(@-7)*}. 
wp0 . 
9. (i) . (ii) Fs Git) Fos ivy Shs (wy) as (wi) 404s 
bp —17 oz 8 x 9 1 as 
(vii) a 3 (viii) 20%; (ix) 2x7; (x) 5x%3 (xi) - 2x ?3 
2 Bi 45 . 
(xii) (ga + 32°+ 42"); (xiii) S54 So + gs (xiv) (Qu +ga%+ $08); 
2 3 5 1 
ba?) 5 “gl, 9% gb14 9 x82, eae 
(xv) (ax+2bx?); (xvi) Te 3° +E i” ae (xvii) 3x3) 
poet a aa coe halts Bee 
(xvi) Son” (xix) (F+om)) (xx) (Gatamtaa): 
10. (i) y=3e% +e; (ii) ya? — $27 4+ 4da8+ cs 
(iii) y=4a?4$a2—Qe% 403 (iv) 11 by +a2%4+c=0, 
ll. y=x+4a?-3. 12. Oh eat $x4+ a, 18. s=162?+ 2. 
14. s=3:1¢4+1°'150?. 15. -43, -5, 22. 
16. —8°5, —6°125, —0°765, 6515, one 84, - 10°565, - 
17, 6? =4¢-44,/3. 18. 28-4 ft. 19. 43 ft. 


20. y=0 ‘0002 ( 92 - 3) 0°3888 inch. 


21. (i) a =0-001 (36x 2%); (ii) 13°39, 17°57’; 
(iii) y=0-001(18x2— 42); (iv) 1-2in., 3°9 in. 
22, (i) Y%—4K(36x—2%); (ii) y=¥K(18a2—4a); (iii) K=ahy; 


dx 
(iv) 4§ inch ; (v) 10°37’, 14° 2’. 
28. y=2?- 3x -7. 24. y=ha8+z. 


25, v=J0'2=0-4472 in. per sec. 
26. (i) y=4a?; (ii) y=4a?+G; = (ili) y=pa?-4. 
Of, y=2e thar tes (i) y=sue+ha73 (ii) y=sa?+4a2-43 
(ili) y=3u% +}27+07; (iv) y=2au3+4a?—-4, 
28. v=N/0'24 =0'4899 in. per sec. 29. n=0°125. 80. R= 7; x 10°. 
31. The velocity through the mean position=8'15 ft. per sec. 
32. (i) 3°5 ft.-lb ; (ii) 6'2 ft.-lb. ; (iii) 7-9 ft.-lb. 


ANSWERS 


vili 
88. (i) 125 ergs; (ii) 0°56 erg; (iii) 0°05 erg. 
84. (i) 20 ergs ; (li) 4 ergs; (iii) 40 ergs. 
85. 7°8275 ohms. 86. 9°5177 ohms 
EXAMPLES VII. (p. 109.) 
1, 21:5 sq. units. 2. 24°8 sq. units. 8. 3135 sq. ft. 
4. 120 sq. in. 5. 945 sq. units. 6. 0°3285 sq. units. 
7. 6°156 sq. in. 8. 1°8016 sq. units. 9. 4:0575 sq. chains. 
10. | 00 | o4 | 08 | 12 | 16 | 20 | 24 
| 0-00 | 0°48 | 1:90 | 4-28 | 7-64 | 11-96 | 17-22 
| a3 | 32 | 36 | 40 | 44 | 48 | 52 
23-46 | 30°62 | 38-54 | 47-12 | 56-24 | 65-78 | 75°62 
11. 36°75. 12. 50°5. 18. 27°75. 
14. 40 ft. per sec. 15. 211-2 units of work. 16. 5:07 miles. 
17. 418°6 joules. 18. 11°4 ft. per sec. 
19. (i) 18825 ft.-lb.; (ii) 6 ft. per sec. ; (iii) 41325 ft.-lb. 


20. 


ik, 


186°6 mils-tons. 


EXAMPLES VIII. (p. 124.) 
108. 2. 76°8. 8. 1°33. 4. 4°67 sq. in. 


5. (i) 2°67; (ii) 20; (iii) 22°5; (iv) 45°33; (v) 13°34; (vi) 8°37; 


18. 


22. 


. Area omp= [" a dxe= 
0 


vii) 5°53; (vili) 12°24; (ix) 955°9; (x) 24°65; (xi) 39°72. 

. (i) 41°67; (ii) 8:67; (iii) 573-3; (iv) 78°71. 

. (i) 24°32; (ii) 11°68; (iii) 18-2; (iv) 17-93. 

. 94% sq. units. 9. 34°55 sq. units. 10. 102 sq. units. 
. 1663 sq. units. 12. 121°5 sq. units. 18. 288 sq. units. 


Zz 4 3 1 
. Area omP= [ CO eee ee = 2any 


0 

= rectangle OMPN. 

Spee RIOD GI 
m+1 n+l n+l n+l 


rectangle OMPN. 


n-1 n-™ n- 
25. Wy ee 20. 21. ae 
ie M8 2(n+1) (n-+1)(m+1)’ 


102°5. 28. After 4 sec., 24. 24, ih pdb, ths nan, 


ANSWERS 


25. 166°67 cub. ft. per sec. 26. 1°26 ft. 29. 2. 

80. 0°565. 82. 0°1625 ft.-lb. 38. 8°37 ft.-Ib. 
34. (i) 7°5 ft.-lb. ; (ii) 13°33 ft.-lb. 35. 60 ft.-tons. 
86. 50 ergs. 387. (i) 23°33 ergs; (ii) 70 ergs. 88. 


, £2=6°125 cm. 13. x 


. C= 2D. 15. % 
. 4-5 ft. from the pointed end. 


. (i) 0°64 Ib, wt; (ii) 0-444 Ib. wt.; (iii) ( 4000 yb, we. 


4000+2 


. 62°75 mile-pounds. 


EXAMPLES IX. (p. 137.) 


. 1-25 cub. ft. 2. 29°25 cub. ft. 8. 12364 cub. in. 
. 33428 cub. in. 5. 32 998-5 sq. in. very nearly. 


. 532500 sq. ft. 7. 532500 cub. ft. 9. sah00 ft. per min. 
. 330°9 C.c. 18. 2°43 ft. 14. 2480 cub. in. 

. 3431 cub. in. 16. 29°3 c.c., 83°8 c.¢. 
. 20°9 or 75°4 cub. ft. according as the planes are on the same or 


opposite sides of the centre. 


. 10°6 cub. ft. 19. 1827°5 lb. 
. (i) 1°34 ft.; (ii) 1°67 ft. ; (iii) 2°08 ft. 21. 314°16. 
- 4027. 28. 965 cub. in. 24, 112°2 cub in. 


EXAMPLES X. (p. 156.) 


4-47 em. from the vertex, on the axis of symmetry. 


; On the axis of symmetry, 4:33 cm. from the shorter side. 
. Distance from AD=4:3 cm. ; from AB=1-9 em. 
t=: By Ry 6. y=5. 

. 2 inches vertically above the intersection of the diagonals of the 


square. 


5 inches vertically above the intersection of the diagonals of the 


rectangle. 


. 1-84 inches from each face of the tetrahedron. 
. On the axis of the cone 2h feet from its vertex. 
. On the pole of the tent 3 ft. 14 in. above the ground. 


— 3(a+b) 


7 "4 (2a.+ b) 
—_ 3a 3b 
=F" 


500000 Ra 
Cait 
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50. 


57. 
59. 
61. 


1 — cot Sy +S =5. 56. y=a° — 723 + 407-3249. 
y = 20° — 13a?+1le—-1. 58. y=3(1—sin a). 
y=5 sinw—7 cos a, 60. s=5¢?. 
p=72°76, flex is (1, 0). 62. p=8. 
EXAMPLES XIII. (p. 238.) 
. 0, F21—2)-*, +11(1—2?)-4, +(9- a) 4, +4 —(Q0+27)}-3, 


$2(2— Bi $ 2x1 — ee + (49— a) mes F5(1— 2527) -4, 

sin a+a(1 —27)-4, Qe cos=! wp a2(1 —2?)-4, 
tanle+(1+a)\(1+27), +0711 —2? “4 ¢-? sin-} 2, 

Fa-*(1 —a?)- t= 20-8 cos} x, {1 +a)(1+a2)}-1— (1+2)- 2tan— a, 


maa. 4, 45°55, 46° PANS BBY BIG (3, Be IG YA abilsyOzi, 
h Gerrits, EG geiko en Tm OHS eii, 10, YOURS. 
. aKa —1)-4, 14, +a-Ka?—-1)-4. 15.. —(1+2%)-, 

. arv(a?+a?)-! radians per sec. 17. + v(a?—«x?)-* radians per sec. 


. 1°81 degrees per sec. 19. 8°35 degrees per sec., 4:18 degrees 


per sec. 


1:43 degrees per sec., 1°52 degrees per sec., 1°87 degrees per sec., 
2°87 degrees per sec, 


. 133°6 degrees per sec. 22. 14’ per sec., 9’ per sec., 6'2’ per sec, 
. 41-9’ per sec. 24. 31’ per sec., 21’ per sec., 15°2’ per sec, 


25. 2°05°, 0°81°, 0°42°, 0°26° per sec. 

26, 0°251, 0°107, 0°598, 0°500, 27. 0'841, 1°571, 0°745, 0°702, 
28, 0°322, 0:227, 0°116, 0-076. 29. 1°370, 0°380, 0°182, 0-456. 
30. 0°322, 0°180, 0°575, 0:289. 31. 0:416, 0059, 0°116, 0-112. 
32, 0°595, 0°155, 0°056, 0-023, 

33. (i) @=asin | gt, (ii) Qn NE 

34, (i) @=asin a/ Mat, (ii) 2m = 

35. (i) @=asin (MH, (ii) 2m we 
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EXAMPLES XIV. (p. 257.) 


i 230. 18, 11, 5, —4, 7 pence per head per ann. 
d dl d 

It st a ee le SS ——1 de Of A * 
Gall 3. 5=0217. 4 =12 5, 64fps 

6. 

CG 82 | 55-7 | 335 | 167 |1205| 7 | 278 | 1°36 

dC ; 

i —456 |—4:26 |-2°4 | -1 —1'03 |—0°4 |—014 |—O11 
dC ; 
are — 0-056} — 0:076) — 0:071] — 0-060) — 0-086} — 0°057| — 0:050} — 0:081 

a= —0°'067. 

7. Jext=05, 8 Wa-o0l745sinn 9, Yaosxy. 

da da ; da : 

10. 2 =0:01745 cot x. 

da 
11. °Y 0-022, Sy =0°0066, 0°0004, 0-0015, 0-00005. 

mo 
12. ue — 2-92, sh= —0°0584, —0°0876, —0°2044, —0'2638. 
13, 0°7337,. 14, 0:01745 6 cot 6, 0:01745 pé sec @ cosec 4, 
15. +3°12. 16, 4%. UT, (Oe 18, 11°5 inches. 
19. 6 inches. 20, 1:00036 times. 21. 012%. 22. 48xZ. 
23, 0:6468. 24, v=10, 3v=0'0333. 
25. 26, 27. c=0°43, and c=0°4343. 
28, 0°27 cm. 29. 0°0000103. 30. 0:0349C cot C, 1°7%. 
ill, Oye BYR, WAT 33. llmin. 34, 0:0134 mm. 
35, 4°975 inches. 36. 0°93 yd. 37. 26: ft. 3.12573 
39. 11 mir. 40. 093%. 41. 1%. 42. 0°86 degrees. 
43, 0:008 amp. 44.0015 ohm. 45. 63 yd. 46, 2°7 ft. 


Xx ANSWERS 


47. 0:07. 48. 0°27 sq. in. 49, O°0175%. 50..0°57%. 
51. 1%. 52. A is 0°44 degrees too large. 


53. A is 0°44 degrees too small. 54, A is 1°67 degrees too small. 


EXAMPLES XV. (p. 278.) 


; i See e 3 
1. (i) Zee Ges sin 6x (ii Ne see) (iv) — cos* & 


12 
(v) _:cost 2 (vi aoe, iC (vii) oe 2 (viii) pe ye 
., —(1—a*)i , (1422) .. (a+ ba)! (+22) 
(ix) - aah (x) mae (xi) 7 Bi, 2 (xii) 2n+1)’ 
(iit) CI ow) SS) SE wy) SE 
(xvii) $sin a, (xvili) —$cosa?, (xix) sin7!(#—3), (xx) 4 tan—12z2, 
(xxi) tan—}(@+1), (xxii) ae muy fal 
(Gay eines (#) (Canes ‘ea 3) si fansi {ae} 
Z(i) 2D (ii) 02727, (iii) 0°6499, (iv) 0-4961, (v) 4, 


(vi) 0°123, (vii) (1-3), (viii) 0°2119, (ix) 04583, (x) 4963, 


(xi) 3, (xil) 3 (xiii) = 1 (xiv) 0°142, (xv) ) 
(xvi) a 
3. (i) $sin-} (a), (ii) 4 tan—? (2*), (iii) }sin7 =) 


Ls 3 . . 
(iv) 7: tan? (=), (v) (Sinz—4 sin? a), 


(vi) (sinz—%sin3a+4tsino«), (vii) (—cosa+#cos?%—+} cos x), 


(viii) #(1—x)t- 2(1 —a)8, (ix) #(1—a)}-2(1 —2)}, 
(x) 40+) 4(1 +a)84 90 +a), 
(xi) w +-22)k—2(1 +a2)8 + (1 +22)8, (xii) - sin—1(e cos 8), 


(xiii) = “sin (e sin 6), (xiv) cos? (@"), (xv) cos? {(ax)-}. 
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E aca Sem oe 
4. (i) sin Z+4eV9—@, (i) BR sin + dan/95—a, 
pn 5 a eee : 
(iii) g sin“ 7 +a Jax, (iv) = sin~! (ea) +40 /1— a2, 
Lo, a 
(0 ite 2 sin-! (¢ cos 9) +4 cos on/1 — e cos? a|, 
ee ae ‘ : arene ea eee 
(vi) Oe sin~! (e sin 6) +4 sin oN 1—e sin? 8, 
riders at Malian We 
(vii) 92 sin (etan 6) +4 tan 6/1—@ tan? 6. 


5. (i) — (i+ tan7 *), (ii) (,/3 tan-12,/3— ,/2 tan-!x,/2), 


(iii) | -5 55 tan 9+ 3 tan-} 2x) (iv) — i 
6. (i) (sin-a— /1—2?), (ii) (sin-2. 2+ /1—2?), 


(ii) ~(sm 242 e=i), Gv) -(sin 3-2 Vara) 
(v) (sin Jx—Vax1—a)), (vi) 2(@-1)8 + 3(a—1)}. 
7. (i) & (ii) =e (iii) 5°52, (iv) 2°94, (v) 17°59, (vi) 0°38. 


8. (i) 0°65, (ii) 0°21, (ili) 1°33, (iv) 1°46, (v) 0°49, (vi) 0°57, 
(vii) 0°48, (viii) 0°31. 


9. (4) sinz—z cosa, (ii) asin x-+ cos 2, 
(iii) {(3 sin 2+ 4 cos x) +(4 sin 7-3 cos )}, 
(iv) al+aot a | (v) a(l+a)% (1 ays 
21 AWS) 50 50x51’ 


(vi) iar’ . AEP aee 
n+2 (n+2)(n+8) 


(vii) }(sin 2a — 2a cos 2x), 


(viii) $(cos 3%+ 8a sin 32), (ix) sin 2+ V1—2, 
(x) ecosta— J1-a, (xi) ${(1 +2”) tan-! 2—a}, 
(xii) -—4 ye ae tan +21, (xiii) x sin 7+2z cos 7-2 sin 2, 


(xiv) —a? cosx+2u sin +2 cosa. 
A 1 wv se ainak WA. , rT 
10. (i) { areas (i) 02706, Gi) 3, Gv) (5-1) 


(v) (Fett) eee (F-2)- 
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iil, [lent -['G — 1 )eosty(- dy)= he 2) cos? y dy 


wT 


wT 
A 2 ) 
=3| cost da— | cost de 
2 0 0 
Tv 


T 


T 
2 2 "2 
Hence z/ cos? ada [a(sin?a-+costa)de= | 'edo= 
f 0 0 


sae 
and thus | cos? a da= z 
0 


12. 1:97 sq.cm. 13, Smaller segment : larger segment=1 : 100. 
14, Area=a?{(a—8)—sin (a—8) . cos(a+8)} sq. cm. 

15, Ratio=(a—sin a COS «) :(m—a+Sin « COS a). 

16. Ratio=(16-—$/3) : (16+94/3). 

17. Ratio=(8+ cos 3¢—9 cos a): (8 cos 3a+9 cos a). 


ao 
18. gra%, 19, fa% 21. sae 2, 70 93) at, 
24, 3ra%, 25. Bna*, 26. om cub. in. 27. $07 28. 52a’, 


29, On the axis of symmetry = from the centre. 
1 

30. On the axis of symmetry x from the centre. 
Tv 


31. On the axis of symmetry = from the centre. 
Tv 


32. The centre of ity is th int oe at 
: e of gravity is the poin 3 3,)° 


33. On the axis of symmetry of the segment and 


aa h?)i ~(a—h) re 
Sattose AG h)(2ah — h?)t 


from the chord of the segment. 
34, On the axis of symmetry of the segment and 
2 sin’ a : 
1) 3G ein eps, on a bin 
from the chord of the segment. 
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35. On the axis of symmetry and a ft. from the centre. 


36. On the axis of symmetry and le cm. from the base of 
the cap. 
2 

37. a F.P.S. units, 38. ae oe. 8. units. 

39. zoe C.G.8. units, 40. zie C.G.8. units. 


EXAMPLES XVI. (p. 296.) 
1. (i) 20°6, (ii) 20°2, (iii) 2%. 2. (i) 16-6, (ii) 169, (ii) 18%. 
S174 4,312 § G42. (6.6180 — 7: (44902))-8 


27a? 
8. aS ios 9. 208°6 sq. cm. 10. 457°7 sq. cm. 
11. 186°3 sq. cm. 12. 331°1 sq. ft. 13. 19°87 sq. ft. 
14, 10°47 sq. ft. 15. 78°54 sq. ft. 16, 603°3 sq. ft. 
17. 220 sq. in. 18. 1 ft. deep. 19. (i) 6a, (ii) ae 
22. (?—-) sq. in. 
Wa (0) G=ViGOH) (ii) y=c+a sin 6, (iii) dx= — asin 08, 


(iv) dy=acos@dé, (v) (dx)?+(dy)?=a(de), (vi) ds=a da, 


(vil) 2x 27x - (c+asin @)ad@, (viii) 49rac. 


24, 2na7c. 20s ™ cub. ft., 3x? sq. ft. 26. (iil) 27r?a?c. 


27. Area of surface Ree =11°61 sq. ft. 
28. £2. 29, 2an/2. 


30. (i) an| We ab A | 
2_ h2 
(ii) e.. 4 where A A : 
: a 


sina 


31. (i) a 


(i1) 24 distant from centre on axis of symmetry. 
Tv 
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32. (i) 5( +-cosa), (ii) 5 distant from centre on axis of symmetry. 


33. (i) (at— 12a?+ 24) sin w+ (4a — 242) cos a, 
(ii) (5x — 60a? + 120) sin « — (a — 20x? + 1202) cos a. 


;) 2 -. 8 aes IG) ny 1238 
35. (1) 3 (ii) 1S (iii) at (iv) a 
\ Or +. Om wee) B50 63m 
36. Gi ie (ii) ag) (iii) aa (iv) ria 
2 -. §& see) OF OT 
37. (i) 3 (ii) ie (iii) 5e (iv) are 


) (2m—1)(2m—3)...3 .1 Ye 
Qm(2m—2)...4.2 oe 
A@m(2%m—2)...2. 


Qm+1)\2m—1)...3.1 
40. (i) 7%, Gi)F -; 


38. (i) and (ii 


39. (i) and (ai) 


EXAMPLES XVII. (p. 309.) 


1. 0°87, 0°26, 013, 0:05, 0:004, 0-003. 2. — 0°84, — 0°08, — 0°08. 

. 0°8686z -.\ 0'4343(1 +22) ax 1°3629 
a Nopres a: So Eeasrseanyecrr SE ee 
0:4343(10¢—3) 


(iv) ea as 5 (v) 0°4343 cot a, (vi) —0:0076 tan a, 

One 

5. 0°52, 0:25, 0°43, 0°75, 0°17. 6. ee ToL 7221 00: 
8. 1°79. 9, 1°54. 10. 3:09. Hi O77, 120-4an 
13. 1:44. 14. 0°72. 15. 0°31. 16. 0°45. 17. 0°45. 
18. 0°67. 19. 0°76. 20. 0°39. 21, 0390, -,29.93'0s, 
23. 459°37. 24, 460°52, 1°157 x 108, 25. 9'149 x 105, 
26. a= +1:064. Q7. a= +1071. 28. 10°67. 29. 365. 
30. 03703. 31. 0°1389. 32. 1°5306. 33, 5°2162. 
34. 12°0159. 35. 2°0138. 36. 16°939. 37. 221. 


39. a=2and3. 40, 22,029, 41, 1384°14. 42. 1404. 


43, 
48, 


54. 


57. 


60. 


63. 


68. 
70. 


(A 
72. 


73. 
74. 
75. 


ide 
80. 


82. 
83. 


ANSWERS XXV 


8361. 44, 0606. 
00986. 49, 0-718. 50. on(E eee) Bisigic jba.ult 
Gh Oe 
este gin Dr. 55. —4e*sin 56. * {loge a—t}, 
342 ; 
7 log. = 5: 58 $nsq.in, 59, 221og,9(2°7182)=2, «= 1-726, 
n/a? —1, loge {2a+142V/ e240}, 01277,1. 61. (i) ce — 
wey Qudex*+1 : it ewe 
(ii) Grip 62. G) log.(w+2) se a (ii) sin «—@ cos a 
(i) seew, (ii) (14-40-4622), 105° 18", asi) 
(11) e(a—1). 65. e(sin 3f+3 cos ie 66. e* cosec x(1 — cot @). . 
(i) 86507, Gi) +b, (iii) Za log, «—1). 
OY = eRe((KA— #B) sin uww+(KB+ uA) cos ux}, 


a J =e ([(K?— 1) A — 2K uB] sin wa-+[2K uA + (K? — u2)B] 008 ua}, 


ees, 
& 


a 
2, 0:2747, 57m ~6x+2), 
d d? 
a H(2 log-«+1), a=? log. %+3. 


(i) 025, (ii) — Wage (a>b). 


e““(a sin bx +b cos oS Gains 6?) sin ba + 2ab cos bx}. 


071699. G2 N = Ve-#R, where Vy is the initial voltage, 
148 megohins. 


a=1 and 2. 78. a= —2 and—4. 19) a=2;n=0 09k, 

a= —3,n=Oor l. SiG) oce2, (ii) c log, v. 

(i) h=%p, Gi) x 

(Gi) Siege, (ii) +=0'3 sec., (ili) v=0'l cm. per sec., 
(iv) v=10—2°'8s, (v) 1:3 cem., (vi) s=4°35(1 — 72%), 


(vil) 4344 cm. 
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S475 (i) Ke 0525 (ii) 27 cm., 6°6 cm. per sec., 


(iii) 0°08 sec. 


85. 5633 metres. 86. 8°851 x 10° dynes per sq. cm. 
87. 23 min. 51 sec. 88. T=24°6. 
89. T=0— 2 hoger. 90.12. 91. 29cm. 92 26-4. 
93. 8162 joules 94. 22 log, —K_. 
- " log, 
oe a 


95. 148,500 electrostatic units. 96. T=T,e?. 


98. 48°75 cwt. 99. 0-214. 100. 4°7 turns. 


EXAMPLES XVIII. (p. 337.) 


1. (i) y=0'5a+0°3424, (ii) 


97. 35 lbs. wt. 


Qo & : 6 . || 60° 10’ | 60° 23’ | 60° 35’ | 60° 48’ 


Calculated value of 
sin x 


0°8675 | 0°8694 | 0°8711 | 08730 | 0 


Value of sina from 


thetiables 0°8675 | 0°8694 | 0°8711 | 0:8729 | 0:8746 
Number of places of 
decimals to which 4 4 3 3 
you are correct 
2, (i) y=1°4068 —0'8660z, (ii) 
| % : ; : elOOzL 7 160% 38" 61° 62° 65° 70° 
Ce ee 2 04957 | 04904 0-4849 | 0°4698 | 0:4244| 03489 
Valne of cos from 6.4997 | o'4b04 | o-4a4e | O:46s |oruavel O8ARO 
the Tables J are 
Number of places of 
decimals to which 4 4 3 3 2 2 


you are correct 
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3. (i) y=1-3332—0°1208, (ii) 


x 


. || 30° 5’ | 30° 18" 30°37’| 31° 32° 33° 


Calculated value of 
tan xu 


Value of tanz from 


0°5793 | 0°5843 | 0:5916 | 06006 | 0-6238 | 06471 
| 


he Tables 0°5794 | 0°5844 | 0-5918 | 0°6009 | 0°6249 | 0:6494 


Number of places of 
decimals to which 3 3 3 3 2 2 
you are correct 


17. 


18. 


19: 


20. 
21. 


22. 


24. 


, (i) y=, (11) 0:0300. 5) =a, (i) 0-004. 
. 0°5256 radians. 7. 5°0483. 8. 61510. 
. (i) y=171198 —1-7320z, (1) —0°7119. 10. —0°1348. 


PO Olam am sOOL ia elo 60072 L407 Sate Lowy —O) 


(a) 9) 


sin 60° 37’ =0°8713569 to six places correct, 
sin63° =0'8910180 to four places correct. 


2 
ie ae 


cot 45° 33’=0°9809857 correct to five places, 
cot 50° =0°8406978 correct to two places. 


2 3 ‘ 
y=1+a +3 a 293 —1°0304545, ¢-°°4=0-9607893. 


2 5} 
y=a—~ +", log, 1:03 =0°029559, log, 0-996 = — 0004008. 


Weors* 
2°0167050. 
y=14 f0— 80? +4850, (1:05)t= 10372705, (0'998)t = 09984996, 
1 l Cs 1 m\2 
ES Aa fog a fa eae lee spine 
a 3) AAG i) 23, y=2+ Gr. 


en ( Sie ores PETE Ane, 

; G ‘is Ja’ V2 202 62 24N2° 

The first four terms must be included to give a result correct to 
five places of decimals for aJl angles > 2°. 
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25. Ke)=K0)+ef(0)+ ST Or-. +0 poy. ast 
= tet 5 +. oe za 
e=2°718254. 
27. 0°893. as log. Be =0:00995038, logy) ¢=0°43427. 


29. f(a+x)=f(a)+af(a)+ os (a) a aa (a)+.. 


sin(a+2)=sina+2 cos ee, Aes 


sin 31°=0°5150. 


aay 4] 
30, =1— 422+ $8a'- 28 —~_=0°3162, 31. 0:03343. 
Pea re) 2 8 is” > Vio 
Qa 
32. 0°66 per cent. 33. tan v= ae oes 
2 3 Dt 
34. 0:000047936. 35. log. (1+sinz)=0e—-~ +4" — 2ar 


EERE: 


2 
37. The re-written equation is yaa 


33 a 37a 
i tan# —] 
EXAMPLES XIX. (p. 349.) 


Jagr _(a = Lar _ i (n ab, 1)a” + nent 


eS (l-—a? (1—2) (1-2)? 
2. [2—n(m+1)a"-! + 2(n? — 1)o" — n(n — 1)" ](1 — 2)-8, 
8. [1+2%—(n+1)a" + (2n? + 2n— art — n2042](1 — a) -8, 
4, 6(1—2a)-4, 5. y=(1—2)7#. 
6. Write x? for # in the result of 5. 

2 ieleae 1.3.5...(2n—1) of) 
7 sin7le=2+= sete . 

oo Sas WETS ae nee ee 
‘ d 

8. y=(1+2)”. 9. = yer, 


———— 2 4 6 8 2Qn 
. log N1+ fe ck oh Ai hee at: us n—1 0" 
10. log, x 9 476 at +( 1) mt ade. 


ANSWERS xxix 


see 
an a oP ae y (= Vt ad oo. 


. log Pi+e= ie 
ll. log Yi+e as ase 


The expansion is valid for+1>z >—1. 


l+z Le _@e gent 
1 aS ep do eae aot a oO 
ote a a ie 


ldy__, 2)4 
13. at C=27)4 4—/t= 


14. y=sinz, because y=0 when z=0. 


15. y=cosz, because y=1 when z=0. 


EXAMPLES XX. (p. 378.) 
1, y=3a+A. 2. +=, 3. y?+6c=A. 
A, ty=c?. 5. 18° 26’. 6, 2+y°=1. 
7. 2—-2+3=0. 8. 22—4y+5=0. 


9. (i) _ Unc, (ii) coszeosy=e, (iii) (1+)8+2(01-y)'=4, 
(iv) ae y)?#+(+2)*=6, —— (v) sin-! y+e-7=c. 

10. (i) y=1tee , (ii) y=(e?-2) tee, (iii) jaa poe. 
(iv) y=sinz—l+e ae (Vv) y=cosz—1+c e~-“*?, 


11. y= (a? o ate} 


12. y=cosz+c cos*z. 


peerre dy 
If y=0 when sia es Lande 2, and for a maximum y we have on =0, 
hence y=cos s— 2 cos* x, and 2y tan z=sin z or y= cosa. 


Thus 8y?—y=0, giving y=}. 


a Wm 2 
13. o= (1-1) +m, 2. 14, fata 4k <7), ao 
p zp) F a oa 
REN 
15. CmF(1-6 1), O=5. 16, y=a+ Ko-, 
17. y=tan 2+ K secz. 18. y=sinz+K cosz. 


19. y=cosz+Ksing. ~ 20. y=e(sin z+ K). 


xxx 


21. 


23. 
25. 
26. 
27. 
28. 
29, 


30. 
31. 


33. 


35. 
38. 


39. 
40. 


43, 


46. 
48, 


ANSWERS 
y=sin? z+K sina. 22. aa —y)=K. 
hr Kev, 24. log.(a?+y")=2 tan7 oo K. 


(i) (@- yo =alK (ii) a +y?= Kat 

General solution, y=ca— 5c’; singular solution, 135y?= 42°. 
General solution, y=cx+(1+c?) ; singular solution, 4y+a?=4. 
General solution, y=cx+ce+c*; singular solution, 4y+(*+1)’=0, 


General solution, y=cx+ 3c? ; singular solution, 12y+2?=0. 


General solution, y=ca — ; singular solution, y?+ 16¢=0. 


General solution, (i) y=cx+ J1+2, (1) y=cx+ce7, 
> Gil) y=ce+(c—c?), (iv) y=cu —(2c¢+c), 
(v) y=cu+c(1+c*)-3 ; 
Singular solution, (i) «?+y?=1, (ii) y2=4x 
(iil) 4y=(@+1)%, (iv) 27y?= 4(¢— 2)%, 
(v) e§+ys=1. 
2 


When x< 3a, y is +ve, on —ve, 


: d? 
» c=d3a, y=0, a=) 


» v>8a, y is —Ve, ey 18 -F ve, 


and these facts give the required results. 
Bay? = 22°. 36. A straight line. 37. A straight line. 


Its equation is y?=k*a?+/?, and the curve is a conic or a pair of 
straight lines. 


a+ /1—y?=log, (1+ ./1—y?)+(1 — log: 2). 


The straight line y=a. 41. 2y =a". 42. y= hea 
y+log, cos z=0. 44, y=ke* +l. 45, V= mre} 
- 
du\2 2 2 
& += quit 47. y=(Axc+B)e*. 
Velocity at earth’s surface=,/2ga. Distance after time 


t= {d? —(2ga2)*t}¥, where d is the distance from the earth’s 
centre of the starting particle. 


ANSWERS XXxi 


v 
49. v=une“, w=at+ wil —e), v= +u(a—2). 
After a very long time particle comes to rest at distance=a+ 0 


i 
50. (i) y=14+2e4+302+4403, (ii) 10628, 


Z T 7 a\2 4 
51. see) Seige YD Nd re 
yt se) a5) H*) sa(-9)- 
52. (i) y=3a— aye + a5 (ii) y=0°04956, 
Geet Ge 1)— ae(a— 1)? +y$y(e- 1. 


53, & ee NE (cos 6—cos a). 


54, v= Ve-Hle-«), g=a+ Hog, (1+ yV?). 
BL 


55 Kae ( ea ) K=10-2, 2000 ft. 


m—1 ym-l ym) 


=| of 9» \ (cos o— A (cos? — cos) 
56. Ee 7 (cos cos a)+47 (coss cos 5 ) |. 


ey ol 4 da|? 2 a 
57. ot2 7 —% + p2ey =O, 59, [ere | = K—$9(c+2)%. 


60. z=a+A cosct+B sin ct. 


Ble Sit Bey = a[o#-+2pi+ D1 l 


62. r= Acot + Be- pee, £, 5 Sin wt. 63. w=Aeé+Be-* y= Ac! — Be-*, 


3t 


64, z=(At+B)e?- 65, y=Aet+Be-*, 66, y= Aci¥ + Bek”, 

67. y= Ae**+ Be-™ —4e+ Fk. 68. y= Ae + Be + 10+ 23 
69, y= Ae*+ Be- *—10? + Aw—738.. 

70. y=Ac”+B+,3,(2 cos 2a—sin 22), 

71. y= Ace + Be* +775 (sint+8 cost). 72, y=A cos 2t+ Bain 2t+ yye* 
73. y=Ac* + Be! — lel + 36%, 

74, y=e—(A cos 2¢+ B sin 2t)+ 7 p(2t— Let 


Xxxil ANSWERS 


MISCELLANEOUS EXAMPLES I. (p. 386) 
CuHaps. XI.-XYV. 


107. Volume= ci r= a i) 


8 8 lr 
108. Keys ae 112. 5 {sin - cos TT 4. 1} 


dis. 2 — 5 =0'4292. 114. 0:946 sec, — 12°648. 


118, 17°7 yds. 


; 3(@—1) +, Qo—Baer-at 14+22 
Wi, @) —— a 
@) (Qa? —Qa+5)P (H) (1+23)2 pal +23 
121. Condition that function always increases is that (ae— bc) is 
positive. 


122. About 0:07%. 
124. (i) —e-*{(A—B) cosa+(A +B) sing}, (i) $1 +e ~2), 


126. (G = 5) 127. 0°. 
ei in2z cos 2 a 7 a 
131. Hb; aN gzsin a wee Face wears 
a So, a es 


132. The maximum value is — xe when «= —2+ 3. 


The minimum value is + ae when a= —2- J/3. 
1345 0:74, 136. +%. 
137. Volume=7za3 { 2 sin > — 2sin3 5 —acos ; } 5 139. 3°5%, 
2 as 
140. (i) a (ii) 3a (5-1). 141, 2x2-8xc-—4y+5=0. 
144, 39=__* __ {sin? 9 80+. sin? @ 
44, 3p sin?(@+4) {sin? ¢ 50+-sin? 659}, 


145. a sin 2+ 32? cos c—6x sin x—6 cosa, 146. $a), 

149, y+ 4m*x— 6am? =0. 

150. Area=71°37 sq. in., percentage errors are 0°275 and 0:0385. 
152. A=848a, V=38807a7, 154, (2) 250 sq. ft., (ii) About 44’. 


155. 


oO 


157. 


161. 7 = 


163. 


164. 
165. 


169. 


170. 


171. 


172. 
ieee 
174. 
175, 


176. 


LT 
180. 


ANSWERS XXXiii 


: v * w 
sin (m— n)Z ss sin (m+n)> or f aha ae } 
2(m—n) 2(m+n) | Les Saks 
2 be units. 
MISCELLANEOUS EXAMPLES IV. | (p. 391.) 
Craps. XVI.-XX. 
dS eS 
4/11. x. 
ape 7 
@ > BHT deeb es J , (ii) —2e(1 — es —a)t, (iii) 5. 
Length of loop = 4% » area of loop=———— 
2 aD: dab 
log, 32 =0°1699. 167. cot 5°=11°4300, 
1+tan 5 
loge , tan 5 
1 -tan® 
Length of one quadrant = ead ae 
or ee ys Oy Oe eee, 
sin(F+0)=—,{1+9 [2 ia 4 aoe }. 
ie secx, (ii) (1+40+6a2)-?, —5e 0, 
z-1_ 1 1 
Ao te eHiy 
Length of curve=8a, area enclosed by curve =37a?, 
iy 10 8 
l N's 1 5, Dy) 4 
Ap 1 2 - =}; °8: {@- Es e+ i Ir 
2 
(i) 8°6507, Git, Gi) F (og.#—4). 
49° 31’, 164° 33’, 43°43. 178, 32a. 179. (i)7 
as 181, 10°75, 182, 2x—3 log. $(#+2). 


M.W. 2¥F 


XXXVi ANSWERS 


233. (i) y= Ae™+ Be-*— Je — 51,(63 cos 40+ 48 sin 4a), 
(ii) y= Ae® + Be-® — hat + 74a? — ea? — sf on+-C, 


234, p= Are- ee b > = 73 in. 


236, y=r+C(1—2)t, y=at NI—@ 
237. lca lead Cc 
(a=) ¢ 


238. y=(A + Ba)e2%* + {(a?—1) sin 24+ 2a cos 2a}. 


4(a? i FT 
a . 
239, c= sae! sin 5¢t — 5 cos 5t). 


INDEX 


The numbers refer to pages. 


ACCELERATION, 10, 42. 
ADDITION OF SMALL Errors, 249. 
APPROXIMATING-CURVES, 319. 
Error made by use of, 332, 333, 
334, 
ARCHIMEDES, 
Theorem of surface area of sphere 


and circumscribing cylinder, 


292, 
AREA, 
Use of, to evaluate distance de- 

scribed, 98, 102. 

to evaluate angle of 
rotation, 99. 

to evaluate work done, 
101, 103. 


Approximate evaluation of, 106, 


109. 
Accurate evaluation of, 108. 
Enclosed by curve, 115. 
General method of calculating, 
117. 
of surface of revolution, 288, 290. 
of paraboloid of revolution, 291. 
of zone of a sphere, 292. 
of tore or anchor ring, 299. 
of ellipsoid of revolution, 300. 


Cavucuy’s Mrrxop of calculating | 


error in use of approximating 
series, 334. 

CENTRE OF GRAVITY, ; 

Approximate calculation of posi- 
tion of, 141. 


CENTRE OF GRAVITY, 

Application of Calculus to finding 

position of, 143, 

of hemisphere, 143, 283. 

of isosceles triangle, 143, 

of semicircle, 282. 

of semiellipse, 282. 

of quadrant of an ellipse, 288. 

_of segment of a circle, 283. 

of cap of a sphere, 2838. 

of are of a circle, 800. 

of surface of a spherical zone, 

3800. 

of surface of a hemisphere, 300. 
CENTRE OF PRESSURE, 158. 

of rectangular plate, 155. 

of triangular plate, 155. 
Ciarraur’s Typn or DIFFEREN- 

TIAL EQUATION, 362. 
CURVATURE, 55, 215. 

Radius of curvature, 56, 215. 


DEFLEXION oF A BEnpING Rop, 
PANY, 
DIFFERENTIAL COEFFICIENT, 26. 
DIFFERENTIAL EQuATIONS, 78. 
Solution of, 80. 
Integration of, 85, 
Giving area enclosed by curve, 
115. 


dvy 
Type an = G3), One, 


oe Sy) 


opase dx (a) 


277. 


XXXVli 


XXXVI 


DIFFERENTIAL EQUATIONS, 
Geometrical interpretation of, 352. 
Graphic representation of, 353, 

355, 358, 361. 


a 
Type 54 +Py=Q, 354. 


nN dy ax+byt+e 
YP? da Wat by+c? 


dy 
Clairaut’s type, y= wa Yas(G). 


862 
Graphic solution of, 364, 


ax 
Type apt n’xz=0, 370. 


Linear form with 

coefficients, 371. _ 
DIFFERENTIATION, 

of positive integral powers of z, 
24. 

of negative integral powers of a, 
62, 64. 

of positive fractional powers of a, 
68. 

of negative fractional powers of a, 
69. 

of sin x, 182, 188. 

of cos z, 187, 188. 

of tan z, 189. 

of cosec x, 189, 190, 

of seca, 190, 191. 

of cotz, 191. 

of a product, 202. 

of a quotient, 205, 

of sin-1a, 226. 

of cos—!a, 229, 

of tan-1a, 231. 

of cosec—!a, 239. 

of sec! %, 239, 

of cot—1xz, 239. 

of logy) %, 303. 

of logex, 303. 

of 10%, 307. 

of e*, 308. 

of a power series, 348, 


356, 


constant 


EQuATION, 
to a straight line, 52. 
to a tangent to a curve, 54, 
Differential, 78. 


INDEX 


ERRORS, 
in use of approximating series, 
332, 333, 334, 
of observation, 245. 


Fuex, 217. 


FoRMULZ AND EXPERIMENTAL 
Data, 245. 
GRADIENT, 


of a linear graph, 2. 

of a curved graph, 7. 

of the line joining two given 
points, 17, 20. 

of a tangent to Y= elo 

of a tangent to y=a", 24, 

of a tangent to y=a—”, 64. 

of y=sinx at the origin, 181. 

of Ys ho810® at the point x=1, 


Ratio ‘of the gradients at any two 
points on y=log,) x, 302. 
of a curve given by parameters, 
211. 
the straight 
ellipse, 212. 
the rectangular hyperbola, 213. 
GRAPHS, 
of approximating-curves, 327, 
328. 
of the geometrical series, 343. 
of the representation of differen- 
tial equations, 353, 355, 358, 
361, 
GULDINUS AND PAprus’ THEOREM, 
for volumes enclosed by surfaces 
of revolution, 144. 
for areas of surfaces of revolution, 
Ne 
GYRATION, 
Radius of, 146. 
Radius of circular disc, 149. 
Radius of sphere, 149. 


line, parabola, 


INCREMENT Notation, 18. 

INFINITESIMALS, 254, 

INTEGRALS, INDEFINITE 
DEFINITE, 118, 


AND 


INDEX 


INTEGRATION, 
Notation of, 83. 
of differential equations, 85. 
of cosz, 188, 184. 
of sina, 188. 
of sec? x, 189. 
of cosec? x, 191. 
of (L =a), 233: 
of (1+27)—1, 234. 
of x—1, 308. 
of see x, 307. 
of tana, cotz, cosec x, 306, 
by change of variable, 267. 
by parts, 275, 
by separation of variables, 277. 
by method of reduction, 293. 
of a power series, 346. 


KINETIC ENERGY, 
of a rotating body, 146. 


LAGRANGE’s Meruop of calculating 
the error in the use of an ap- 
proximating series, 333. 

LENGTH, 

of a curve, 284, 286, 287. 
of the semicubical parabola, 288. 
of the cycloid, 299. 


MAcLAURIN, 319. 
Maxima AND MINIMA, 29. 
Examples of, 30, 31, 32, 65, 66. 
Rhombus of minimum perimeter 
circumscribed to a circle, 193. 

Right circular cone of maximum 
volume inscribed in a sphere, 
204. 


sin w 
Critical values of — » 206. 


Moment’ oF Inwrtta, 145, 
of a rod, 146, 148. 
of a rectangular lamina, 148, 
of a circular lamina, 152, 283. 
of a circular hoop, 153. 
of an elliptical lamina, 283. 

. Useful theorems on, 150, 152. 


NorMaAt, 55. 


PARAMETERS, 208. 
of a straight line, 209, 


XXX1X 


PARAMETERS, 
of a parabola, 210. 
of an ellipse, 211. 
of a rectangular hyperbola, 213. 
of a circle, 222. 
of a cycloid, 224. 
Point oF INFLEXION, 217. 


RADIUS, 
of curvature, 56, 215. 
of parabola at its vertex, 225, 
of gyration, 146, 149. 
RANGE oF VALIDITY, 345. 


SERIES, 
Geometrical, 342. 
Power, 344. 
Stmpson’s Ruup, 127. 
SUBNORMAL, 55. 
SUBSTITUTION, 
Method of, 50, 70. 
SUBTANGENT, 55. 


TANGENT, 7, 22. 


— toa catenary, 314. 


TAYLOR, 319. 
Series, 332, 


VELOCITY, 
Uniform, 38. 
Variable, 39. 
VIBRATIONS, 235. 
Time of vibration, 237. 
Amplitude of, 287. 
Period of, 237. 
Frequency of, 237. 
VOLUME, 
Approximate evaluation of, 130, 
as a definite integral, 133. 
of a cone, 134. 
of a sphere, 134, 
contained by a surface of revolu- 
tion, 136. 
of a tore or anchor ring, 145, 299. 
of a sphere deduced from its 
surface area, 293. 


WorK DONE BY EXPANDING GAS, 
304. 
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